Google 


This  is  a  digital  copy  of  a  book  that  was  preserved  for  generations  on  library  shelves  before  it  was  carefully  scanned  by  Google  as  part  of  a  project 

to  make  the  world's  books  discoverable  online. 

It  has  survived  long  enough  for  the  copyright  to  expire  and  the  book  to  enter  the  public  domain.  A  public  domain  book  is  one  that  was  never  subject 

to  copyright  or  whose  legal  copyright  term  has  expired.  Whether  a  book  is  in  the  public  domain  may  vary  country  to  country.  Public  domain  books 

are  our  gateways  to  the  past,  representing  a  wealth  of  history,  culture  and  knowledge  that's  often  difficult  to  discover. 

Marks,  notations  and  other  maiginalia  present  in  the  original  volume  will  appear  in  this  file  -  a  reminder  of  this  book's  long  journey  from  the 

publisher  to  a  library  and  finally  to  you. 

Usage  guidelines 

Google  is  proud  to  partner  with  libraries  to  digitize  public  domain  materials  and  make  them  widely  accessible.  Public  domain  books  belong  to  the 
public  and  we  are  merely  their  custodians.  Nevertheless,  this  work  is  expensive,  so  in  order  to  keep  providing  tliis  resource,  we  liave  taken  steps  to 
prevent  abuse  by  commercial  parties,  including  placing  technical  restrictions  on  automated  querying. 
We  also  ask  that  you: 

+  Make  non-commercial  use  of  the  files  We  designed  Google  Book  Search  for  use  by  individuals,  and  we  request  that  you  use  these  files  for 
personal,  non-commercial  purposes. 

+  Refrain  fivm  automated  querying  Do  not  send  automated  queries  of  any  sort  to  Google's  system:  If  you  are  conducting  research  on  machine 
translation,  optical  character  recognition  or  other  areas  where  access  to  a  large  amount  of  text  is  helpful,  please  contact  us.  We  encourage  the 
use  of  public  domain  materials  for  these  purposes  and  may  be  able  to  help. 

+  Maintain  attributionTht  GoogXt  "watermark"  you  see  on  each  file  is  essential  for  in  forming  people  about  this  project  and  helping  them  find 
additional  materials  through  Google  Book  Search.  Please  do  not  remove  it. 

+  Keep  it  legal  Whatever  your  use,  remember  that  you  are  responsible  for  ensuring  that  what  you  are  doing  is  legal.  Do  not  assume  that  just 
because  we  believe  a  book  is  in  the  public  domain  for  users  in  the  United  States,  that  the  work  is  also  in  the  public  domain  for  users  in  other 
countries.  Whether  a  book  is  still  in  copyright  varies  from  country  to  country,  and  we  can't  offer  guidance  on  whether  any  specific  use  of 
any  specific  book  is  allowed.  Please  do  not  assume  that  a  book's  appearance  in  Google  Book  Search  means  it  can  be  used  in  any  manner 
anywhere  in  the  world.  Copyright  infringement  liabili^  can  be  quite  severe. 

About  Google  Book  Search 

Google's  mission  is  to  organize  the  world's  information  and  to  make  it  universally  accessible  and  useful.   Google  Book  Search  helps  readers 
discover  the  world's  books  while  helping  authors  and  publishers  reach  new  audiences.  You  can  search  through  the  full  text  of  this  book  on  the  web 

at|http: //books  .google  .com/I 


S3S- 


THE  THEORY  A.VB   PliACTICB  OP 

ABSOLUTE    MEASUREMENTS 


ELECTRICITY   AND    MAGNETISM 


VOL.   n. — I'ART  II. 


§o^m. 


At. 


THE    THEORY    AND    PRACTICE  DF 


Absolute    Measurements 


ELECTRICITY  AND  MAGNETISM 


ANDREW  GRAY,  M.A. 


IN   TWO   VOLUMES 
VOLUME    II— PART    11 


iIACMILLAN    AND    CO. 

AND    NEW    YORK 

1893 


[^11  itisku  att/ivid\ 


3,- If- 11 3 


TABLE  OF  CONTENTS 

CHAPTER  VII 
OALVANO^ETHY  AND  MEASUREMENT  OF  CUnilENTH 

Section  I 
GALVANOMETRY 

Standard  gatvsiioriietcra  and  electrodjDamoiiicttva  .    ......  317 

Tangent  nnd  sine  gnlranometprs S48 

Construction 343 

Winding  and  monnting  of  roil 350 

Needle  and  Buspeiisian 351 

Adjoslnient  of  needle,  4c 361 

Single  layer  tangent  galvanometer 3S2 

Bnilt  up  bobbin  of  wood 353 

Principal  constant     364 

Sine  galranometer 855 

Fitzgenld'a  atnndnrd  galvanonieter 3S5 

T.  Gmj'DBinegalvnnomBler 357 

Theory  of  tangent  giilvanomfter 369 

AilJDstmeut  of  iuslnunent SSO 

Coil  at  4G°  to  mendian 3fll 

Stnsibilily 382 

Torsion  of  iUBi>eiisioa  fibie 363 

Eleclrodynamomettrg 364 

B,  A.  committee's  inHtratuent 365 

Theory 366 

Metlioda  of  using £67 

Instrument  with  two  siagle-layer  uoiLi 368 


417909 


Ti  TABLE  OF  CONTESTS 

Galvaiiomotcra  genertlly 3fl9 

Proper  gauge  for  win! 369 

Magiietic  oi-tiou  of  bobbin  Hs  ilepeiiiliiig  on  gimgc  of  wire  .   ,  371 

Beat  shape  of  coil-section 371 

Graded  toil 372,37* 

Effact  of  spires  near  axia  of  toil 375 

Form  of  needle-chambor 37G 

Siphon-recorder 378 

D'Arsonral-DeprM  galvanometer 378 

Best  ahnpo  of  coils 3E0 

Astatic  galvanometsi-s 3S2 

Astatic  sysleni  of  naeillcs 3S3 

Perfeotly  astatic  ajBtem  of  needlea rS3 

Tiiomsan's  astatic  gaWanonieter 3S3 

Gray's  astatic  gaIvanome(i;r 383 

Sensibility  of  astatic  instruments S67 

Advantagea  of  aatatioisrn 387 

Vertical  astatic  needlea SSS,  36S 

Ballistic  galvanometer 3fl0 

Theory 391 

"Damping"  of  needle 3[>2 

Logarithmic  decrement 393 

WorkinB  formula 394 

Uncertainty  of  ballistic  action 395 

Elimination  of  conatanl,  Jic 395 

Method  of  recoil SB6 

Theory 396 

Combination  of  results 397 

Lord  Rayleigh'a  current- weigher 398 

Theory 398 

FJTects  of  error  in  placing  movable  coil      402 

Modeofnaiug 403 

Testing  insolation      403 

Determination  of  ratio  of  radii  of  coils      405 

Adjustment  of  suspended  coil 40G 

Value  of  fome  on  soapcnded  coil 407 

Lord  Kelvin's  current  balances 407 

Arrangement  and  action  of  balance 408 

Standanl  ccnti-ampire  balance 40fl 


TABLE  OF  CONTENTS 


ElectTOChemical  equivalent  of  ailrot 412,  116 

Lord  IUyleij;(h  and  Mrs.  Sidgvick's  <>xp«iiiiieiits 412 

Ddtailsof  an  eiperimeut 413 

Use  of  onrmnt-weigher 413 

Correction  for  lost  time  in  reversals 41B 

Washing  of  deposits      416 

ResulCsof  series  of  eiperirDPnLs 41S 

Dependence  of  result  on  strength  of  solution  aiiil  current- 
density 417 

Electrolj-sis  of  eoppcT  saljiliate 417 

T,  Graj's  experiments 417 

Forma  of  rol tame ter 418,419 

Preparation  of  plates 420 

Electrolysis  of  silver 420 

Treatment  of  silver  plates 421 

Treatment  of  copper  plates 422 

Dependence  of  result  on  strength  of  solution  aad  ciinent 

density 423 

Electrochemical  eijDivalent  of  copper 424 

Gradnation  of  standard  inatmments  bj  rlectrolysia 426 


Voltmetera      420 

Oradoation     430,  434 

Clark's  standard  cell 431 

Mode  of  setting  np 431 

MeaaurementofE.M.F 433 

PoggendorlT'B  compensation  method 433 

Electromotive  force  of  cell 434 

Graduation  of  voltmeter  by  standard  cell      434 


Tiii  TABLE  OF  CONTENTS 

Raonlt's  sUndanl  DanicsU'a  cell 435 

Lord  Kelvin's  standard  Daniell's  cell 13S 

Method  of  naing  standard  DaLnioU'B  mU *3fi 

Electromotive  foice 1S7 


CHAPTER  VIII 

MEAHUBEMEXT  OF  IlfDUCTAXCES 

General  theory  of  network  of  coudactors  carrying  vnrjingcaiivnts  439 

Self  or  motual  inductance  of  part  of  a  ciicuit 4S9 

HaTwell'a  ojole  method  for  netvotk 110 

Electrokinelic  and  electrostatic  energiea  and  disaiiKition  funotion  .  140 

Equations  of  currents iU 

Principle  of  contiunitj  for  varying  cunents 441 

Theory  of  Maiwell'Bcyde-niethod 443 

Eqnations  of  curruuta 443 

Compaiiaon  of  two  inethoda 443 

Prohlems  of  comparison  of  ioduutanci-s 441 

Conipaiiaon  of  two  mutual  inductances 444 

Manteli'e  method      444 

Theory 445 

HodiGcatton  of  Maxivell's  method 447 

Theorj- 443 

Ayrton  and  Perry's  secohinmetci 450 

Brillouin's  eiperimeuta 451 

Rotating  commutator 451 

Coila  compared 451 

R«anlts 452 

E^pcrimentii  by  MaxweH's  method 453 

Elimination  of  disturbnuces 454 

Comparison  of  two  aclf-indnctancea 455 

Maiwell'a  method 455 

Theory  of  method i:<6 

Ei^uatioiia  of  cunenis 45B 

Condition  for  zero  intc^^l  iloiv  through  galvanotncliT    .  458 

Senailiility  of  arrangement 45S 

Condition  for  null  method 459 

Use  of  telephone  in  Wheatstone's  liiidge 459 

Practice  of  methoil 460 


TABLE  OP  CONTESTS  ii 

NiTen'H  modi6c«tioa  of  methud  to  obv[ate  aucceuivu 

■iljnstmeuta 461 

Arrangement  for  seiisibility 4S3 

Niren'a  method  b;  diKerential  galvanometer 483 

Theory  of  method      401 

Comparison  of  mutual  nitb  self-inductance 465 

Maxwell's  method *8S 

Avuidiince  of  succeasire  adjuatments 4S7 

Brilloatn'a  modiRcation  of  method 467 

Elimination  of  unknown  inductances  of  biiJge 488 

BrillooiD'a  method 469 

Th«ory  of  method 470 

Moat  sensitive  arrangement 472 

Practical  example 474 

ComrarisoQ    of    mutual    iudnctuiee   of    two    coils   with    aelf- 

iuductance  of  a  third 47G 

Theory  of  method 475 

Condition  of  lero  integral  flow 478 

Moat  sensitive  arrangement 477 

Eiample  of  method 477 

Compai-isouof  an  itiductance  with  n  resistance 477 

Lord  Rayleifih's  method 477 

Uae  of  aecohmmeter 4Ttl 

Null  method  by  eecohnimeter 480 

Theory  of  method ■  .   .    .    .  480 

Integral  flow  through  galvanometer  .........  481 

Steady  current  through  galvannmeler 482 

Lord  Rayleigh's  eiperimeiits 483 

Arrangement  of  coila 483 

Method  of  observing  iodaction  dell5Cti"U  hy  reversal  of 

battery 483 

Correction  of  galvanometer  throw  for  change  of  zero  .    .  483 

Corrected  value  of  induction  deflection 4S4 

Observations  of  stcadyciirreDt  dellectiiin 485 

Results  of  observniion 485 

Joubert's  methoil  of  measuring  self'inductaiice 487 

Theory  of  metho.1 489 

Compiinaon  of  sulf-inillictancc  with  capacity  of  condenser  .    .    .    .  400 

Theory  of  method 490 

Riniington's  moditioation  of  method 4DI 

Theory  of  modified  method 492 


X  TABLE  OF  CONTENTS 

PAGE 

Anderson's  method  of  comparing  an  inductance  with  capacity  oi 

condenser 494 

Comparison  of  self-inductance  with  capacity 495 

Practical  example 495 

Comparison  of  mutual  inductance  and  capacity 497 

Theory  of  method 497 

Practical  example  of  method 497 

Niven's  differential  galvanometer  method 497 

Theory  of  method 4P8 

Effective  integral  flow  producing  deflection 499 

Anderson's  null  modification  of  Maxwell's  method 600 

Theory  of  method 601 

Condition  for  null  method 602 

Most  sensitive  arrangement 602 

Comparison  of  mutual  inductance  and  capacity 603 

Carey  Foster's  method  of  comparing  mutual  inductance  and  capacity  603 

Basis  of  method 504 

Most  sensitive  ari*angement 605 

Conditions  of  maximum  sensibility 606 

Condition  that  method  may  be  null 607 

Practical  example  of  method 608 

Experimental  results 608 


CHAPTER  IX 

UNITS  AND  DIMENSIONS 

Derived  electrical  units 610 

Electrostatic  system 610 

Unit  quantity  of  electricity 611 

Suppressed  dimensions  of  physical  quantities 612 

Dimensions  of  derived  electrical  units 612 

Magnetic    permeability  the  analogue  of  specific  inductive 

capacity 617 

Table  of  dimensions 522,  623 

Practical  iinita 624 

Derivation 627 

Electrical  activity  or  power 629 

WaU,  kilowatt  and  joule 632 

Practical  units  regarded  as  absolute  system 683 

Ratio  of  units 633 


TABLE  OF  CONTENTS  li 

CHAPTER  X 

ABSOLUTE  MEASUREMENT  OF  RESISTANCE 

ImporUnre  of  raaliicilstandarda  of  resiaUoce 538 

Absolute  nieaBui«ment  of  rraiatancB 5S8 

Melhodfl 630 

KirahhofTsDietliod  of  induceii  currents 638 

Theory     539 

Rowlapd's  and  Glozelirook's  experiments 542 

Glazebrook's  eiperimonts G12 

Details  of  coila 643 

Gslvanometi:! 643 

Beaults 644 

Lonl  Sajleigli'a  criticism  of  method .  545 

Ranland'a  experiments 546 

Details  of  coils 547 

Galvanometers 547 

Mode  of  experimenting 64S 

Results 649 

Weber's  methods  of  induced  currents 549 

Earth -inductor  method     64B 

Mode  of  experimentiiii:; 650 

Lord  RajIeigliB  criti<'ism 660 

Weber  and  Zlillaei-'a  eipcrimonta 651 

Wiedemann's  eiperimeuls 561 

Hiucart,  de  Nervillr,  and  Bctioii's  experimpnti  ....  653 

Method  of  damping 66fl 

Theory 568 

Kohlrausch's  modiflcAtion 667 

Kohlrausch's  rasnlt 568 

Methdl  of  rerolving  coil 659 

Theory 669 

Criticisms  of  method 6S2 

StrohoBCopic  method  of  meastiring  speed  of  coil    .   .   .  5S3 

Correction  for  rinft-curronts 683 

Compariaon  of  esith-indiictor  and  revolving  coil  methods  564 

Dimensions  of  coil 665 

Constants  of  coil   . 566 

CalcuUtioQ  of  self-inductanco  of  coil 666 


xii  TABLE  OF  CONTENTS 

PACK 

Lord  Rayleigh  and  Schuster's  oxperimeuts 566 

Observations,  adjustments,  &c 567 

Mode  of  driving,  corrections,  kc 568 

Results 671,  672 

Final  value  of  B.A.  unit 573 

Lord  Eayleigh's  further  experiments 573 

Construction  of  ring 574 

Arrangement  of  apparatus 675 

Calculation  of  inductance 577 

Theory  of  ring  currents 577 

Mode  of  experimenting 578 

Specimen  results 579 

Value  of  B.A.  unit 580 

Method  of  Lorcnz 580 

Theory 581 

Lord  Rayleigh  and  Mrs.  Sidgwick's  experiments 581 

Arrangement  of  apparatus 582 

Mode  of  experimenting 583 

Arrangement  of  resistance  • 684 

Particulara  of  coils 585 

Mutual  inductance  of  coils  and  edge  of  disk 585 

Effect  of  errors  in  measuring  coils 586 

Corrections 587 

Comparison  of  small  resisstances 588 

Specimen  results 689 

Value  of  B.A.  unit 590 

SpeciBc  resistance  of  meninry 690 

J.  V.  Jones'  absolute  measurement  of  ftjecific  resistance  of 

mercury 590 

Arrangement  of  apparatus 591 

Measurements  of  disk  and  helix 592 

Measurement  of  speed  of  disk 594 

Arrangement  of  mercury  column 51'4 

Elimination  of  capillarity 595 

Temperature  observations 597 

Reduction  of  results 598 

Value  of  ohm 599 

Method  of  Joule 600 

Theory 600 

Carey  Foster's  modification  of  method  of  revolving  coil    ....  600 

General  table  of  results  of  determinations  of  the  ohm 602 


TABLE  OF  CONTENTS 


CHAPTER  Xr 

COMPARISON  OF  UlflTS 

Ratio  of  units f 

Illiutratiani  of  velocity  derived'  from  rttio  of  units ( 

The  velocitj  v ( 

lletlioda  of  deteruiimng  11 t 

Coinparisoti  of  UDita  of  quanlitj ( 

Webar  and  Kohlrauacli's  experiments ( 

Rawlaod's  eiperiroents I 

Details  of  apparatus < 

Det«nninatiun  of  conatantsof  instraiuentB < 

Mode  of  eiperimenling I 

Coirectioofl     ( 

Reduction  of  results ( 

Final  results .  ( 

Comparison  of  units  of  potential I 

Lord  Kelvin's  method t 

Besult  of  Lord  Kelvin's  sxprriineDta      f 

Result  of  McKichau's  ex|>eriments I 

Shida's  experiments I 

Lord  Kelvin's  later  eipeiiments ( 

Maxwell's  method f 

Experiments  of  Msiwell { 

Arrangemenl  of  appnratUB ( 

Tlieorj  of  method ( 

Final  result  of  Uaxncll ( 

Comparison  of  units  of  capacity f 

Ayrton  and  Perry's  eijierimetits      t 

Arrangement  of  opparatus ( 

Mode  of  experimeuting t 

Theory  of  method t 

Final  result t 

Maxwell's  null  method  of  finding  elect romsgne lie  value  of 

capscity  of  a  coudeuser I 

Theory ( 


xiv  TABLE  OF  CONTENTS 

VAQE 

Rosa's  experiments 028 

Apparatas,  &c 628 

Measurements  of  condensers •  .    .    .    .  630 

Results 630 

J.  J.  Thomson  and  Searle's  experiments 631 

Apparatus,  kc 632 

Measurement  of  condenser 632 

Electromagnetic  determination 633 

Theory  of  experiments 634 

Commutators    and   stroboscopic  disk   for    electro- 
magnetic determination 636 

Observations 638 

Final  result 639 

Determination  of  electromagnetic  value  of  capacity  in  terms 

of  inductance 640 

Theory      640 

Electrostatic  measurement  of  high  resistance 642 

Method  of  electrical  oscillations 643 

General  table  of  results 644 


CHAPTER  XII 

THE  MEASUREMENT  OF  ACTIVITY  IN  ELECTRIC 

CIRCUITS 

Activity  in  circuit  of  generator  and  motor 645 

Back  E.M.F.  of  motor 640 

Electrical  efficiency  of  generator  and  motor 647 

Maximum  electrical  efficiency 647 

Increase  of  electrical  efficiency  with  increase  of  E.M.F. 's  .    .  649 

Working  efficiency  of  motor 651 

Measurement 661 

Generator  charging  secondary  battery 652 

Efficiency 652 

Maximum  efficiency 654 

Measurement  of  energy  spent  in  charging 655 

Activity  in  constant  current  circuits 655 


TABLE  OF  CONTENTS  itv 

Activity  iu  nlteraule  current  circuits 65S 

Pi'actical  inatriiments 957 

Activity -wot  era  or  wattmeters 657 

Measurementa  in  sltemate  curreat  circuits f(5S 

Ijiv  ot  E.U.F.  in  stternate  current  circuits 0S9 

Mean  current  in  alternate  current  circuits 860 

Batio  of  m«an  current  to  square  root  of  mean  square 661 

Electrometric  measurement  of  potcotial .631 

Use  of  quadrant  eltctrometer 662 

Difference  af  potential  in  alternating  circuit 664 

TruB  m*an  and  square  root  of  mean  aqunre 664 

Mean  aclivify  in  alternating  circuit 885 

Effect  of  self-induction flSS 

Theory  ot  alternating  macbino  j 666 

Mean  current 689 

Mean  square  of  current 667 

Fliasedifferencoof  current  andE.U.F 687 

Moiimura  mean  current  for  given  resistance 667 

Mean  electrical  activity 867 

Maximum  activity 663 

Complex  periodic  E.M.F 968 

Tlieory 6S8 

Law  of  current 69S 

Mean  current,  4c.      ■ 689 

Practical  application  of  resalts 870 

Theory  ot  two  alternators  in  series 670 

Theory  of  two  alternators  in  parallel 872 

Synclironiiing  action 67* 

Theory  of  alternating  motot 674 

Msximum  activity  in  motor 675 

Self-aynclironizing  action 875 

Comparison  of  theory  and  experiment 678 

MeasDrement  of  cnrrent  and  difference  of  potential  in  alternating 

otreuit 617 

Measurement  of  activity  in  alternating  circuit 678 

Phase  difference  of  currents  in  double  nrc 679 

CouditioD  that  pba«e  difference  may  vanish 679 

Apparent  and  true  mean  activity  in  alternating  circuit    .   .    .    '  680 

Apparent  mean  activity  as  given  by  wattmeter 680 

Calculation  of  true  mean  activity 981 

Blakesley's  method  of  finding  phase  difference  of  tn'o  currents  .  6S1 


xvi  TABLE  OF  CONTENTS 

PACE 

Transformer 682 

Blakesley's  method  of  measuring  activity 682 

Theory  of  method 682 

Hysteresis 688 

In  rapid  cycles 686 

Energy  dissipated  in  magnetic  cycle 687 

Measurement  of  activity  by  current-meter 688 

Hopkinson's  method  of  testing  dynamos 689 

Swinburne's  modification 690 

Sumpner's  method  of  testing  transformers 691 

Calculation  of  efficiency  of  transformer .^  .   .    .  6S3 

Three  voltmeter  method  of  measuring  activity 694 

Method  with  two  current-meters  and  one  voltmeter 695 

Electrometer  method  of  measuiing  mean  squares  of  current  and 

difference  of  potential 696 

Electrometer  method  of  measuring  activity 698 


CHAPTER  XIII 

Section  I 

MEASUREMENT  OF  INTENSE  MAGNETIC  FIELDS 

Measurement  of  field  intensity 700 

Field  between  two  long  straight  pole  fanes 701 

Pendulum  method  of  measuring  small  forces 701 

Results  of  actual  experiments 702 

Measurement  of  intense  fields 702 

Method  by  determination  of  couple  on  circuit  in  field    .    .    ,  703 

Method  by  damping  of  coil  oscillating  in  field 706 

Theory  of  method 707 

Mode  of  experimenting 709 

Method  by  induced  currents 710 

Reduction    of   results    to    absolute   measure   by  enrth 

inductor       711 

Theory  of  method 712 


TABLE  OF  CONTENTS  xvii 


Section  II 

DETERMINATION  OF  MAGNETIC  DISTRIBUTION,   MAG- 
NETIC INDUCTION,  AND  PERMEABILITY 

PAdE 

Ideal  magnetic  distribution 715 

Ballistic  method  of  investigation 715 

Rowland's  experiments 716 

Theory  of  method 716 

Ballistic  method  of  determining  magnetic  induction 719 

Arrangement  of  apparatus 720 

Hopkinson's  experiments 721,  731 

Correction  for  induction  between  iron  and  secondary  coil     .  722 

Effect  of  ends  of  helix  and  bar 722 

Demagnetizing  forces 722 

Katio  of  actual  to  applied  magnetizing  force  in  prolate  ellipsoid  .  724 

Graphical  method  of  correcting  for  demagnetizing  forces   .    .    .  724 

Ballistic  experiments  on  iron  bars 725 

Bar  and  yoke  method 725 

Magnetic  circuit  of  bar  and  yoke 726 

Air-gap  in  a  magnetic  circuit 727 

Iron-equivalent  of  air-gap 728 

Diminution  of  residual  magnetism  by  air-gap 729 

Effect  of  close-joint  equivalent  to  that  of  air-gap 729 

Effect  of  pressure  on  magnetic  resistance  of  joint 781 

Hopkinson's  experiments  on  wrought  iron 781 

Cycles  of  magnetization  for  different  materials    ....  782 

Swing's  experiments  on  iron  rings 733 

Disadvantage  of  ballistic  method 786 

Magnetometric  method 786 

Arrangement  of  apparatus 736 

Compensation  of  direct  action  of  magnetizing  coil  .    .    .  737 

Determination  of  directive  force  on  needle 737 

Elimination  of  earth's  vertical  force 788 

Theory  of  method , 739 

Determination  of  permeability 739 

Effects  of  stress  on  magnetization 739 

Villari  critical  value  of  magnetizing  force 740 

Magnetization  in  very  intense  fields •  ...  740 

E wing's  experiments  by  "  isthmus  "  method 741 

VOL.   II — PART  n. 


xviii  TABLE  OF  CONTENTS 

BeUtioD  to  Ampere's  theory  of  tnagnetiution 712 

Du  Boil'  optical  method 743 

Keif  a  coD»tant 744 

Heainremeitt  of  mBgnetiziiig  force 744 

Kesulta T48 

Magnet iiatioQ  with  small  forces 746 

Baur'a  experimeiita 747 

Lord  Rayleigh's  experiments 747 

Magnetic  viscosity  in  annealed  iron 747 

Cycle  due  to  viscosity 747 

EOects  of  temperatnre  on  magnetic  siuceptibtUty 74S 


DISSIPATION  OF  BNEROY  LV  CYCLES  OF 

MAGNETIZATIOX.     MOLECULAR  THEORF  OF 

MAGNETISif 

Energy  in  migiietio  cycles Hi 

Energy  in  steps  of  magnetization iSO 

Dissipation  of  energy  in  luagnetic  cycles 7S0 

Ewijig's  Tcanlts  fur  soft  iron    . T50 

Hopkinsou's  resalta  far  steel 753 

Cycles  of  different  periods 753 

Messrs.  llopkiiiaon's  experiments 754 

EversKed  and  Vignoles'  experiments 758 

Ewing's  maguelic  curve  tracer 7S9 

Searle'a  magnelic  curve  tracer 760 

Ewing's  ninUcular  tlieory  of  magnetism 762 

Skction  IV 

DETERMINATION  OF  VEF-DET'S  CONSTANT 

Vsrdet's  constant  defined 705 

Lord  Rayleigh's  determination 7SG 

Ap|iaratas 768 

Calculation  of  difference  of  potential 7B7 

Data  of  apparatus 769 

Result 789 


TABLE  OF  CONTENTS  xix 


CHAPTER  XIV 
ELECTRIC  OSCILLATIONS  AND  ELECTRIC  RADIATION 

Section  I 
EXPERIMENTS  ON  ELECTRIC  OSCILLA  TIONS 

PAGE 

Feddersen's  experimeDts  on  Leyden  jar  discharges 771 

Oscillatory  discharge 771 

Schiller's  experiments 772 

Determination  of  specific  inductive  capacity 773 

Section  II 

ELECTROMAGNETIC  RADIATION 

Vibrating  electric  doublet 774 

Theory 775 

Equation  of  motion  and  solution 777 

Expressions  for  electric  and  magnetic  forces 779 

Propagation  in  different  directions 781 

Graphic  representation  of  electric  field 788,  785 

Radiation  of  energy 784 

Calculation  of  period  of  vibrator 787 

Numerical  value  of  rate  of  radiation  in  actual  case   ....    788 

Propagation  of  waves  along  wires 788 

Theory 787—793 

Interference  of  direct  waves  with  waves  along  wire 794 

Experiments  on  radiation 795 

Hertz's  exciter  and  receiver 795 

Theory  of  receiver 797 

Results  of  experiments 799 — 805 

Effect  of  insulators  on  field 805 

Velocity  of  waves  in  air 807 

Experiments  on  interference  of  waves  in  air  with  waves  along 
wires 807—814 

Reflection  of  waves 812 

Production  of  standing  oscillation 812 

Effect  of  size  of  reflector 815 


XX  TABLE  OF  CONTENTS 

PAGE 

Ooucentration  of  waves  by  mirrors  and  lenses 815 — 818 

Ex|)erhiients  of  Lodge  on  electrical  dischai'gc  and  radiation  .    .    .  818 

Constniction  of  lightning  conductors 819 

APPENDIX 

I. — Zonal  Spherical  Harmonics 821 

Table  of  Zonal  Harmonics 837 

II.  —Errors  of  Observation  and  Combination  of  Experimental 

Results 889 

III.— Note  on  p.  242 849 

IV.— Note  on  4^,  p.  192 850 

v.— Proof  of  equation  <^(ar)  =  €-V*/(2V»j4),  p.  329 850 

VI. — Table  for  calculation  of  mutual  inductance  of  two  circles  852 

VII. — Tables  of  effective  resistance,  &c.,  of  conductors   .    .    .  855 

VIII. — Recommendations  of  Board  of  Trade  Committee  on 

Electrical  Standards,  November,  1892 857 

IXDKX 861 


ERRATUM. 
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Page  778,  line  2  from  foot,  for  "parallel"  read  "perpen- 
dicular.'* 


CHAPTER  VII 
OALVANOMETRY  AND  MEASUREMENT  OF  CURRENTS 


Section  I 
OALVANOMETRY 


Since  currents  flowing  in  a  given  circuit  are  taken  SUndard 


(p.  105  above)  as  proportional  to  the  intensities  of  the metereMid 


<«  « « 


J — C^ 1       FlA/tfrn. 


ADDITIONAL  ERRATUM.— PART  II.  "^ 

P.  695,  line  8  from  foot,  for  "  equal "  read  "  in  most  cases 
nearly  equal." 


the  needle,  of  the  magnetic  Held  which  eiists  indepen- 
dently of  the  current  in  the  coil ;  since  that  with  the 
field  produced  by  the  current  gives  the  rejsultant-field 
in  which  the  needle  rests  in  equilibrium  if  subject  only 
to  magnetic  action,  or  the  magnetic  couple  system  on 
the  needle  if  besides  magnetic  forces,  others  (such  as 
elastic  forces)  are  effective  in  producing  equilibrium. 

A  standard  electrodynamometer  is  simply  a  standard 
galvanometer  with  the  needle  replaced  by  a  movable 


348  GALVAJTOMETERS 

coil,  or  coil-system,  of  such  form  and  arrangement,  and 
so  suspended  as  to  enable  the  system  of  couples  acting 
upon  it  to  be  calculated  for  any  position,  or  for  a  certain 
zero  position,  to  which  the  movable  coil-system  is 
brought  back  by  a  proper  displacement  or  distortion  of 
the  suspension  or  otherwise.  In  this  case  equilibrium 
is  generally  produced  by  means  of  a  force  due  to 
elasticity  or  to  gravity,  which  can  be  accurately 
determined. 

The  calculation  of  the  magnetic  forces  has  been 
given  in  Section  I.  of  the  last  chapter  for  the  most 
important  arrangements  of  coils.  We  have  only  to 
consider  the  general  construction  and  action  of  such 
instruments,  the  modes  of  suspension  adopted  for  the 
needle  or  coil,  the  calculation  or  determination  of  the 
other  than  magnetic  forces  acting  on  the  suspended 
system,  and  the  practical  operations  of  setting  up  and 
using  the  instruments. 

Tangent       Dealing  first  with  absolute  galvanometers,  we  notice 
M^Sine  gygj.  |.jjg^^  according  to  the  mode  in  which  they  are  used 

meters,  they  are  classed  as  tangent  galvanometers  or  sItic  galvan- 
ometers. In  the  former  the  arrangement  is  such  that 
the  current  flowing  through  the  coils  is  (exactly  or 
approximately)  proportional  to  the  tangent  of  the 
deflection  of  the  needle  from  the  undisturbed  or 
initial  position,  in  the  latter  the  current  is  proportional 
to  the  sine  of  the  deflection.  We  shall  consider  first 
the  construction  of  galvanometers. 
Formation     As  stated  above,  the  standard  galvanometer  should  be 

Channel   ^^  ^^^^  ^  f*^r°^  ^^^*  *be  values  of  its  indications  can  be 
easily  calculated  from  the  dimensions  and  number  of 
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turns  of  wire  in  the  coil.  Such  a  galvanometer  can  be 
made  by  any  experimenter  who  can  turn,  or  can  get 
turned,  with  accuracy  a  wooden  or  brass  ring  with  a 
rectangular  groove  round  its  outer  edge  to  receive  the 
wire.  It  is  indeed  to  be  preferred  that  the  experi- 
menter should  at  least  perform  the  winding  of  the  coil 
and  the  adjustments  of  the  needle,  &c.,  himself,  to  make 
sure  that  errors  in  counting  the  number  of  turns,  or  in 
placing  the  needle  at  the  centre  of  the  coil  are  not 
made.  If  there  are  to  be  several  layers  of  wire,  the 
breadth  and  depth  of  this  groove  ought  to  be  small  in 
comparison  with  its  radius,  and  each  should  be  not 
greater  than  ^  of  the  mean  radius  of  the  coil,  which 
should  be  at  least  15  cms. 

The  gauge  of  the  wire  with  which  the  coil  is  to  be  wound  Wire  used 
must  depend  of  course  on  the  purposes  to  which  the  instrument  ^or  Coil, 
is  to  be  applied,  but  it  should  be  good  well -insulated  copper 
wire  of  hign  conductivity,  and  not  so  thin  as  to  run  any  risk  of 
being  injured  by  the  strongest  currents  likely  to  be  sent  through 
the  instrument  For  the  exact  graduation  of  current  as  well  as 
of  potential  instruments,  it  is  convenient  to  make  it  have  two 
coils  —one  of  comparatively  high,  the  other  of  low  resistance. 
The  latter  may  in  some  cases  in  which  great  accurac}"^  is  not 
required  be  a  simple  hoop  of  say  15  cms.  radius,  made  of 
copper  strip  1  cm.  broad  and  1  mm.  thick.  As  however  the 
distribution  of  the  current  in  a  massive  conductor  is  uncertain 
in  consequence  of  want  of  homogeneity  in  the  material,  and  it 
is  besides  difficult  to  allow  exactly  for  any  irregularity  that  may 
exist  where  the  ends  are  led  out,  and  further,  as  it  is  difficult  to 
make  such  a  hoop  of  perfectly  accurate  shape,  it  is  impossible 
to  determine  by  calculation  the  exact  constant  of  such  a  con- 
ductor, it  is  better  to  use  instead  several  turns  of  thick  wire. 
Each  spire  of  the  coil  may  then  be  regarded,  as  explained  above, 
as  a  circular  conductor  coinciding  with  its  circular  axis. 

To  form  electrodes  to  which  wires  can  be  attached  the  ends  Electrodes, 
of  the  copper  strip  or  thick  wire  are  brought  out  side  by  side  in 
the  plane  of  the  ring  with  sheet  vulcanite  or  paper  between  for 
insulator.   Insulated  wires  are  soldered  to  the  ends  of  the  circle 


850  GALVANOMETERS 

thus  arranged,  and  are  twisted  together  for  a  sufficient  distance 
to  prevent  any  direct  efifect  on  the  needle  from  being  produced 
by  a  current  flowing  in  them. 
Winding  In  constructing  the  fine-wire  coil  the  operator  should  first 
of  Coil,  subject  the  wire  to  a  moderate  stretching  force,  and  then  care- 
fully measure  its  electrical  resistance  and  its  length.  He  should 
then  wind  it  on  a  moderately  large  bobbin  and  again  measure 
its  resistance.  If  the  second  measurement  dififers  materially 
from  the  first,  the  wire  is  faulty  and  should  be  carefully  ex- 
amined. If  no  evident  fault  can  be  found,  on  the  removal  of 
which  the  discrepance  disappears,  the  wire  must  be  laid  aside 
and  another  substituted.  When  the  two  measurements  are 
found  to  agree  the  wire  may  then  bo  wound  on  the  coil.  For 
this  purpose  the  ring  may  either  he  turned  slowly  round  in  a 
lathe  or  on  a  spindle,  so  as  to  draw  ofE  the  wire  from  the 
bobbin  also  mounted  so  as  to  be  free  to  turn  round.  The  wire 
must  be  laid  on  evenly  in  layers  in  the  groove  (which  may  be 
done  with  the  utmost  uniformity  with  a  self-feeaing  lathe)  and 
the  winding  ended  with  the  completion  of  a-  layer.  Great  care 
must  be  taken  to  count  accurately  the  number  of  tarns  laid  on. 
Error  in  counting  may  be  avoided  by  following  the  plan  used  by 
Maxwell  of  winding  a  single  layer  of  thin  cord  on  a  long 
wooden  cylinder  rigidly  attached  to  the  bobbin  and  therefore 
turning  with  it.  A  pin  driven  into  the  cylinder  serves  to  indi- 
cate the  end  of  one  layer  and  the  beginning  of  the  next  After 
winding  the  resistance  should  be  again  measured,  and  if  it 
agrees  nearly  with  the  former  measurements  the  coil  may  be 
relied  on. 
Moimting  The  ring  carrying  the  coil  thus  made  should  then  be  fixed  to 
of  Coil,  a  convenient  stand  in  such  a  manner  that  if  necessary  it  can  be 
easily  removed.  The  stand  ouglit  to  be  fitted  with  levelling 
screws,  so  that  the  plane  of  the  coil  may  be  made  accurately 
vertical.  A  shallow  horizontal  box  with  a  glass  cover  and 
mirror  bottom  may  be  carried  by  the  stand  near  the  level  of  its 
centre,  and  within  this  the  needle  and  attached  mirror  or  index 
suspended.  Or,  what  is  more  convenient  in  many  cases,  a  plat- 
form should  be  arranged  below  the  level  of  the  centre  a  sufficient 
distance  to  allow  the  magnetometer  (such  as  one  of  those 
described  in  chapter  II.  above)  to  be  placed  with  the  centre  of 
its  needle  at  the  level  of  the  centre  of  the  coil. 
Needle  '^^®  needle  should  be  a  single  small  magnet  about  a  centi- 
and  Sua-  metre  long,  hung  by  a  single  fibre  (half  a  cocoon  thread)  of 
pension,  unspun  washed  silk,  at  least  10  cms.  long,  or,  better,  by  a  fine 
quartz  thread  from  the  top  of  a  tube  fixed  to  the  cover  of  the 
shallow  box,  or  from  the  suspension  head  of  the  magnetometer. 
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if  that  is  used,  so  that  the  centre  of  the  needle  when  the  coil  is 
vertical  is  exactly  the  centre  of  the  coil.  To  allow  of  the  exact 
adjustment  of  the  height  of  the  needle,  the  fibre  should  be 
attached  to  the  lower  end  of  a  small  screw  spindle,  made  so  as 
to  be  raised  or  lowered,  without  being  turned  round,  by  a  nut 
working  round  it  above  the  cap  of  the  tube. 

If  the  instrument  is  to  be  used  with  scale  and  pointer  (or,  as  Index  or 
is  desirable  in  some  cases,  is  to  be  furnished  with  scale  and   Pointer, 
pointer  as  well  as  mirror),  the  pointer  may  be  made  by  drawing 
out  a  bit  of  thin  gloss  tube  at  the  blowpipe  into  a  thread,  so 
thick  as  to  remain  nearly  straight  under  its  own  weight  when 
suspended  by  its  centre.    In  order  that  the  zero  position  of  the 
pointer  may  not  be  under  the  coil,  the  pointer  ought  to  be  fixed 
horizontally  with  its  length  at  right  angles  to  the  needle,  so  as 
to  project  to  an  ec[ual  distance  on  both  sides  of  it     To  test  that 
this  adjustment  is  properly  made,   draw   a  couple  of    lines 
accurately  at  right  angles  to  one  another  on  a  sheet  of  paper. 
Then   suspend   a  long  thin  straight  magnet  over  the  paper,    Adjust- 
and  bring  one  of  the  lines  into  accurate  parallelism  with  it     meut. 
Remove  then  the  magnet  and  put  in  its  place  the  little  needle 
and  attached  index.     If  the  index  is  parallel  to  the  other  line 
the  adjustment  has  been  correctly  made.    The  needle  may  then 
be  suspended  in  position,  and  the  box  within  which  it  hangs 
closed  to  prevent  disturbance  from  currents  of  air. 

A  circular  scale  graduated  to  degrees,  with  its  centre  just  Scale, 
below  the  centre  of  the  coil,  and  its  plane  horizontal  is  placed 
with  its  zero  point  on  a  line  drawn  on  the  mirror-bottom  of  the 
box  ai  right  angles  to  the  plane  of  the  coil,  so  that  when  the 
needle  and  coil  are  in  the  magnetic  meridian  the  index  may  point 
to  zero.  The  accuracy  of  the  adjustment  of  the  zero  point  is 
to  be  tested,  as  explained  below,  by  finding  whether  the  same 
current  reversed  produces  equal  defiections  on  the  two  sides  of  zero. 

To  test  whether  the  centre  of  this  divided  circle  is  accurately    Adjust- 
under  the  centre  of  the  needle,  supposed  at  the  centre  of  the    ment  of 
coil,  draw  from  the  point  Immediately  under  the  centre  of  the     Scale, 
needle  two  radial  lines  on  the  mirror-bottom,  one  on  each  side 
of  the  zero  point  and  45°  from  it,  thus  including  between  them 
an  angle  of  90°,  and  turn  the  needle  round  without  giving  it  any 
motion  of  translation.    If  the  index  lies  along  these  two  radial 
lines  when  its  point  is  at  the  corresponding  division  on  the 
circle  the  adjustment  is  correct.    Of  course  a  fairly  accurate 
first  adjustment  is  previously  made  by  placing  the  circle  so  that 
the  two  points  each   distant  45°  from  the  zero  lie  on  these 
straight  lines. 

Error  from  inaccurate  centering  can  be  almost  completely 
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Avoidance  eliminated  by  making  the  pointer  extend  across  the  circle  and 
of  Error  reading  both  ends  of  it. 

from  When  taking  readings  the  observer  places  his  eye  so  as  to  see 

Inaccurate  tjjg  index  just  cover  the  image  in  the  mirror-bottom  of  the  box, 

i?^™*f  and  reads  oflf  the  number  of  divisions  and  fractions  of  a  divi- 

and  I'aral-  ^      indicated  on  the  scale  by  the  position  of  the  index.    Error 

^-  from  parallax  is  thus  avoided. 
Mirror  and  A  mirror  rigidly  attached  to  the  needle  may  be  used  as  in  the 
Scale,  magnetometer,  instead  of  the  needle  and  index,  and  observed  by 
means  of  a  telescope  with  attached  scale,  or,  in  the  manner  of 
an  ordinary  testing  galvanometer,  by  means  of  a  beam  of  light 
thrown  by  a  lamp  on  the  mirror  and  reflected  to  a  scale.*  Very 
conveniently  a  long  fibre  magnetometer  carried  on  a  platform 
fixed  within  the  bobbin  may  be  used  for  the  needle  and  attached 
mirror.  A  hole,  slot,  and  plane  arrangement  on  the  platform  for 
the  adjusted  position  will  enable  the  magnetometer  to  be  taken 
away  and  replaced  at  pleasure.  The  adjustments  of  scale,  &c., 
are  the  same  as  those  described  in  chapter  II.  above. 

When  a  mirror  is  employed  the  coil  is  parallel  to  the 
undisturbed  position  of  the  needle  (the  magnetic  meridian, 
when  as  usual  the  earth's  field  only  is  employed  to  give  the 
return  couple  on  the  needle)  when  equal  deflections  on  the  two 
sides  of  zero  are  produced  by  reversing  any  current.*  The 
scales  used  should,  if  of  paper,  always  be  carefully  glued  to  a 
wooden  piece  instead  of  being,  as  they  frequently  are,  fixed  with 
drawing-pins.  Preferably  however  they  should  be  ruled  on  glass 
by  any  one  of  the  simple  methods  now  available  for  copying  an 
accurately  engraved  standard. 

It  is  to  be  noticed  that  a  mirror  and  straight  scale  placed  at 
right  angles  to  the  undeflected  position  of  the  ray,  and  used  in 
the  ordinary  way,  give  readings  proportional  to  the  tangents  of 
double  the  angles  of  deflection. 
Single        The  author  some  time  ago  had  constructed  a  standard  galva- 
Layer     nometer  which  seems  to  possess  several  advantages  over  the 
Tangent  ordinary  form,     it  consists  of  a  cylindrical  bobbin,  about  50 
Galvano'  cms.  in  diameter,  and  25  cms.  in  length,  wound  with  a  single 
meter,     layer  of  fine  wire.     The  needle  (1  cm.  long)  is  suspended  at  the 
centre  of  the  bobbin,  and  the  magnetic  field  produced  by  a 
current  flowing  in  the  wire  is  in  this  arrangement  practically 
invariable  over  a  distance  in  any  direction  at  the  centre  con- 
siderably exceeding  the  length  of  the  needle.     Very  accurate 
placing  of  the  needle  is  thus  not  necessary,  as  a  displacement  of 
so  much  as  half  its  length  from  the  central  position  (an  error 

*  See  Vol.  I.  Chapter  IV.  p.  211,  et  seq. 
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of  adjustment  which  is  practically  impossible  with  the  slightest 
care)  produces  a  quite  imperceptible  effect  on  the  deflection 
with  any  given  current. 

The  distribution  of  the  wire,  since  there  is  only  one  layer,  is 
known  with  perfect  certainty,  and  hence  the  constant  of  the 
instrument  can  be  calculated  with  great  exactness.  At  each 
end  of  the  bobbin  is  wound  one  of  two  equal  coils  of  small 
transverse  dimensions  in  comparison  with  their  radii.  These 
are  of  thick  copper  wire  arranged  so  as  to  form  a  Helmholtz 
double-coil  galvanometer  of  the  kind  described  above  (p.  254), 
available  fox  strong  currents. 

When  the  instrument  was  being  designed  it  was  thought 
desirable  to  have  the  bobbin  made  of  some  material  which 
could  not  contain  magnetic  subntances,  in  sufficient  quantity  to 
affect  the  accuracy  of  measurements  of  currents  flowing  in  the 
wire.  The  fear  then  felt  by  the  author  that  the  bobbins  of  brass 
ordinarily  employed  for  standard  galvanometers  might  very 
probably  contain  iron,  in  sufficient  quantity  to  cause  disturbance 
through  its  induced  magnetization,  has  since  been  found  by 
Prof.  T.  Gray  to  be,  in  part  at  least,  justified.  The  measure- 
ment of  currents  made  by  a  new  standard  galvanometer  were 
found  by  him  to  be  so  much  disturbed  by  the  effect  of  magnetic 
substances  contained  in  the  walls  of  a  brass  box  surrounding  the 
needle  as  to  be  practically  useless. 

It  was  resolved  therefore  to  construct  a  bobbin  of  wood  in  Built  up 
such  a  manner  as  to  avoid  risk  of  serious  alteration  of  figure  by  Bobbin  of 
warping,  or  of  dimensions  through  variation  in  the  amount  of  Wood, 
moisture  contained  in  the  wood.  A  large  number  of  pieces  of 
mahogany  were  cut  from  a  dry  well-seasoned  board  about  ^  inch 
thick.  Each  piece  was  about  4  cms.  broad,  20  cms.  in  length, 
and  was  cut  so  as  to  form  a  segment  of  a  ring  the  outside 
diameter  of  which  was  about  50  cms.  and  the  inner  diamete* 
about  8  cms.  less.  Four  of  these  cut  so  that  the  grain  of  the 
wood  ran  in  different  directions  in  adjoining  pieces  and  placed 
end  to  end  gave  a  complete  circular  ring,  or  rather  cylinder,  ^ 
inch  in  lengSi,  Above  that  was  placed  a  similar  ring  with  the 
grain  of  the  wood  in  the  pieces  crossing  that  in  the  pieces 
below,  and  the  pieces  themselves  overlapping  the  end  joints  in 
the  preceding  ring.  Above  that  was  placed  another  ring,  and 
80  on  until  the  whole  bobbin,  rather  more  than  25  cms.  in  length, 
had  been  built  up.  The  cylinder  thus  roughly  formed  was  then 
turned  carefully  down  to  cylindrical  figure  of  the  size  desired, 
and  as  nearly  truly  circular  as  possible,  and  the  pores  all  over 
the  surface,  inside  and  outside,  filled  with  spirit  varnish  to 
prevent  the  absorption  of  moisture. 
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[A  bol)bm  thus  built  up  of  pieces  of  wood  will  probably  not 
take  or  keep  so  true  a  figure  an  one  made  of  metal,  but  there  can 
be  no  doubt  of  its  great  superiority  over  the  ordinary  bobbin  of 
wood,  made  out  of  one  piece.  For  all  except  purposes  for 
which  the  highest  accuracy  is  required,  it  may  be  relied  on  to 
give  correct  results.  If  a  metal  bobbin  is  preferred  the  material 
ought  to  be  carefully  tested  in  a  magnetic  field,  and  rejected  if 
appreciable  induced  magnetization  is  detected.] 

Two  edges  of  wood,  projecting  slightly  beyond  the  outside 

cylindrical  surface,  were  fixed  at  the  ends  to  keep  the  wire  in  its 

place.    The  coil  was  then  carefully  wound,  the  turns  counted, 

and  the  wire  covered  with  **  American  cloth  *'  to  preserve  it  from 

injury.    The  two  ends  of  the  thin  wire  coil  were  brought  out 

together  at  one  end  of  the  coil  for  connection  to  two  electrodes 

closely  twisted  together  and  several  yards  in  length,  by  which 

the  instrument  could  be  joined  to  any  circuit  in  which  it  might 

be  required.   That  end  of  the  wire  which  had  to  be  carried  from 

the  further  extremity  of  the  coil  was  (supposing  the  coil  set  up 

in  position)  brought   along  horizontally    in  a  vertical  plane 

through  the  axis  of  the  coil  until  it  met  the  other  extremity  at 

the  termination  of  the  last  spire  of  the  coil.    The  current  in  this 

part  of  the  wire  of  course  just  compensates  by  its  effect  on  the 

needle  that  of  the  component  of  current  in  each  element  of  the 

spires  in  the  direction  of  the  axis. 

Tangent        The  couple  given  by  (57)  of  last  chapter  is,  if  as  a  first  and 

Galvano-    usually  sufficient  approximation  the  first  term  of  the  expression 

meter,      only  is  taken,  ^irNyM  cos  6l{a^  +  b^)\y  where  M  is  the  magnetic 

Principal    moment  of  the  needle,  JVthe  total  number  of  turns  in  the  coil, 

Constant   a  the  radius  of  the  coil,  b  its  half  length,  and  6  the  angle  which 

of  Single    the  needle  makes  with  the  mean  plane  of  the  coil.     The  return 

I^y^r      couple  given  by  the  permanent  magnetic  field  (horizontal  in- 

Bobbin.     tensity  H)  is  MH  sin  ^,  if  the  mean  plane  of  the  coil  and  the 

axis  of  the  needle  are  made  to  coinciac  when  the  deflection  is 

zero,   by  the   adjustment  explained   below.      Thus  we    have 

ecjuating  these  couples 

(a2  -h  b)h  „ 

For  the  thick  wire  coils  the  deflecting  couple  e  is  given  by 
(24)  of  last  chapter,  and  for  equilibrium  we  have  0  =  Mil  sin  0. 
If  we  put  Q  =  yMG  cos  6,  we  get 

y  =  ^7  tnn  e (2) 
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where  Cr  is  the  quantity  obtained  by  dividing  the  expression  in 
the  sign  of  (24)  by  My,  Q  is  sometimes  called  the  galvanometer 
constant. 

In  a  sine  galvanometer  the  coils  are  made  movable  round  a        Sine 
vertical  axis  through  the  centre  of  the  needle,  and  when  the    Galvano- 
needle  is  deflected  the  coils  are  turned  until  an  equilibrium     meter, 
position  is  obtained    in  which  the  needle  and  mean  plane  of 
the  coils  are  again  parallel.     Thus  cos  6  in  the  expression  for  6 
given  in  last  chapter  must  be  put  equal  to  unity.     The  deflection 
S  of  the  needle  is  equal  to  the  angle  through  which  the  coils  have 
been  turned,  and  is  usually  measured  by  observing  this  angle  by 
means  of  a  finely  divided  scale  provided  with  verniers  and  read- 
ing microscopes.    For  such  an  instrument  we  have  instead  of  (2) 

y  =  f*in<' (3) 

In  the  values  of  G  for  the  different  types  of  instrument  given 
by  the  various  expressions  contained  in  Chapter  VI.,  the 
inclination  of  the  needle  to  the  plane  of  the  coil  is  of  course 
to  be  put  equal  to  zero. 

An  instrument  capable  of  being  used  at  pleasure  either  as  a       Fitz- 
tangent  or  sine  galvanometer  has  been  designed  by  Professor    gendd's 
G.  F.  Fitzgerald,  and  is  shown  in  Fig.  74.      Its  distinctive   Standard 
peculiarities  consist  in  an  arrangement  of  coils  which  permits    Galvano- 
the  constant  of  the  instrument  to  be  determined  with  the  coils     meter. 
in  position,  and  a  very  ingeni3as  arrangement  for  measuring  the 
deflections  of  tlie  needle  and  the  coils  from  the  adjusted  position 
for  no  current. 

The  coils  are  visible  through  a  plate-glass  casing  and  can  be    Arrange* 
measured  in  situ.     The  deflection  of  the  needle  is  observed  in     ment  of 
the  following  manner  on  the  cylindrical  scale  shown  in  the      Coils, 
figure.  A  pair  of  small  totally  reflecting  prisms,  with  their  reflect- 
ing surfaces  inclined  at  46*^  to  the  horizontal,  are  carried  by  the 
magnet,  and   give  images  of  diametrically  opposite  parts  of 
this  scale,  and  show  on  these  images  of  one  and  the  same  line 
or  mark.    These  are  seen  at  the  same  time  in  the  field  of  view 
of  a  microscope   which  receives  the  light  from  the  mirrors. 
Thus  the  arrangement  is  equivalent  to,  but  much  more  sensitive 
than,  a  pointer  playing  round  a  graduated  citcle  and  read  at 
both  ends  to  eliminate  error  from  inaccuracy  of  centering. 

The  coils  can  be  turned  round  to  follow  the  magnet,  and 
their  position  observed  on  the  same  cylindrical  scale ;  so  that  a 
single  scale  serves  for  the  use  of  the  instrument  both  as  a 
tangent  galvanometer  and  as  a  sine  galvanometer. 

It  has  been  noticed  above  that  the  ordinary  method  of  using 
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the  mirror  and  scale  gives  with  a  straight  scale  properly 
adjusted  the  tangent  of  twice  the  angle  of  deflection.  In 
Professor  Fitzgerald's  instrument  besides  the  arrangement  just 
described  for  reading  the  deflection  a  mirror  is  provided 
attached  at  45°  to  the  axis  of  suspension..  A  vertical  ray  of 
light  falling  upon  this  mirror  is  sent  out  horizontally  through 
one  of  the  plate-glass  sides  of  the  case  to  a  horizontal  scale. 
As  the  mirror  turns  round  the  plane  of  reflection  turns  with  it, 
and  through  the  same  angle,  so  that  with  a  straight  scale  placed  at 
right  angles  to  the  undiuturbed  position  of  the  ray,  the  readings  on 
the  scale  are  proportional  to  the  tangents  of  the  actual  deflections. 
Fig,  75  shows  a  sine  galvanometer  designed  by  Prof.  T. 
Gray.  A  single  layer  of  wire  is  wound  on  a  tube  of  about 
10  cms.  diameter,  and  at  least  ten  diameters  in  length.     If  the 


Method  ot 

Reacting 

Deflection. 


T.  Gray's 

Sine 
Galvano- 
meter. 


Fio.  75. 


coil  be  uniformly  wound  w^ith  n  turns  per  unit  of  length,  and  / 
be  its  half-length  and  a  its  radius,  the  force/perunitof  current 
at  the  centre  is  (see  p.  261  above)  Anlj{a^  +  t^%  This  becomes 
Afim  if  /  be  great  in  comparison  with  a,  for  example  if  /  is  ten 
times  flf,  the  value  of  /  is  only  ^  per  cent  less  than  47m,  as  is 
shown  by  the  equation 

/  =  4frn^^l  -  i  "^  +  i  7i  -  .-.  j 

=  47r»  (I  —  ^J(y  +  siyJijcF  ""   •••) 

/  =  10/r. 

Thus  the  very  exact  determination  of  the  radius  is  not  a 
matter  of  very  great  importance,  and  if  the  coil  be  very  uniformly 
wound  over  the  middle  part,  and  very  fairly  regularly  else- 
where, the  value  of/ will  be  given  with  great  accuracy  by  the 
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tirst  two  terms  of  the  series.  The  uniformity  of  the  winding 
can  be  made  almost  quite  perfect  by  laying  on  the  wire  under  a 
moderate  tension  by  means  of  a  self-feeding^  lathe. 

The  coil  is  wound  on  the  tube  T  (Fig.  75).  The  ends  of  the 
wire  are  attached  ta  pins  p^  p^,  and  a  wire  10  running  parallel 
to  the  axis  of  the  coil  connects  ;}^  to  a  third  pin  p^  close  to  /?]. 
A  pair  of  flexible  electrodes  well  twisted  together  connects  p^p^ 
to  a  pair  of  terminals  on  the  platform  P.  The  tube  is  mounted, 
as  shown,  on  the  circular  platform  P  which  is  furnished  witli 
levelling  screws  Z,  Z,  Z,  and  can  be  turned  round  the  vertical 
axis  Vj  the  supports/, /sliding  on  the  platform  and  maintaining 
the  tube  in  a  horizontal  position.  The  scale  S  on  the  edge  of 
the  platform  enables  the  angle  through  which  the  coil  is  turned 
to  be  measured. 

The  needle  is  suspended  at  the  centre  of  the  tube,  and  may 
be  either  a  light  polished  steel  disk,  or  a  plane  or  concave 
mirror  with  attached  steel  magnets.  The  arrangement  preferred 
is  as  follows  : — At  one  end  of  the  tube  is  a  short  scale  s  facing 
towards  the  mirror  (which  is  plane)  and  illuminated  by  light 
entering  a  small  hole  at  tliat  end  of  the  tube,  and  thrown  on  the 
scale  by  a  reflecting  prism  or  inclined  mirror.  At  the  same  end 
of  the  tube  is  n  fixed  mirror  3/,  also  turned  towards  the 
suspended  mirror  m.  By  means  of  the  telescope  /  at  the 
other  end  of  the  tube,  fixed  above  the  centre  with  its 
vertical  cross-wire  as  nearly  as  may  be  in  the  medial  vertical 
plane  of  the  coil,  the  scale  s  is  seen  by  tight  which  has  suffered 
two  reflections,  one  at  m  the  other  at  J/,  and  thus  the  angle 
through  which  the  needle  has  been  turned  can  be  obtained. 

For  the  scale  *  may  be  substituted  a  narrow  slit,  or,  preferably, 
a  wide  slit,  or  hole,  crossed  by  a  wire,  in  front  of  which  within 
the  tube  is  fixed  a  lens,  and  for  the  telescope  a  sheet  of  obscure 
glass.  An  image  of  the  slit  or  wire  is  focused  by  the  lens  on 
the  obscure  glass,  and  the  position  of  this  can  be  read  from 
without  on  a  scale  fixed  to  or  engraved  on  the  glass. 

Or,  the  plane  mirror  m  may  be  replaced  by  a  concave  spherical 
mirror  as  in  an  ordinary  Thomson's  galvanometer,  and  the 
obscure  glass  carried  by  a  sliding  tube  which  can  be  pushed  out 
or  in  to  give  a  sharp  image  of  the  slit  or  wire. 

The  method  of  using  the  instrument  is  as  follows  :  It  is 
placed  in  a  well-lighted  room,  and  the  platform  P  is  levelled  by 
means  of  the  screws  Z.  The  coil  is  then  turned  until  the  central 
division  of  the  scale  *  coincides  with  the  cross-wire  of  the 
telescope  (or  the  zero  of  the  scale  on  the  obscured  glass),  and 
the  reading  on  the  scale  aS  is  taken.  Then  a  steady  current  is 
passed  through  the  coil,  and  the  angle  noted  through  which 
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the  tube  has  to  bo  turned  to  bring  the  central  division  of  * 
again  to  the  cross-wire  of  the  telescope.  The  current  is  then 
reversed,  and  the  scale  n  moved  if  necessary  until  the  angles  on 
the  two  sides  of  zero  are  equal.  If  B  is  this  deflection  on  the 
scale  8  the  current  is  given  by  the  equation 

y  =  —7 ^ (4) 

The  angle  6  can  evidently  be  attained  with  great  accuracy 
by  very  accurate  division  of  the  scale  S,  and  reading  it  with  a 
vernier  and  microscope. 

We  now  discuss  shortly  some  general  propositions 
regarding  the  action  of  galvanometers,  their  adjustment 
and  sensibility. 

We  shall  suppose  to  begin  with  that  the  forces  acting     Theory 
are  wholly  magnetic,  and  that  the  suspension  is  such  as  Oalvano- 
to  prevent  other  than  horizontal  forces  from  aflFecting     ™®*«r. 
the  needle.     When  no  current  is  flowing  the  needle 
rests  horizontal  with  its  axis  parallel  to  the  permanent 
magnetic   field,  or  to  its  horizontal  component.     The 
needle  will  take  up  a  new  position  making  an  angle  0 
with  the  plane  of  the  coil.     The  angle  which  the  needle 
now  makes  with  its  initial  position  is  ff  —  a,  say.     The 
couple,  0,  acting  upon  the  needle  is  given  by  equations 
(13),  (20),  (21),  &c.  of  last  chapter.     If  M  be  the  mag- 
netic moment  of  the  needle,  and  H  the  horizontal  com- 
ponent force  of  the  permanent  field,  we  have  for  the 
return  couple  Af-5"  sin  {0  —  a).    Hence 

©  =  MSsm{0-a). 

But  we  may  write  ®  =  yMG  cos  ^,  and  therefore 

7-f  ™<tr' <^) 

Lr  cos  U  * 
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G,  as  shown  by  (13)  above,  in  general  depends  on  d. 
If  the  needle  however  be  sufficiently  short  the  terms 
depending  on  6  disappear.     G  is  then  what  is  called 

the  galvanometer  constant. 
If  a  is  zero  (5)  becomes 

7>^l«n9       (2) 

and  if  G  is  independent  of  6  the  current  is  proportional 
to  the  tangent  of  the  deflection.  Hence  the  name  of 
the  instrument. 
Adjnat-  The  instrument  is  generally  set  up  so  that  a  is  zero 
iMtru-  '*'"  ™'"y  '^6*''^y  SO.  This  adjustment  may  be  made  as 
ment.  follows.  Supposing  the  stand  of  the  coils  fitted  with  a 
level  by  means  of  which  the  coils  can  be  placed  in  a 
vertical  position,  the  instrument  is  thus  levelled  and 
placed  by  guess  with  the  mean  plane  of  the  coils  as 
nearly  as  may  be  parallel  to  the  needle.  The  coil  is 
then  joined  up  with  a  voltaic  cell  and  reversing  key  so 
that  a  current  can  be  seat  in  either  direction  through 
it.  A  current  is  sent  through  the  coils,  and  the 
deflection  0  of  the  needle  is  observed  by  means  of  the 
mirror  or  pointer  attached  to  the  needle.  The  current 
is  then  reversed  and  the  opposite  deflection  observed. 
If  this  is  the  same  as  before  the  coil  is  properly  placed. 
If  not  let  the  numerical  value  of  the  first  deflection 
without  regard  to  sign  be  0,  and  of  the  second  ff,  and 
let  a  be  the  (unknown)  angle  which  the  mean  plane  of 
the  coils  makes  with  the  needle.  Supposing  G  the 
same  in  both  cases,  which  it  will  approximately  be  if  d 
is  nearly  the  same  as  ff,  we  have  by  (5) 
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This  gives 


sin  (0  —  a)  ^  sin  {$'  -|-  a) 
cos  0      ~      cos  0' 


tan  a  = 


sin  (0'  4  0) 


cos  0'  (cos  ^'  —  COS  0) 


.  which  shows  that  if  0^0'  the  coil  is  turned  through 
an  angle  a,  in  the  direction  of  the  first  deflection  ;  if 
0  '^0'  the  coil  deviates  from  the  position  of  the  needle 
by  an  angle  a  in  the  direction  of  the  second  deflection. 

The  actual  value  of  a  can  thus  be  calculated,  and  if 
the  coils  can  be  turned  through  any  required  angle  the 
correction  of  position  can  at  once  be  made.  If,  however, 
there  is  no  provision  for  turning  the  coils  through  a 
definite  angle,  the  correction  must  be  made  by  guess 
from  the  direction  of  the  greater  deflection,  then  the 
new  position  tested,  and  if  necessary  corrected,  and  so 
on. 

The  galvanometer  is  sometimes  set  so  that  a  =  45"*,  CoU  at  46« 
and  the  current  then  made  to  flow  so  that  the  deflection  Meridian, 
is  towards  the  coil.    Then  by  (1)  (changing  the  sign  of 
the  right-hand  side  to  keep  7  positive) 


E 


sin 


COS  0 


(6) 


It  is  to  be  noticed  that  here  0  is  to  be  taken  positive 
when  it  is  on  the  same  side  of  the  coil  as  the  initial 
position  of  the  needle,  and  negative  when  it  is  on  the 
opposite  side.  The  deflection  of  the  needle  may  thus 
be  as  great  as  90°  from  the  initial  position.     For  this 

value  of  the  deflection  the  current  is  \/'A  HjG. 
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The  adjustment  to  this  position  may  be  made  by 
first  placing  the  galvanometer  as  described  above  so 
that  its  mean  plane  is  parallel  to  the  undisturbed 
position  of  the  needle,  and  then  turning  the  instrument 
round  through  exactly  45*.  This  mode  of  using  the 
instrument,  though  it  gives  a  wider  range,  is  attended  - 
with  the  inconvenience  that  the  deflection  if  consider- 
able can  only  be  taken  in  one  direction. 
Sensibility      The  sensibility  of  a  galvanometer  may  be  defined  as 

nometer."  *'^®  reciprocal  of  the  current  required  to  produce  a 
definite  small  angular  deflection  of  the  needle,  or,  which 
comes  to  the  same  thing,  it  may  be  taken  as  measured 
by  the  angular  deflection  produced  by  a  specified 
current,  for  example,  a  micro-ampere  (one  millionth  of 
an  ampere).  Frequently  if  the  galvanometer  be  a 
reflecting  one  it  is  regarded  as  inversely  proportional  to 
the  current  required  to  produce  a  deflection  of  one 
division  of  the  scale,  but  this  of  course  is  a  function  of 
the  arrangement  of  mirror  and  scale,  and  not  merely  of 
the  coil. 

Measure-       The    sensibility    can  -  be    determined    by    sending 

SoDjribiHty  ^^^^^gl^  ^^®  c^i'i  arranged  as  will  generally  be  necessary, 
with  some  considerable  resistance  in  circuit,  and 
shunted,  if  need  be,  by  a  resistance  the  ratio  of  which 
to  the  resistance  of  the  coil  is  known,  a  current  from  a 
cell  of  known  electromotive  force,  calculating  the 
current,  and  observing  the  deflection. 

The  actual  merit  of  the  instrument  cannot  however 
be  completely  determined  by  such  a  process,  as  that 
depends  on  length  of  period  of  the  needle,  steadiness 
of  zero,  &c.,  which  are  not  here  taken  account  of.     For 
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an  elaborate  comparison  of  sensibilities  of  galvanometers 
see  a  paper  by  Messrs  Ayrton,  Mather,  and  Sumpner, 
Phil.  Mag.,  July  1890. 

The  sensibility  of  a  galvanometer,  for  diflFerent  posi-  Sensibility 
tions   of  the   needle,  is   the  ratio   of  the  increase  of.  Different 
deflection   to  the    increase   of  the  current,  or  dOldy,   ^^I^^^J® 

mt  '     •  '  .1  i*  'of  Needle. 

This  IS  a  maximum  in  the  case  of  a  tangent  galvano- 
meter for  zero  deflection. 

WhoD  however  the  deflection  is  45**  a  given  percent- 
age of  increase  or  diminution  of  the  current  produces 
a  maximum  increase  or  diminution  of  deflection,  that  is 
to  say  B0/{Sy/y)  is  then  a  maximum ;  and  hence  the 
instrument  is  sometimes  erroneously  stated  to  be  most 
sensitive  when  the  deflection  is  45^  The  only  impor- 
tance in  making  the  deflection  45''  lies  in  the  fact  that 
with  this  deflection  a  given  small  error  in  reading  the 
angle  will  have  a  minimum  effect  on  the  estimation  of 
the  current. 

To  prove  these  propositions  we  observe  first  that  by  (2) 

dO  ^G  1_ 

dy      HI  +  tan'^' 

and  this  is  obviously  a  maximum  when  0=0. 

Again  let  the  reading  be  in  error  dO  when  the  deflection  is 
really  $.  Then  the  current  is  estimated  by  (2),  and  if  y  is  tlie 
true  current  the  estimated  current  is  y  ±  3^,  or  y  ±  dy/dd.bB. 
The  error  in  estimation  of  the  current  is  3y/y  or  dy/dBM/y. 
Bat 

y  d6  tun  B 

This  is  a  minimum  w^hen  (1  +  tan2d)/tan  ^  is  a  minimum,  that  is 
when  tan  ^=1,  or  ^  =  46". 

In   every  properly   constructed   absolute   galvanometer  tlie  Torsion  of 
torsion  of  the  suspension  ought  to  be  negligible,  and  if  a  quartz     Suspen- 
thready  or  a  sufficient  length  of  silk  fibre  be  used,  it  will  be  negli-  siou  fibre. 
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gible.  The  amount  of  torsion  may  however  be  estimated  as  follows. 
Let  the  needle  supposed  initially  in  the  magnetic  meridian  be 
turned  once  or  more  times  completely  round,  and  let  its  devia- 
tion from  the  magnetic  meridian  in  its  new  position  of  equili- 
brium be  noted  by  means  of  index  and  divided  scale,  or  mirror 
and  scale  or  telescope  provided  for  the  purpose.  If  a  be  the 
angular  deflection  of  the  magnet  from  tne  magnetic  meridian 
produced  by  turning  the  magnet  once  round,  the  angle  through 
which  the  thread  has  been  turned  is  2ir  -  a.  The  couple  pro- 
duced by  this  torsion  has  for  moment  AfiTsino.  Hence  by 
Corlomb's  law  of  the  proportionality  of  the  force  of  torsion  to 
the  twist  given,  the  couple  corresponding  to  deflection  B  is 
MH  Bin  a  BJl^ir  —  a).  Thus  if  a  current  y  produces  the  deflection 
B  the  equation  of  equilibrium  is 


yG  cos  B  =  H  (sin  B  -f  ^ sin  a), 

2ir  —  a 


and  therefore 


\  27r  -  a  sm  BJ  G 


Electro-  jff^  jjq^  consider  absolute  electrodynamometers, 
meters.  The  first  instrument  of  this  kind  seems  to  have  been 
invented  by  W.  Weber,  and  used  by  him  in  his 
researches  on  the  mutual  action  of  currents.  Electro- 
dynamometers  have  advantages  over  galvanometers  (1) 
in  having  no  magnet,  and  therefore  avoiding  altogether 
uncertainty  as  to  distribution  of  magnetism ;  (2)  in  not 
involving  for  the  reduction  of  their  indications  any 
knowledge  of  the  intensity  of  the  earth's  field  ;  but  are 
inferior  in  point  of  sensibility,  and  as  the  return  couple 
is  generally  given  by  a  bifilar  or  torsion  suspension  the 
accurate  estimation  of  its  value  is  a  matter  of  some 
difficulty. 

The  galvanometer  designed  by  Professor  Fitzgerald 
and  described  above  could,  as  he  has  pointed  out,  easily  be 
adapted  for  use  as  an  electrodynamometer.  All  that  is 
required  is  the  substitution  of  a  proper  suspended  coil, 
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and  a  bifilai  suspension  for  the  needle.  The  same 
arrangement  of  mirrors  and  cylindrical  scale  would  be 
av^lable  to  give  the  deflections. 

We  Bh all  describe  tbe  general  nrrangement  and  mode  of  using  B.A.  Cow- 
an  electrodynamonieteT  with  reference  to  the  instrument  made  mittee's 
by  Mr.  Latimer  Clark  for  the  British  Association  Committee  on  ElectrO' 
Electrical  Standards,  and  illuslrated  in  Figs.  76,  77.  dyaamo- 

The  first  of  these  figures  sbows  the  general  arrangement  of  the      meter. 
instrument,  the  second  the  details  of  the  suspension. 


The  bifilar  consists  of  two  wires  the  tension  of  which  is  main- 
tained the  same  by  their  being  attached  to  a  piece  of  silk  thread 
which  passes  over  a  pulley,  as  shown  in  Fig.  77.  The  distance 
between  the  threads  is  adjusted  hy  two  guide  pulleys  which  can 
be  set  at  acy  required  distance  apart  The  current  is  led  into 
tbe  suspended  coil  hy  means  of  the  snapension  wires.  Arrange- 
ments are  also  marie  whereby  the  current  can  be  sent  in  either 
direction  through  eacli  coil. 
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The  instrument  as  stated  above  has  both  its  stationary  and 
movable  coil  systems,  constructed  on  Helmholtz's  plan  of  two 
equal  parallel  coils  at  a  distance  apart  equal  to  their  radius. 
The  suspended  coil  system  is  hung  so  that  it  is  concentric  with 
the  fixed  coils,  and  when  there  is  zero  deflection  their  planes  are 
at  right  angles  to  one  another. 


Fl(5. 


/  i 


When  the  axis  of  the  suspended  coil  makes  an  angle  7r/2  -  ^ 
with  the  plane  of  the  fixed  coil,  the  couple  e  due  to  the 
currents  and  tending  to  increase  the  deflection,  ^,  has  the 
expression  given  in  (45)  or  (46),  page  271  above,  with  sign 
changed  and  cos  (7r/2  -  <^)  substituted  for  sin  <^.  Again  the  sus- 
pended coil  is  acted  on  by  a  couple  due  to  the  earth's  magnetic 
force  Hy  and  tending  to  diminish  7r/2  -  <^.  Thus  (46)  gives  for 
the  former  couple  4Nnyy'6igiCoa  (7r/2  -  0),  since  4,2^1  =  1 ;  and  for 
the  other  couple  2»7''^,  /Tsin  6',  where  iV^,«,y,y',  are  the  numbers  of 
turns  and  the  currents  in  the  fixed  and  movable  coils  respectively, 
and  ff  is  the  angle  which  the  axis  of  the  movable  coil  makes  with 
the  magnetic  meridian.  Thus  if  L  be  the  return  couple  due 
to  the  suspension,  and  the  plane  of  the  fixed  coil  make  an  angle 
a  with  the  magnetic  meridian,  and  an  angle  j3  with  the  axis  of 
the  movable  coil  in  the  undisturbed  position,  we  have  for  equili- 
brium 

^Nnyy'G^ffi cos  {0  +  i3)  -2«y>,  Hsm  {6  +  fi  +  a)-Z-0. 


c 
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The  value  of  Z,  if  ^  be  Rmall,  is  proportional  to  sin  B,  so  that 
L^F  sin  6. 

Ft&n  6  =  4Nnyy'6iffi  (cos  i3  -  tan  ^  sin  fi) 

-  2«y>i  H{tan  6  cos  (a  +  i3)  +  sin  (a  +  /3)} 

and  if  a  and  ^  bo  both  small 

tan  e  =  \,{^NnYY' G^g^  Q0sfi-2ny'g^  ZT  sin  (a  +  /3) 
F 

-L  (16iVr^n2yV'^iVi'8ini3+83i\«^yy''^i^,2)}  .    (g) 

Now  a  direction  of  the  current  in  the  coils  being  assumed  as  Methods 

positive,  the  currents  are  sent  through  the  two  coils  according  to  of  Using 

the  adjoining  scheme  and  produce  the  corresponding  deflections  Instm- 
^i»^2>^si^4«  ment. 


y 

1 
y 

0. 

+ 

\ 

+  : 

1 

I 

03     '    + 

1 

1 

6.     \     - 

1 

! 
+ 

Thus  we  get  by  substitution  in  (8)  and  reduction 
F 


yy'=i 


(tan  B^  +  tan  G^  -  tan  B^  -  tan  B^)  .    (9) 


4NnGigiCosP 

If  y  =  y'  this  gives  the  value  of  y*'. 

By  this  method  H  is  eliminated,  and  it  is  the  best  method  to 
adopt  when  readings  have  to  be  obtained  quickly,  as  when  the 
current  is  varying.     If  however  the  current  is  constant  enough 
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the  head  of  the  bifilar  suspension  may  be  turned  round  until  the 
suspended  coil  is  brought  back  to  its  original  position  after 
deflection.  When  this  is  the  case  the  angle  $  through  which 
the  coil  is  deflected  from  its  equilibrium  position  is  clearly 
equal  and  opposite  to  the  angle  /3>  through  which  the  head  of 
the  bifilar  has  been  turned  round  from  the  position  of  paral- 
lelism with  the  plane  of  the  coil.  We  have  thus  6=  — /3,  For 
equilibrium  we  have  the  equation 

F8inP  =  -  ^Nny/G^g^  +  2nyg^n sin  a. 

Taking  four  deflections  according  to  the  above  scheme,  we  get 
four  readings  of  the  head  of  the  bifilar  jS^,  p^t  ft*  ft  =  -  ^i>  -  ^2> 
-  ^3,  -  ^4,  and  so 

-P  sin  /3i  =  -  F  sin  ft  =  -  ^^nyiG\9i  +  ^ny'g^H  sin  a, 

Fsin  ft  =  -  P  si°  ft  =  ~  ^'^'^yy'^i^i  -  "^^y'ffi^  si"  o 
Hence 

(sin  ft  +  sin  ft  -  sin  ft  -  sin  ft)  .  (10) 


yy  =  - 


4A'«(;iyi 


in  which  again  H  does  not  appear. 

An  absolute  electrodynamometer  may  be  constructed,  as  de- 
scribed above  (p.  274),  of  two  single-layer  coils  placed  wiUi 
their  centres  in  coincidence.    If  the  ratio  of  length  to  radius  be 

.18  proposed  above  in  each  case  ^3/1,  the  value  of  the  couple 
due  to  the  action  of  the  currents  will  be  as  given  in  (56),  p.  276, 
Sn^nn'yy'a'X^I  ^a^  j^  ^i .  cos  (7r/2  -  <^),  where  «,«'  are  the  num- 
bers of  turns  per  unit  length  in  the  two  coils,  x,  f,  a,  a,  their 
respective  half-lengths  and  radii,  -y,  y\  the  currents  in  them,  and 
7r/2  —  <f)  the  angle  which  the  axis  of  the  movable  coil  makes  with 
the  mean  plane  of  the  fixed  coils.  This  with  7r/2  — <^  replaced 
by  ^  +  jS  is  to  be  used  in  the  formulae  (9)  and  (10)  given  above, 
instead  of  4Nnyy'G.ffi  cos  {6  +  ft.  Thus  the  equations  re- 
placing (9)  (10)  for  this  case  are 

ry'  =  -  i  0-^"'-;^  >  («"  ^i  +  «"■  ^2  -  sin  ft  -  sin  5,)  .    (12) 
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Galvanometers  and  electrodynamometers  are  verj'  frcciuently       Non- 
used  wliich  by  themselves  are  not  capable  of  giving  measure-    Absolute 
ments  of  currents  in  absolute  units.      Sucli  instruments  are     Instru- 
•*  calibrated  "  by   some  reliable  method,  so  that  the  absolute     ments. 
values   of  the  currents  corresponding  to  any  given  deflections 
are  known.     In  general  they  differ  very  much  from  the  so-called 
absolute  instruments    in  the  arrangement  of  their  coils,  &c., 
which  has  had  chiefly  in  view  the  attainment  of  the  greatest 
possible  sensibility. 

We  shall  distinguish  between  instruments  which  have  in  their 
coils  a  great  many  turns  of  fine  wire,  so  that  the  resistance  of 
the  coil  system  amounts  to  at  least  several  hundred  ohms,  and 
those  instruments  the  resistance  of  which  is  comparatively  low. 
The  former  are  very  frequently  called  "potential**  instruments 
or  voltmeters  from  their  use  in  determining  the  difference  of 
potential  between  two  points  in  a  circuit  at  which  the  terminals 
are  applied  ;  the  latter  are  called  low  resistance  or  "  short  coil " 
instruments,  and  sometimes  (when  their  resistances  are  so  low 
that  one  of  them  can  be  placed  in  series  with  the  working 
circuit  without  materially  increasing  its  resistance)  "  current " 
or  amperemeters. 

First  taking  galvanometers,  we  shall  establish  some  general 
theorems  regarding  the  arrangement  of  their  coils,  then  very 
shortly  discuss  their  graduation  for  absolute  measurements,  and 
finally  deal  with  graduated  electrodynamometers. 

In  the  first  place,  let  the'gal  vanometer  have  a  certain  cylindric      Proper 
channel  which  is  to  be  filled  with  wire,  and  let  it  be  required  to    Gauge  of 
find  the  gauge  of  wire  with  which  it  ought  to  be  wound  if  it  is    Wire  for 
to  be  used  in  circuit  with    an   electrical    generator   of  given      Given 
electromotive  force  and  resistance.    Let  a  be  the  radius  of  cross-     Bobbin 
section  of  the  wire  employed,  c  the  thickness  of  the  covering,        ^°^ 
and  S  the  cross-section  of  the  channel  made  by  a  plane  through  Generator, 
the  axis.     The  portion  of  the  cross-section  occupied  by  each 
turn  will  be  (2rt  -f-  ^c)^  if  the  turns  are  arranged  in  square  order 

in  the  cross-section,  and  (2^4"  2r)2v3/4  if  they  are  arranged  in 
triangular  order.  This  includes  the  space  occupied  by  the 
covering  and  the  vacant  spaces  between  the  spires. 

Considering  at  present  the  first  case  only  we  see  that  the 
number  of  turns  is  S\^a  +  2^)^,  if  any  inaccuracy  introduced  by 
its  being  impossible  to  fit  an  exact  number  of  turns  into  a  com- 
plete layer  is  neglected.  If  r  be  the  mean  radius  of  the  cross- 
section  of  the  channel,  the  whole  length  of  wire  is  approximately 
27mS7(2fl  +  2r)2.  But  p  denoting  the  specific  resistance  of  tlie 
wire,  the  resistance  per  unit  length  is  pl7ro\  and  the  whole 
resistance  R  of  the  coil  is  \prSI{a  -j-  c^a^.     For  a  given  current 
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the  maguelic  force  at  the  needle  is  proportJODal  to  tiie  number  of 
turiia,  und  the  inngrietic  force  parallel  to  the  azia  may  therefore 
be  written  ^  J.fyl(a  +  r)'  where  ^  ia  a  conatant.  If  £  be  the 
electromotive  furee  of  the  generator,  and  if  the  resiatance  of  the 
generator  aad  wires  connecting  it  to  llie  galvanometer  bobbin, 


prS 


and  for  the  asial  component  of  magoetic  force 


Since  the  numerator  is  conatant,  this  haa  its  maximum  value 
when  tlie  denominator  is  a  minimum.  Calculating  in  the  usual 
manner  the  neceaaary  condition,  we  find  the  equation 


(U) 


R  biquadratic  for  the  determination  of  the  correapondinfr  value 
of  <i.  But  for  the  reciprocal  IjR  of  the  reaiatance  of  the  bobbin 
we  have  the  value  Sfn  +  c)*a'jprS,  and  this  used  with  the  last 
equation  glvea 


or  the  resiatunce  of  the  bobbin  should  have  to  tlie  reaiatance  of 
the  generator  and  connecting  wires  the  ratio  of  the  radius  of 
the  wire  when  bare  to  its  radius  when  covered. 

If  the  Bpiros  are  arranged  in  triangular  order,  the  equation  of 
condition  correaponding  to  (4)  is 

i  s  „  ^'"■'^ 

and  since,  in  this  case.  1/ill  =  -J3a\a  +  cYJ^rS,  we  have  the 
some  result  as  before. 
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ing  in  which  bears  a  constant  ratio  to  the  diameter  of  the  wire,  and  Bobbin  bs 
travereed  id  each  cose  by  the  same  current,  are  proportional  to  depending 
the  aquaro  root  of  the  reaietance  of  the  coil.  For  we  hnve  then  on  Gangu 
(a+c)/a=i,  ota+c-ia.  Thus  by  what  has  been  shown  at  pp.  "fWire. 
369,  370,  the  magnetic  effect  is  proportional  to  l/i^ii',  and  the 
resistance  to  Ijlfa' ;  hence  the  magnetic  action  varies  as  vB. 

It  is  obvious  that  this  is  also  true  when  the  thickness  of  the 
covering  is  so  small  as  to  be  negligible. 

The  best  shape  of  cross-section  for  the  bobbin  of  an  ordinary  BestShape 
galvanometer  is  shown  in  Fig.  78.  The  curve  forming  the  of  Section 
external  boundary  of  the  ctou-section  is  given  by  the  equation,  of  BobUn. 


-r-'i 


(16) 


where  r  is  the  distance  of  any  point  P  of  the  surface  from  0 
the  centre  of  the  coil,  0  the  angle  POU  which  OP  makes  wiEli 
the  axis  OM,  and  p  a  constant. 


Fio,  78. 


To  prove  this  note  that  the  axisl  magnetic  force  due  to  a 
single  turn  of  wire  of  radius  a,  is  proportionuJ  to  a/r^,  that  is  to 
in  B/t'.     Let  now  this  turn  be  transferred  to  any  point  outside 

"  "-■    -T  which  it  lies.    Then 

BB   2 


Bin  fl/rt     Let  now  this  turn  be  tram 
the  surface,  fulfilling  this  equatio 
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whatever  the  radius  of  the  circle  into  which  it  is  now  bent,  the 
length  of  arc  which  it  famishes  is  the  same  as  before,  and 
so  the  axial  magnetic  force  is  proportional  to  the  new  value  of 
sin  6/r^.  But  for  every  point  of  the  cross-section  outside  the 
boundary  fulfilling  (16)  the  value  of  sin  6/r*  is  smaller,  and  for 
every  point  within  the  boundary  is  greater,  than  for  a  point  on 
the  surface.  Thus  a  given  length  of  wire  produces  a  greater  or 
less  axial  magnetic  force  according  as  it  is  wound  without  or 
within  this  surface.  If  then  a  coil  be  wound  of  any  shape  of 
cross-section  the  external  boundary  of  which  does  not  fulfil  (16), 
by  removing  the  wire  from  one  part  of  the  coil  to  another, 
the  cross-section  may  be  brought  to  this  shape,  and  the  axial 
magnetic  force  increased. 

Fior.  78  shows  curves  for  different  values  of  p,  and  the  two 
parallel  dotted  lines  indicate  a  cylindrical  chamber  left  for  the 
needle. 
Effect  of       In  the  investigation  given  above  (p.  370)  of  the  best  gau^e 
Grading    of  wire  with  which  to  fill  a  given  channel,  when  the  bobbin  is 
the  Gau^  to  be  used  with  a  generator  of  known  electromotive  force,  it  has 
<*f_^jj?  ^"  been  assumed  that  the  wire  must  be  of  uniform  thickness  ;  and 
Bobbm.     y^Q  iij^ve  just  seen  what  is  the  best  form  of  cross-section  to  give 
a  coil  which  is  to  contain  a  given  volume  of  wire.    When  a 
coil  is  wound,  however,  each  additional  turn  of  wire,  though  it 
increases  the  axial  magnetic  force  for  a  given  current,  also  in- 
creases the  resistance  in  circuity  and  thereby  diminishes  tlie 
current  produced  by  a  given  electromotive  force.     We  shall 
now  inquire  whether  by  winding  the  outer  layers  of  thicker 
wire  the  effect  of  increased  resistance  can   be  reduced  to  a 
minimum. 

The  volume  of  the  coil  supposed  without  chamber  for  the 
needle  is 


2ny  X  i  f ' 

J  0 


0 


where  y  is  the  distance  of  the  mean  point  of  the  cross-section 
from  the  axis.     Now 


y  =  * 


f  ff^  sin  edrd6 

ijr^de 


the  limits  of  integration  being  0  and  p  (sin  ff)i  for  r,  and  0  and 
TT  for  6.     Hence  on  the  supposition  already  made 
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volume  of  coU  =  iwp^  [3111^6  dB  ^G^^J^ 

=  iiV>^ (17) 

if  i\r  ss  2jr\  svdA6  .  dO^  which  does  not  depend  on  the  dimensions 

or  shape  of  the  coil.  The  chamber  containing  the  needle 
should  be  made  as  small  as  possible,^  as  the  part  of  the  coil 
immediately  surrounding  the  magnet  is  the  most  valuable  ;  but 
it  will  always  cut  away  a  part  of  the  coil  depending  on  p^  which 
may  be  denoted  hy/{p)s    The  actual  volume  of  the  coil  is  thus 

If  now  ^/  be  an  element  of  length  of  the  wire  composing  the 
coil,  and  p  the  parameter  of  the  generating  curve  of  the  surface 
on  which  it  lies,  then  since  1/p^  =»  sin  ^/r*,  the  axial  magnetic 

force  at  the  centre  is  y  /  di/pl^  (=  yG,  say),  where  p  is  a  function 

of  the  whole  length,  /,  of  wire  in  the  coil  from  some  chosen 
point,  say  the  inner  end,  to  dl.  We  shall  suppose  the  wire  to  be 
of  a  different  gauge  at  different  places  in  the  coil.  If  its  radius 
at  dl  be  tf,  the  thickness  of  the  covering  there  c^  and  the  winding 
be  in  square  order,  the  volume  occupied  by  dl  is  dl ,  {2a  +  2<?)2, 

80  that  the  whole  volume  is  j  dl.  i{a  +  c)^  where  a  (and  (?if  not 

constant)  is  a  function  of  /,  and  the  integral  is  taken  throughout 
the  whole  length  of  wire  in  the  coil. 

Let  the  coil  be  considered  as  made  up  of  layers  each  fulfilling 
the  equation  r*  =  />*  sin  6,  but  each  for  its  own  value  of  a,  so 
that  tf  is  a  function  of  p.  We  have  thus  for  the  volume  of  the 
space  between  the  layers  corresponding  to  p  and  p  +  dp  the 
expression  N]^dp  —  f'{p)dp  =  (2a  +  2c)^dl,  if  dl  be  now  put 
for  the  length  of  wire  in  this  space.  Thus  dl={Xp^dp-f{p)dp]l 
{2a  +  2c)\  and  we  get 

^pS  _  f*(p) 

rfji^^/^-/W^^ (19) 

na^    4{a  +  <?r 

If  the  generator  have  as  before  an  electromotive  force  E^  and 
R'  denote  as  before  the  resistance  of  the  generator  and  connecting 

*  For  the  manner  of  winding  the  space  close  to  the  magnet  see 
p.  376  below. 
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wires,  we  have  y  =  Elifi  +  B!\  and  yG  =  EGIXR  +  It'\  To 
make  yG  or  Gjiji  -\-  K)  ^  maximum  fcy  properly  g^rading  the 
wire,  we  have  so  to  choose  the  diameter  for  each  layer  that  the 
contribution  of  the  layer  to  Gj^R  +  -R')  shall  be  as  great  as 
possible.  Now  imagine  any  layer  to  be  taken  away  from  the 
coil,  evervthing  else  remaining  the  same.  G  becomes  G  —  dG^ 
and  R,  Ji  -  dR,  Thus  6/(22  +  R')  changes  by  {dG  -  GdR 
l{R  +  R')]I{R  +  R'  -  dR),  If  we  make  tlie  thickness  of  the 
layer  very  small,  GI{R  +R)  will  be  the  same  whatever  layer  is 
removed,  and  may  in  that  case  be  regarded  as  a  constant,  and 
as  we  are  considering  only  the  efiFect  of  a  particular  layer  we 
consider  R  +  R'  as  a  constant  We  have,  then,  to  tind  the 
value  of  tf  +  c  for  which  dG  -  GdR/{R  +  R')  is  a  maximum. 
\ia  ^chQ  denoted  by  u  the  necessary  condition  is 


d 

Ju^^  ^'Ji-^R'  du 


i-rdR  =  0 


or 


d 

-rdR 
du 

d 

■ydG 

du 


R+R' 
G 


Performing  the  differentiations  on  the  values  of  dG  and  dR^ 
given  in  (18)  and  (19)  above,  we  find 


PP'f,    ,u  das       Jf+R' 

Z^Al  +  -  tJ  =  — :t—  -=  constant 


ltd 


a  da) 


U 


.    (20) 


If  the  radius  of  the  wire  and  the  thickness  of  its  covering 
have  always  the  same  ratio,  that  is  if  uja  is  constant,  we  have 
aju  =  dajduj  or  uja  .  dajdu  »  1.  Hence  in  this  case  a  is  in 
simple  proportion  to  p. 

On  the  other  hand  if  the  thickness  of  the  covering  is  always 
the  same,  daldu  =  1,  and  we  have  jD'(2flf  +  c)la^  =  constant. 

On  the  first  supposition,  denoting  a  by  ap  and  a  +  c  hy  fia, 
where  a  and  /3  are  constants,  and  putting  —  Njq  for  the  integral 
of  the  term  depending  on  the  chamber  in  which  the  mirror 
hangs,  we  find  from  (18) 

^  =  4^(r;)-  •  •  •  •  •  (21) 

where  p  is  the  greatest  parameter  used  for  the  coil.     In  general 
q  depends  also  on  this  value  of/?,  but,  as  will  be  seen  from  the 


ACTION  OF  SPIRES  NEAB  AXIS  OF  COIL 

figure,  is  nearly  conatant  if  the  chamber  is  not  large.  It  is  a 
quantity  of  the  order  of  magnitude  of  the  intental  dimensions 
of  the  chamber,  and  may  ba  regarded  oa  the  parameter  of  the 
curve  which  would  generate  by  revolution  round  tlie  axis  a 
volume  equal  to  that  of  the  needle  chamber. 

We  see  from  (21)  that  very  little  is  gained,  when  this  mode  of 
winding  with  graded  wire  is  adopted,  by  making  p  large  in 
comparison  with  y. 

If  the  chamber  in  which  the  needle  bangs  is  cylindrical  and 
runs  right  through  the  coil,  the  needle  is  shorter  than  the 
diameter  of  the  smallest  spires,  and  every  spire  in  tlie  coil 
produces  an  effect  in  the  same  direction  on  the  needle.  If 
however  tlie  space  in  which  the  needle  hangs  is  not  made 
cylindrical,  the   shape   of    it  is  of  some  importance,  as  it  is 


Outer 
Com  para- 

effoctite. 

Effect  of 

near  the 


poaaible  to  place  spires  in  positions  in  which  tbey  produce  a 
magnetic  effect  opposed  to  that  ot  the  coil  generally.*'    To  see 
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this  it  is  only  necessary  to  consider  the  diagram  of  lines  of  force 
(Fig.  79)  due  to  a  single  turn  of  wire  of  radius  OA.    Take  any 
line  of  force  and  draw  a  tangent,  PN^  to  it  at  right  angles  to 
the  axis.    Then  it  is  clear  that  a  uniformly  magnetized  needle 
at  right  angles  to  the   axis,  half  of  which  is  represented  in 
position  and   length   hy  PN^  ^vill  not  be   acted   on   by  any 
couple,  since  the  force  on  each  pole  is   in  the  direction  of 
the  length  of  the  magnet.      If  however  the  magnet  be  at  a 
greater  axial  distance,  the  force  upon  it  is  in  the  same  direc- 
tion as  it  would  be  if  the  needle  were  very  short.     Thus  on 
a  needle  of  the  length  and  in  the  position  here  specified  two 
turns,  one  smaller,  the  other  larger  in  radius   than   the  turn 
shown  in  the  diagram,  and  in  the  same  plane  with  the  latter, 
would,  if  traversed  by  currents  in  the  same  direction,  produce 
opposite  couples.    The  smaller  turn  would  however  produce  a 
couple  in  the  same  direction  as  the  larger,  if  carried  off  to  a 
suthciect  axial  distance  from  the  needle. 
Limiting        For  a  needle  of  given  length  it  is' easy  to  draw  a  curve  of 
Positious    limiting  positions  for  the   spires.     For  draw   the   line    APQ 
for  Spires   throufrh  the  points  of  contact  of  tangents  perpendicular  to  the 
near  the    axi8,  then  the  axial  distances  OiV,,  ON^  of  these  tangents  from  the 
Axis.       plane  of  the  spire  are  the  limiting  distances  of  the  spire  from 
maijiiets  of  the  half  length  N^P^  jS^P^t  &c.     Then  by  supposing 
the  scale  of  the  diagram  reduced  in  the  ratio  of  N^P^  to  iV.Pj  we 
shall  have  a  spire  of  radius  OAxNiPJN^Pif  in  the  position  to 
exert  zero  couple  on  a  needle  of  half  length  NP  when  at  an  axial 
distance  ON2  X  N^P^N^P^y  and  so  for  other  points. 
Form  of        It  is  therefore  clearly  undesirable  to  fill  with  spires  wound  in 
Cavity  for  the  same  direction  as  the  rest  of  the  coil  the  space  near  the 
Needle,     needles,   beyond  the  limits  indicated  by  these   considerations. 
Figure  80*  shows  the  form  of  the  cavity  which  ought  to  be  left. 
If  it  is  possible  to  fill  any  of  this  space  with  wire,  it  should  be 
done,  but  the  spires  made  to  run  in  the  opposite  direction,  so 
that  the  couples  due  to  their  masrnetic  action  may  be  in  the 
same  direction  as  that  due  to  the  rest  of  the  coil. 
Wiede-         A  form  of  galvanometer  very  convenient  in  many  respects  is 
manu's     that  invented  by  Wiedemann.f    A  circular  disk,  or  ring,  of  steel 
Aperiodic   about  2  cms.  in  diameter,  magnetized  parallel  to  a  diameter, 
Ualvano-    jg  suspended  with  its  magnetic  axis  horizontal  and  forms  the 
meter,      needle  of  the  instrument.     This  needle  is  attached  to  the  lower 
end  of  a  bar  of  aluminium,  which  also  carries  the  mirror  (made 


*  From  Messrs.  Ayrton,  Mather,  and  Sumpner's  paper,  Phil,  Ma/j. 
July,  1890. 

t  Die  Lehrc  v.d,  Elcktricitdt,  vol.  iii.  p.  289. 
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of  thin  glass);  and  is  hung  witliin  a  damping:  chamber  of 
copper,  by  a  cocoon  fibre,  from  a  torsion  bead  above,  by  meana 
of  which  the  effect  of  the  torsion  of  the  fibre  cad  be  eatimated. 
The  mirror  is  fixed  ho  far  above  the  needle  that  it  is  clear  of 
the  coilB,  and  is  viewed  through  a  telescope  in  the  ordiniiry 
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manner.  The  snapension  fibre,  i 
mirror  are  protected  by  means  ol 
'ibove  the  damping  chamber. 

A  pair  of  coils  is  arranged,  one  on  each  aide  of  the  damping 
chamber,  with  their  axes  in  lino  through  the  centro  of  tiie 
needle ;    and  are  attached  to  sliding  pieces    so    that    tlioir 
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diBtances  from  the  needle  can  be  increased  or  diminished, 
and  the  sensibility  altered  accordingly.  The  openings  in  the 
coils  are  large  enough  to  allow  the  bobbins  to  slide  over  the 
damping  box  close  up  to  the  needle,  leaving,  in  the  closest 
position,  between  them  only  the  narrow  space  necessary  for 
the  tube  down  which  passes  the  libre. 

Two  or  three  sets  of  pairs  of  coils  suitable  for  different 
purposes  are  provided  with  the  instrument.  When  the  needle 
moves  in  the  damping  box  of  copper  its  motion  is  resisted  by 
the  action  of  the  induced  currents  produced,  so  much  so  that  it 
hardly  oscillates  about  a  new  position  of  equilibrium. 
Action  of  In  Sir  William  Thomson's  siphon-recorder  for  regihtering 
Siphon-  signals  sent  through  a  submarine  cable,  a  coil  of  wire  is  sus- 
Rocorder.  pended  between  the  poles  of  a  magnet  so  as  to  be  free  to  turn 
round  a  vertical  axis  passing  through  its  centre.  Within  the 
coil  is  tixed  an  iron  core  which  serves  to  concentrate  the  field  on 
the  coil.  When  the  coil  is  in  the  undeflected  position  the  planes 
of  its  spires  are  parallel  to  the  direction  of  the  magnetic  field ; 
but  when  a  current  is  sent  through  the  coil  it  turns,  in  a  direction 
depending  on  that  of  the  current,  so  as  to  increase  the  magnetic 
induction  through  its  circuits.  A  return  couple  is  provided  in 
the  recorder  by  means  of  a  bifilar  suspension.  The  magnet  is 
either  a  permanent  horse-shoe  magnet,  or  an  electromagnet 
excited  by  a  local  current.  The  current  from  the  sending 
station  passes  round  the  coil,  which,  turning  in  one  direction  or 
the  other  according  as  a  *'dot**  or  *'dash"  is  being  indicated, 
actuates  the  writing  siphon. 

The  ordinary  dead  beat  reflecting  galvanometer  invented  by 
Thomson  for  cable  signalling  and  ordinary  testing  is  described 
at  p.  308,  Vol.  I. 
D' Arson-        The  application  of  this  arrangement  as  a  galvanometer  was 
val  Galva-  pointed  out  in  the  first  edition   of   Maxwell's   Electricity  and 
nometer.    Magnetism^  and  has  occurred  to  and  been  used  by  several  experi- 
menters.    MM.  d'Arsonval  and  Deprez  have  however  brought 
such  instruments  into  general  use  for  several  purposes  connected 
with  practical  electric   work.     The  coil  is  hung  by  or  rather 
strung  on  a  stretched  metallic  wire,  by  which  the  current  enters 
and  leaves,  and  the  torsion  of  this  wire  gives  the  required  return 
couple.     A  core  of  iron  is  sometimes  used  within  the  coil  as  in 
the  siphon-recorder.     This  if  used  at  all  should  be  quite  inde- 
pendent of  the  coil,  so  that  the  coil  may  be  adjusted  relatively 
to  the  core,  and  pole-faces  of  the  magnet.    A  mirror  attached  to 
the  coil  enables  the  deflections  to  be  measured  in  the  ordinary 
way. 
Advan-         ^phis  fcrm  of  galvanometer  possesses  some   advantages.     It 
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can  be  mnde  very  sensitive  b;  tncreaeing  the  intensily  of  the 
field,  end  the  coil  poMesseB  dead-beat  quality  in  a  high  degree 
in  consequence  of  the  dampiag  action  of  the  induced  carrenta 
produced  in  it  when  it  ia  moving  in  the  Held.  (See  Chnp.  XIII.) 
'  It  ia  moreover  onlj  to  a   alight  extent  directly  efiected  by 


external  magTietic  Iiodies,  ainco  theae  unleas  very  highly  magne- 
tized can  only  alightly  aSect  the  field  in  which  tbe  coil  la  placed. 
An  improved  form  due  to  Mesere.  Ayrton  and  Mather  ia  ah  own 
in  Fig.  81.  The  coil  ia  eoclosed  in  a  ailver  tube  hung  by  a 
flattened  nire  of  phosphor-bronze,  with  apiral  cf  phosphor- 
bronze  for  lower  connection. 
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It  is  dosirablt)  tliat  the  magnetic  field  of  such  a  galvanometer 

should  ba  OS  little  dieturbea  as  posaible,  in  a  Diaiiiier  at  least 

which  cannot  be  completely  taken  account  of,  and  hence  the  ueo 

of   iron  cores  in  the    suspended   coila  is  inadvisable.     Messrs. 

Ayrton,  Mather,  aad  Suiiipner*  have  found  it  possible  to  make 

such  a  gulvanometer  give  deflections  proportional  tu  deflections 

by  dispensing  with  the  iron  core,  and  litting  iron  pole-pieces  to 

the  stationary  magnets,  ao  shupcd  that  the  moviiig  coil  cut  lines 

of  force  always  at  the  eanie  rate  as  the  deflection  varied, 

BeitShaiw      It  has  been  pointed  out  by  Sir.  T.  Matbert  that  in  instruments 

of  Coils  in  such   as  this  in   which  suspended  coils    are  ussd  in  magnetic 

ITAreou-    fields,  these  coils  should  be  long  and  narrow,  and  that  the  cross- 

val  Galvo-  section  at  right  angles  to  the  axis  should  be  two  equal  circles 

nomelers.    touching  on  the  asis.      To   prove   this,   it  is   to   be   observed 

first,  lliHt  if  tlie  magnetio  moment  contributed  by  any  portion 

of  the  wire  be  mode  greater,  by  increasing  the    breadth    of 

the   spire   in    which    it   is  placed,  the   moment    of    inertia   of 

that  part  is   increus'ed  in   a   greater  ratio,  and  thus  the  period 

of  free  vibration  of  the  coil  is  increased.      The  period  of  the 

coil   is   generally    limited   by   practical   requirements,   and    we 

have  therefore  to  consider  what  the  form  of  the  coil  should  lie, 

so  that  for  a  given  moment  of  inertia  there  may  be  a  maximum 

magnetic  moment,  or  for  a  given  magnetic  moment  a  minimum 

moment  of  inertia.      The  solution  ia  the  same  for  both  these 

cases.    Consider  (Fig.  82)  an  element  E,  of  area  dS,  of  n  cross- 
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section  in  n  plane  at  right  angles  to  the  axis  A,  and  let  n  be  the 
number  of  turns  per  unit  of  area.  IF  y  be  the  current  in  each 
the  current  crossing  d»  is  yndS.  The  couple  round  the  axis 
exerted  on  unit  of  length  of  this  part  of  the  coil  parallel  to  the 
axis  is  yjKW.Hrsinfl,  where  H  is  the  intensity  of  the  magnetic 
field,  r  the  distance  oi  the  element  from  the  axis, and  i9  the  angli; 
between  AK  and  H.  If  j>  be  the  average  dnnsity  of  the  coil,  the 
'    nit  length  parallel  to  the  asis,  and  having 


•  PAiZJfoff.  July,  1880. 
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tbe  section  dS,  is  pt*dS.  The  ratio  of  couple  to  moment  of 
inertia  for  this  part  is  thus  yn  H  sin  fi/pr,  and  thia  is  to  be  made 
a  mazimiim  for  every  element  of  the  coil.  Thus  sin  «/r  ia  to  be 
made  a  maximum,  since  the  other  quantities  are  constunt.  The 
endn  of  the  coil  are  ineffective  as  regards  magnetic  action,  and 
hence  ho  far  aa  they  are  concerned  it  ia  desirable  to  make  the 
diatttnce  of  each  elcmeot  from  the  axis  as  email  as  possible.  It 
is  also  desirable  that  the  poles  should  be  close  in  oraer  to  ensure 
with  ordinary  mngnetii  as  intense  a  magnetic  field  aa  possible. 

Connider  now  tiie  curve  the  equation  of  which  is  BeatSbape 

of  Section 
r  =  eain0  (22)     "'  Coi"" 


where  «  is  a  constant.     A  family  of  such  c 


Two 

for  different  values  of  e,  and  they  are  all  circles  touching  in  the  '^j^f*'}"^ 
point  J.  Now  let  an  element  of  wire  be  carried  from  the  surface  "  *  ' 
fulfilling  this  equation  to  a  point  lying  outside.  For  such  a 
point  BinS/r  has  a  smaller  value,  for  a  point  lying  inside 
sin  9/r  ia  greater.  Thus,  if  tlie  croaB-section  of  the  coil  be  filled 
up  within  any  circle  r  =  c  sin  fl,  a  diminution  of  tlie  value  of 
ain  fl/r  would  be  produced  by  transferring  any  portion  of  the  wire 
to  any  other  unoi'Cupied  positioD. 

The  coil  should  tlierefore  be  made  long  in  the  direction  of  the 
asie,  and  have  the  form  of  cross-section  ahown  in  Figure  63, 


namely,  two  circles  touching  on  the  oils  at  the  point  J.  The 
pote-faces  should  also  be  correspondingly  long,  and  be  broad 
enougii  to  give  a  nearly  uniform  held  at  the  coil,  if  they  arc  not 
shaped  80  ns  to  accomplish  iJie  object  stated  above. 

The  passage  of  the  current  along  the  suspension  wire  ia  apt     Suspcn- 
to  seriously  afTect  the  constant  of  the  instrument,  by  altering  its      sion  of 
toraional  rigidity.     SuspeiisioJii^  made  of  twisted  strips  of  thin      Coita. 
phosphor-bronze  have  been    used   by   ProfesHors  Ayrton    and 
Perry  in  several  of  their  well-known  instruments.    These  have 
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small  torsional  rigidity  aud  great  radiating  surface,  and  are 
therefore  peculiarly  well  adapted  for  use  as  torsion  suspensions 
which  at  the  same  time  act  as  conductors. 

It  has  been  pointed  out  in  this  connection  by  Messrs.  Ayrton, 
Mather,  and  Sumpuer  tliat  by  making  both  coil  and  suspension 
of  platinum-silver  compensating  effects  are  produced.  If  the 
rise  of  temperature  were  the  same  both  in  the  coil  and  thd  sus- 
pension there  would  be  exact  compensation,  since  the  percentage 
increase  of  resistance  of  platinum-silver  is  nearly  equal  to  its 
percentage  diminution  of  torsional  rigidity. 

The  temperature  variation  of  resistance  is  very  slight  in  the 
case  of  the  alloy  called  platinoid,  now  much  in  use  for  galva- 
nometer and  other  coils,  and  on  this  account  Mr.  Mather* 
strongly  recommends  its  use  for  the  suspended  coils  of  D'Arsonval 
voltmeters,  and  of  rheostats  for  use  with  such  coils. 


n 

s 

s 

n 

B 


Fig.  84. 
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In  order  to  obtain  sensibility,  galvanometers  are  frequently 
made  with  astatic  needles,  that  is  suspended  needle-systems 
which  in  a  uniform  field  are  either  in  equilibrium  in  any  position 
or  experience  only  a  comparatively  slight  directive  action.  An 
astatic  system  generally  consists  of  two  similar  horizontal  needles 


Electrician,  Jan.  8,  1892. 


I   affected   by   the    eli^btest 
:  of   great  trouble 
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of  equal  magnetic  moment  arranged  parallel  to  one  another 
with  their  poles  turned  in  opposite  directions,  as  at  A,  Fig.  64, 
HO  that  the  reealtant  couple  on  the  cijstem  ia  zero  or  very  nearly 
80.  Moetconimoiily  the  needles  are  placed  horizontally,  ua  nearly 
as  possible  in  the  same  vertical  plane,  with  their  centres  in  the 
same  vertical  line.  In  general  however  the  needles  are  not  quite 
parallel,  and  the  system  behaves  like  a  ncpdle  of  very  small 
magnetic  moment  with  its  axis  parallel  to  the  line  bisecting  the 
obtuse  angles  between  the  projections  of  the  needles  on  a  hori- 
zontal plane  as  shown  at  B  in  Fig.  81.  It  has  therefore 
been  Huppused  that  this  is  the  manner  in  which  an  astatic 
system  properly  acts,  but  if  this 
amiiigement  would  he  entirely  a  r 
system  is  so  used  moreover  it 
external  magnetic  influence,  and 
through  the  difficulty  of  maintaining  a  definite  zero  ]ioBitii 

An  astatic  system  when  quite  accurately  made  lias  the  needles 
exactly  in  one  plane,  and  has  almost  perfect  astaticism  in  a 
uniform  field,  and  the  sensibility  is  obtained  by  producing,  by 
means  of  a  magnet  placed  at  some  distance,  a  resultant  magnetic 
field  wbich  is  not  uniform  over  the  needle  system,  snd  tiierefore 
^ives  a  differential  action  which  furnisheB  the  necessary  directive 
force  on  the  needles.  An  astatic  galvanometer  with  directing 
magnet  is  shown  in  Fig,  85,*  The  instrument  illustrated  is 
one  form  of  Sir  William  Thomson's  astntic  reflecting  galvano- 
meter. The  details  of  the  supports  of  the  coils,  needles,  Ac, 
will  be  clear  from  the  Figure  ■.  the  coils  as  will  be  seen  are 
hinged  so  us  to  turn  back  to  allow  the  suspended  system  to  be 
easily  got  at.  Each  needle-system^  is  a  group  of  short  needles, 
and  there  are  two  sets  of  coils,  one  containing  each  group  of 
needles,  and  joined  in  such  a  way  that  the  actions  on  the  needles 
conspire.  Sometimes  a  single  coil  only  ia  used  enclosing  one  of 
an  astatic  pair  of  needles.  In  this  case  althongh  the  coil  exerts 
couples  in  the  same  direction  on  both  needles,  the  principal 
turning  action  is  exerted  on  that  wbich  is  inside  the  coil. 

Another  arrangement  of  astatic  galvanometer  is  shown  in 
Fig.  86.  It  is  a  slight  modification  of  one  adopted  by  Prof.  T, 
Gray  and  the  author  for  a  very  sensitive  galvanometer  con- 
structed for  the  determination  of  the  specific  resistance  o£  glass, f 
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*  This  cnt  has  been  kindly  supplied  by  the  Cambridge  Instrument 
Making  Co. 

t  Proe.  U.S.  No.  230,  1SB4.  A  similar  arrangement  of  needles  has,  it 
appears,  been  used  also  by  Herr  Rosenthal  and  by  Lord  Rayleigh.  See 
AyrtOD,  Alatber,  and  Sumpner,  loe.  cU. 
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The  needlei  sre  a  pnir  of  horeeslmes  of  hard  eteel  m  ahowD  in 
Fig.  67,  and  are  arranged  in  two  parallal  verticiil  pluies  so  that 
the  poleH  of  one  enter  the  oorea  of  one  pair  of  the  four  coils  (7,  C 
the  poles  of  the  other  the  corea  of  the  other  pair  of  coils.  The 
four  coils  are  liied  in  a  plate  with  their  axes  parallel,  and  their 
faces  in  one  plane ;    and  the  horseshoeB   are  connected   by  a 


Fio.  Sfl. 


ciirred  bar  of  aluminium  ao  that  one  enters  from  one  side  of  the 
coil  aystem,  the  other  from  the  other  aide  as  shown  by  the  hori- 
znntal  section  in  Fig.  87.  Tlie  instrument  ie  supported  on  a 
plate  of  vulcanite  standini;  on  vulcanite  feet  to  give  insiilntion, 
and  the  coils  were  wound  on  vulcanite  bobbins.  The  coils  are 
joined  so  that  when  n  current  passes  both  lioraeHhoee  are  dragged 
TOI..  II.  C  C 
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further  into  tbeir  coils,  or  both  puebed  out  at  the  same  time. 
The  needle-Byslem  is  thus  turned,  and  the  deflection  is  measuTed 
by  meana  of  a  min-or  and  scale  in  the  usual  manner.  The  total 
resistance  of  the  four  coils  was  approximately  30,000  obms  ;  and 
the  highest  seoeibility  obtained  when  the  inatrument  was  set  up 
was  Buch  that  a  cuireot  1/10"  ampere  produced  a  deflection  of 


^ 


n. 
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1  division  on  a  scale  at  about  a  metre  distance.  The  period  of 
the  coil  was  however  for  many  purposes  inconveniently  long. 

A  very  elaborate  inatrument  on  this  principle  was  made  for 
the  Central  Inetitulion,  London,  from  drawings  made  by  Prof. 
Ayrton  in  consultation  with  Prof.  T.  Gray.  A  full  description 
will  be  found  in  the  paper  of  Messrs.  Ayrton,  Mather,  and 
Sumpner  above  referred  to. 

The  chief  advantage  of  the  arrangement  of  coils  and  needles 
described  above  is  that  a  great  portion  of  the  wire  of  the  coils  is 

Silaced  very  near  to  the  poles  of  the  needles,  and  in  a  very 
avourable  ponition  for  exerting  the  electromagnotic  action 
required.  The  inatrument,  particularly  tlio  form  shown  in  Fig.  2, 
is  very  easily  made,  and  it  noes  not  cost  more  than  an  instnmient 
of  the  ordinary  kind.  Of  course  a  single  horseshoe,  or  S  or  Z 
shaped  bar,  might  be  placed  horizontally,  and  acted  on  by  a  pair 
of  coils,  and  the  principle  thus  applied  to  a  single  needle  non- 
astatic  instrument.  In  astatic  instruments,  however,  of  this 
form  it  is  decidedly  preferable,  as  shown  below,  to  use  vertical 
needles. 

Vertical  It  is  to  be  observed  that  if  the  line  joining  the  poles  or  centres 
Astatic     of  gravity  of  magnetic  polarity  in  each  horseshoe  be  vertical, 

Meedlea.  the  system  is  perfectly  astatic  for  a  uniform  field,  for  each 
vertical  horseslioe  is  itself  perfectly  astatic.  The  pair  of  borsc- 
shoo  needles  can  thus  be  adjusted  to  have  as  nearly  as  may  bo 
perfect  astaticism  in  a  uniform  field,  and  thus  made  to  preserve 
a  nearly  constant  zero  wlien  under  directive  force,  a  result  which 
it  is  esceedingly  difficult  to  obtain  in  the  ordinary  arrangement 
of  horizontal  needles  and  which  certainly  rarely  eiisls  when  a 
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horizontal  magnet  or  m&gnets  placed  above  or  in  an  unsym- 
metrical  poaition  relatively  to  the  noedlea  is  employed  to  regu- 
late the  Hensibility,  as  then  one  of  the  needles  must  be  magnetized 
aiid  the  other  demagnetized  to  a  greater  or  less  extent,  depend- 
ing on  the  position  of  the  magnet.  According  to  tliig  latter 
arrangement,  if  we  euppoae  the  needlea  to  be  parallel  or  nearly 
BO,  and  H  Co  be  the  magnetic  field  intensity  at  the  upper  needle, 
H'  that  at  the  lower  needle  in  the  same  direction,  m  the  magnetic 
moment  of  the  upper  needle,  m'  that  of  the  lower  needle,  y  the 
ourrent  flowing,  $  the  deflection  produced,  aod  K  a  constant,  we 


The  sensibility  of  an  astatic   instrument  with    horizontal  Sensibility 

needles  us  lueasured  by  the  tangent  of  tlie  deflection-angle  for  a   of  Astatio 
given  current  is  thus  very  great,  as  Hm  — H'n*'can  be  made,  and    Qalvono- 
is  generally,  very  small.     According  to  tiie  values  of  m,  m',  H,      ">**«■ 
H',  the  instrument  may  or  may  not  be  seriously  affected   by 
external  magnets,  accidentally  displaced  in  the  neighbourhood 
of  the  instrument,  or  by  slight  changes  otherwiae  caused  in  the 
magnetic  field.     It  has  been  argued  that  since  H,  H'  (which  are 
nearly  equal)  have  each  a  considerable  value,  any  slight  mag- 
netic disturbance  producing  only  a  very  small   percentage  of 
change  in  each  of  these  quantities  cannot  sensibly  aSeot  the 
value  of  the  aensibility. 

This  however  is  a  fallacy,  as  when  the  instrument  is  very 
sensitive,  and  Hm  — H'ni'  is  therefore  very  nearly  zero,  an  ei- 
ceedingly  feeble  magnetic  disturbance  changing  H  and  H',  as  it 
will  generally  do,  by  the  same  absolute  amount,  and  hence 
in  veiT  slightly  different  proportions,  may  suflice  to  alter 
Hnv  — H'^i'  oy  an  amount  comparable  with  its  former  value. 
The  equilibrium  position  of  the  needles,  for  zero  or  any  given 
current,  will  thua  be  subject  to  variation. 

Shght  changes  in  all  or  any  of  the  quantities  m,  m',  H,  H' 
may,  therefore,  affect  the  constant  of  the  ordinary  imperfectly 
astatic  instrument  very  seriously,  and  as  a  matter  of  fact  its  con- 
stant has  to  be  continually  redetermined,  for  it  is  very  a 
to  magniitic  disturbances  in  the  neighbourliood. 

In  the  cnse,  however,  of  needles  adjusted  to  be   ace 
vertical  these  disadvantages  do  not  exist.     Tlje  needles 
their  aetaticism  fnr  uniform  field  and  cannot  be  effected  ij 
same  way  by  directing  magnets.     Then  H,  H'  being  the  hori- 
zontal field  intensities  at  the  upper  and  lower  extremities  of  the 
needles,  y  the  current  slrengll^  6  the  deflection  of  the  needlis, 
cc  2 


rately  Advan- 
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nnd  K  a  constant  depending  on  the  coila,  we  have  approxi- 
Hiately— 

y  -  i'{H  -  H')  ain  fl (24) 

The  Hensibility  of  tlie  inBtrument  can,  therefore,  be  increased 
to  any  desired  extent  bj  placing  the  magnet  M  (Fig.  86)  at 
ugreaterdiatatico  from  tlie  needles  (or  by  counteracting  its  action 
l>j'  a  Rmaller  niagnttt  placed  nearer  to  the  needlea)  bo  as  to  make 
Effect  of    H_H'  BuBiciently  amall.     Further,  variationB  of  the  strength 
f'rf^^t  of  the  horseaboe  needles  produce  no  effect  nnlena  ttiey  coneiat  of 
of^edl      '^'^""S^^  of  magnetic  diHtribiition.wbich  may  produce  a  deviation 
from   perfect   aatnticiam.      When   tbe   instrument    is    properly 
adjusted  and  the  needles  are  aa  nearlj'  Vi  poasilile  uniformly  mag- 
netized, but  little  disturbance  of  thia  kind  can  be  produced  by 
the  magnetizing  action  of  tlie  coils,  since  both  polea  of  each  Have 
their  mngnetiBin  augmented  or  diminished  at  tbe  same  time  in 
the  arrangement  of  Fig.  g6,  or  both  polea  of  ore  are  magnetized 
more  intensely  in  eoine  degree,  and  both  polea  of  the  otber 
weakened  if  both  needles  enter  the  coils  from  the  aame  aide. 

Another  possible  arrangement  of  such  a  syetem  of  needles  is 
with  like  poles  turned  in  similar  directions.  The  ay  stem  will 
still  be  perfectly  oatatic  if  properly  adjusted;  and  to  gire  n 
return  couple  towards  a  zero  position  a  magnet  may  be  used, 
placed,  for  example,  horizontally  in  the  rertical  plane  al  right 
angles  to  the  front  of  the  instrument,  in  a  line  pasaing  tlirough 
the  suspension  thread.  If  this  mngnet  be  placed  nearer  to  aay 
the  lower  ends  than  the  upper  enda  of  the  needles,  and  tbe 
polarity  of  the  end  turned  towarda  the  needles  he  of  the  tamt 
~  ~e  as  that  of  the  nearer  ends  of  the  needlea,  they  will  have  a 


position  of  stable  equilibrium  when  no  current  is 

liurizontal  line  joining  a  pole  of  each  needle  at  ngiit  angles  to 

the  direction  of  the  magnet.    The  accurate  law  of  variation  of 


deflection  with  current  is,  however,  in  this  case  more  complicated, 

and  the  instrument  in  some  cases  might  have  to  be  graduated 

by  experimeuts  with  known  currents  of  different  amounts.  Any 

change  alao  of  the  magnetic  diatribution   of  the  controlling 

magnet  would  affect  the  indications  of  the  inetrunient. 

VarioDs         It  is  to  be  observed  that,  in  consequence  of  the  horseslioe 

arrange-     needlea  being  placed   in  thene  instruments  at  a   considerable 

nientsor   dietaai-e  from  the  axis   of  suspension,  a   very  small   value   of 

Vertical;   H-  -H'  is  sufficient  to  give  the  needle  system  auch  a  directive 

^static      furco  aa  to  prevent  any  great  error  due  to  the  rigidity  or  the 

Keedlea.    viscosity  of  the  suspending  fibre. 

The  needle  system  may  be  hung  in  a  uniform  field,  and  a 
small  needle  rigidly  connected  with  it,  but  placed  so  aa  not  tu 
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be  perceptibly  affected  by  the  coils,  used  to  give  directive  force 
to  tlie  magnetic  HyBteni.  This  amall  needle  maybe  liung  in  audi 
a  way  that  it  can  be  tamed  round  a  horizontal  axis  at  rig)it 
anglae  to  its  length,  and  also  round  a  vertical  axis,  so  aa  to 
enable  both  tbe  eenaibility  and  the  zero  of  the  inatrument  to 
be  adjusted.  When  the  galvanometer  ia  not  intended  for 
ballistic  experiments,  the  frame  on  which  the  amall  needle  is 
mounted  may  conveniently  be  immereed  in  a  liquid  and  made  to 
act  M  a.  vane  for  bringing  the  needle  syalern  quicBly  to  rest. 
This  arrange tnent,  of  course,  would  not  be  antatic,  but  would 
give  great  senEihility  on  account  of  tlie  leverage  of  the  horae- 
bhoe  needles  aa  arranged. 

Thus  if  m  denote  the  magnetic  moment  of  the  small  needle, 
J7  tbe  horizontal  component  of  the  earth's  magnetic  force,  k  a 
c^onatant  depending  on  tiie  coila,  ^  the  strength  of  pole  of  each 
of  the  horaesboea  (supposed  of  equal  strength),  and  if  the  dialance 
of  these  polea  from  tlie  auspension  thread,  we  have,  since  llie 
deHection  is  amall,  for  tlie  turning  couple  exerted  by  the  coils 
iCkifid,  and  for  the  return  couple  mHO,  and  therefore — 

"'m '^" 

Of  course  this  arrangement  is  applicable  whether  like  or  un- 
like poles  are  turned  in  similar  directions.  It  has  the  disadvan- 
tage that  any  change  of  nt  or  ^  or  of  both  would  affect  ttie 
constant  of  the  instrument. 

Tbe  sensibility  of  any  of  these  arrangements  might  alao  l>e 
increased  by  bringing  out  a  very  light  arm,  say  from  the  middle 
of  the  cross-bar  connecting  the  liorBeshoes,  or  from  any  other 
convenient  point,  and  hanging  tbe  mirror  by  means  of  a  bitilar, 
nne  thread  of  which  ia  uttaclied  to  the  outer  extremity  of  Uiis 
arm,  and  the  other  to  a  near  lised  point.  The  distance  between 
the  fibres  being  small  in  comparison  with  the  length  of  the  arm, 
small  deflections  would  he  greatly  multiplied.  This  device 
would,  no  doubt,  render  a  greater  degree  of  skill  and  delicacy  of 
manipulation  necessary  in  the  operator  or  experimenter,  hut 
it  or  some  similar  plan  might  in  some  cases  be  adopted,  and 
the  constiuction  of  these  instruments  renders  its  applicutiou 
to  thorn  very  easy.  Astatic 

The  astatic  galvanometer  described  above  may  be  modified  as  System 
follows.  Instead  of  a  set  of  four  coils  with  hollow  cores  and  horse-  with 
ahoe  necdlea  as  described,  eight  coils  may  be  used — one  set  of  Straight 
four  arranged  in  rectangular  order  in  a  vertical  plane  facing  a  Vertiral 
second  act  of  four  simiiarcoilsin  a  parallel  planeataainalldistance    Needles. 
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frum  the  firat.  Tivo  straight  needles  of  tliin  ateel  wire  connected 
together  as  rifpdiy  as  pueaible  by  very  light  ban  of  nluminium, 
nre  so  chosen  as  to  length  and  so  arranged  that  they  hang  from 
s  single  silk  fihre  with  their  lengths  verlicnl  and  u  magnetic 
pole  as  nearly  as  may  be  in  the  tine  joining  the  centres  of  eacb 
mutually  opposite  pair  of  coi)s.  A  magnet  giving  a  differential 
field  at  the  needles,  if  their  like  poles  are  turned  in  dissimilar 
directions,  or  any  other  airnDgement  may  be  uaed,  and  n  current 
sent  through  the  coils  in  any  desired  way  by  means  of  a  distri- 
buting plate  or  otherwise. 

Astatic  galvanometers  of  Sir  William  Thomson's  pattern  are 
nsuiiHy  made  with  two  coils,  one  above  the  other,  split  into  four 
hy  a  narrow  verticnl  space  in  which  the  needle  system  is  sus- 
pended, and  which  adniits  of  the  ready  removal  of  the  needles  for 
adjustment.  Id  this  space  may  be  hung,  in  a  plane  nearly 
parallel  (when  no  current  is  flowing)  to  the  two  coils,  two  thin 
magnetic  needles  uf  steel  wire  side  by  side,  kept  with  their 
'         '  '   '  '     '         '     '  a  short  disli 


apart  (say  } 
magnetic  bais. 
irned  in  similar 
lagnetic  action 
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LS  ot  a  more  powerful 
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lengths  accnralely  vertical 

or  i  of  an  inch)  by  light  ah 

Such  a  system  of  needles  with  unlike  poles 

directions  would  plainly  experience  a  similar 

to  that  exerted  by  the  coils  on  the  needlt 

Bo-called  astatic  combination.   But  two 

would  plainly  be  perfectly  astatic  in  a  i 

and  this  asCaticism  for  uniform  field 

disturbance  from  any  arrangement  of 

directive  force  to   the    system,  as,  for 

magnets  directing  the  system  by  moi 

action  at  one  end  of  the  needle  system  th 

in  Figs.  85  and   86,  or  magnets  arranj, 

respect  to  both  ends  of  the  needles.     An  instrument  with  such 

Kystem  of  needles   ought  therefore   to  be  subject  to  but  slight, 

if   any,   disturhanco   in   ordinary  circumstances   of   sensibility 

when  mapsee  of  steel  or  iron  are  being  moved  about  at  some 

little  distance,  and  would  we  think  be  found  useful  in  such 

cases,  as  for  example  in  cable  testing  rooms. 

A  very  sensitive  galvanometer  has  been  made  for  the  Central 
Institution  at  South  Kensinglon,  under  Prof.  Ayrton's  superin- 
tendence.    Great  attention  has  been  given  to  details  of  arrange- 
ment,  and    specially  good  insulation  has  been  obtained    oy 
supporting  the  coils  on  corrugated  vulcanite  pillars.* 
Ballistic        A  ballistic  galvanometer  is  an  instrument  designed  for  the 
Galvaoo-    purpose  of  measuring  the  whole  quantity  of  elcctricily  which 
meters.     

■  Sbo  Phil.  Hag.  July,  18B0. 
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pasMs  in  a  curreiit  of  sliort  duration.  It  is  bo  called  because 
tbe  moment  of  inertia  of  the  needle-system  is  made  bo  great, 
and  consequently  tbe  free  period  of  vibration  bo  long,  that  tbo 
cun-EDt  has  begun  and  ended  before  tiie  needle  baa  senaibljr 
moved  from  its  initial  position  ;  just  as  in  a  ballistic  pendulum 
tbe  change  of  momentum  of  an  Impinging  bullet  has  entirely 
taken  place  before  the  maBsive  bob  has  moved  from  the 
position  of  stable  equilibrium  which  it  haa  under  the  action  of 
gravity. 

The  arrnngement  of  needles  takes  many  different  forma.  For 
example  Profesaore  Ayrton  and  Perry  constructed  a  ballistic 
galvanometer  in  which  the  needles  were  each  a  built-up  sphere 
of  small  magnets*;  the  form  of  galvanometer  referred  to  at 
p.  386  above  woe  constructed  for  ballistic  ubc,  and  several  others 
un  the  name  principle  have  been  made  for  the  same  purpose  ;  in 
other  cases  the  needle  is  a  disk  of  steel  carefully  pofished  to 
serve  as  mirror,  and  magnetized  parallel  to  a  diameter  which  is 
made  horizontal  when  the  needle  is  suspended. 
'  The  coil  should  always  be  set  up  so  that  the  needfes  rest  at 
right  angles  to  its  axis.  This  enables  the  needle  if  the  deflec- 
tion is  kept  small  to  be  only  slightly  affected  by  the  magnetizing 
action  of  the  current  in  the  coil. 

The  arrangements  of  coils  is  the  same  aa  in  galvanometers  for 
steady  currents,  except  that  on  account  of  the  influence  of 
induced  currents  produced  by  the  moving  magnets  the  coils 
should  be  made  with  non-metallic  cores  or  tubes ;  or  if  metallic 
tubes  ore  used  they  Bhould  be  slit  longitudinally  from  end  to 

The  aiphon -recorder  (or  d'ArBonval  Dcprez)  arrangement  may 
also  be  used  fur  ballistic  purposes. 

Let  a  be  the  initial  angle  which  the  needle  makee  with  the  Theory  of 
plane  of  the  coil,  and  $^  the  angle  which  the  needle  would  make        the 
with  ite  initial  position  at  the  extremity  of  ita  deflection  if  there    Ballistic 
were  no  damping  action.    If  *f  be  the  magnetfc  moment  of  the   Calvano- 
needle  supposed  short,  and  Gy  the  magnetic  force  at  the  needle      meter. 
produced  by  a  current  Y  in  the  coil,  the  turning  couple  on  the 
needle  ib  U  Gy  cos  a.     Hence  if  mi^  be  the  moment  of  inertia  of 
the  needle,  we  have  when  the  current  ia  y  and  the  deSection 


iPS       UGy 


(26) 


*  See  Chap.  XL  belovr. 


OALVAHOHBTltr 

If  tbe  whole  cnrrent  pasBea  before  then  is  any  sensible  dp- 
flection,  we  have,  integrating  OTer  the  whole  time  during  wliicli 
tlie  current  louts, 


Ka^lect- 
NMdll 


It  Q  he  the  whole  qaantity  of  oleotricity  which  flows  in  the 
transient  current. 
Hence  the  kinetic  energy  gJTen  to  the  magnet  is 


1"" 


»=e 


mP 


This  kinetic  energy,  as  the  magnet  swings  round  and  comes 
to  rest  in  the  magnetic  fielil  of  liorizontal  intensity  H,  not 

neceBsarily  that  ol'  the  earth,  is  chnng-ed  into  magnetic  energy 
of  nmoimt  (see  p.  G  above)  MN  {I  -  cos  0,).  Equating  this 
to  the  value  of  the  kinetic  energy  just  found,  we  get 

,>,_2»*^(l-coafl.) 


If  rbe  the  complete  period  o£  free  vihration  of  tlie  needle, 
we  hiive  f  =  2ir  J^^UH,  or  mk'jM  =  ItT'/iir*.  Thus  the  last 
equation  hecouiea 

nifl, 


NeedU. 


Q  =  — 


■W    1 


(29) 


To  take  into  account  the  damping  action  exerted  on  the 
n'ledlc  by  tlie  air,  &c.,  and  by  the  induced  currents  [irodnced  in 
the  coil  by  tlio  motion  of  the  needles,  we  shall  suppose  the 
deflection  to  be  Bmall  enough  to  allow  the  sine  of  the  deflection 
to  be  taken  as  equal  to  tlie  angle,  snd  take  the  retarding  couple 
as  proportionnl  to  the  angular  Telocity,  as  it  will  be  if  the 
velucity  is  not  too  great.  Tbta  theory  will  be  sufficient,  as  the 
angiilnr  deflection  can  always  be  kept  small,  and  nevertheleaa  be 
rend  with  accuracy ;  its  smullneas  moreover  prcventa  the  angular 
velocity  from  becoming  too  prcat. 

LfX  then  the  magnet  make  a  small  oacillntion  in  the  field  of 
intensity  //,  and  under  tlie  influence  of  the  dumping  couple 
*il9/ill.    The  ei[uation  of  motion  is 
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of  which  the  BolutioD,  if  T,  be  the  obeerved  period  under  tlie 
influence  of  the  damping,  is 


e  =  Aexp{-  Ktl2ml?)ai 


(31) 


where  ^  ii  a  conatBiit,  and  t  is  reckoned  from  the  instant  of 
passing  through  the  undisturbed  position.  3",  is  given  by  tlie 
equation 

T  3ir 

"V  Bit*      4n»"fc' 

Equation  (31)  indicates  simple  harmonic  motion  of  range  Logarith- 
diniinisliing  in  geometric  progression  as  the   time  increases  by  mia  Decra. 
successive  intervals  euch  equal  to  TJ%.    The  Nsperian  logarithm      ""ent- 
of  the  ratio  of  any  one  amplitude  to  that  which  succeeds  after 
*-   interval  T,I2  is  -iTJiakK     This  is  called  the  logarithmic 
.    ,  .\  .■  n  a|j((  jg  generally  denoted  by  X.    Thus 


decrement  of  the  n 


From  (31)  we  obtain 


2X 


I  e,  it/2si£*  —  B  sin  e,  we  have 


Equation  (33)  ma 
d0      Z„A 


y(^.//2»>A»)co.g4r(  +  «)., 
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But  when  <=0,  d6/di=MGQImJi^,  bo  that  the  last  equation  gives 


ThuB 


mk^   27r 


dB  _  MGQ 
dt        mk^ 


sec^  .  exp  {-%rt ,  UmefTi)  cosj  *-^/  +  e\  .  (36) 


Putting  in  this  dd/d(  =  0,  we  get  the  value  of  t  when  the  first 
deflection  (or  "throw")  ^^  has  just  been  completed.  Thus 
t  =  Ti  (7r/2  -  e)/27r.     Hence  (31)  becomes  for  this  value  of  i 


exp  ( tan-i  -  j  coe 


cos  6 


7\  MOQ 
2n  mk^ 


.     (37) 


But  if  the  oscillation  were  unretarded,  and  T  the  free  period, 
we  should  have  by  (32) 

MB     Ati^      4n^       2         4    /  2   I   ^8^ 

2^%  yi  2  2'  'i 


mk^ 


or 


4(7r2  +  X2) 


Working        Substituting  this  value  of  ml^  in  (37),  and  solving  for  §,  we 
Formula    get  finally 

Ballistic  Q  =  Twi    -r^=-  ^'1?  •  (  -  tan-l  -  )  .     .     .     (38) 

meter. 

This  gives  the  first  actual  elongation  6\,    If  the  damping 

be  very  slight  so  that  X  is  very  small,  we  get  approximately 

from  (38)  or  directly  from  first  principles,  the  equation 


TTT 


(38') 


We  shall  have  in  Chapters  X.  and  XI.  below  numerous 
examples  of  correction  of  observations  of  the  efiEoctB  of 
damping. 


B^iiatic 
Oolvs- 


CALIBBATION  OF  BALLISTIC  GALVANOMETEE  3»6 

It  is  to  be  noticed  that  tliero  is  some  uncertainty  as  to  what        Uii- 
tlie  fiction  I'f  the  air  actiiHlly  iH  when  the  needle  of  the  bHlIifltic    certainty 
galvanonieter  ia  suddenly  set  into  motion.     Any  magnetizing  ofHalliBtic 
or  demagnetizing   action   on  the   needles   must  ho    aa   far   as     A™*""' 
possilile  guardeJ  ngninst  in  the  arraugement  and   uxe   of  llie 
instrument.     The  deflection  on  this  account  ought  to  be  always 
kepi  as  eni^ll  aa  pi>SBlblc,  so  that  on  the  one  hand  the  needle 
may  never  deviate   far   from   tlie   direction  of  the  pemmcent 
field  in  wliich  it  is  placed,  and  may  on   the  other  be  olwaya 
nearly    nt    right    angles    to   the    axis   of    the   coil,  and   thus 
only   slightly  eiposud   to   magnetizing  action  in  the  direction 
of  ila  length. 

The  value  of  the  ratio  JIQ  mny  he  found  by  sending  a  steady  Elimina- 
currpnt  of  itnown  amount  7  (determined  by  electrolyaia  as  tionof 
eipliiined  at  p.  427  below,  or  by  a  standard  galvanometer,  or  Coii»t«nt, 
current  balance)  tlirough  the  inatrument  and   observing  the  """ 

deflection  of  the  needle.     If  the  indications  follow  the  tangent 
law,  and  6  he  the  deflection,  then  i//G  =  y/tan  6. 

]f  the  indicitions  do  not  follow  the  tangent  law  the  instru- 
ment can  be  calibrated  by  sending  steady  currents  of  different 
valupB  tlirougb  the  coil.  obser%'ing  the  deflections  and  i'nterpo- 
laliiig  for  other  currents  by  means  of  a  curve  plotted  from  the 

A  condenser  of  known  capacity  C  charged  to  a  dificrence  of 
potential  V  measured  by  some  proper  arrangement,  may  be 
discharged  through  the  galvanometer  and  the  dcfleclion 
observed.  This  gives  a  known  value  of  §,  and  the  value  of 
//rj/tf  can  therefore  be  obtained  by  (38)  or  (38'). 

Tticso  methods  and  others  will  be  exemplilied  below,  especi- 
ally in  Chapters  X.,  XI.,  and  XII. 

In  cases  in  which  the  transient  current  can  be  repeated  when 
desired,  successive  observations  may  lie  made  wiihout  waiting 
for  the  needle  to  conie  to  rest,  by  using  tlie  inelhod  of  recoil 
proposed  by  Weber.  The  current  in  tirat  sent  in  the  positive 
direction  round  the  coil^  and  Ihc  needle  tlierehy  caused  to  swing 
to  its  maximum  deflection  in  the  positive  direction, then  through 
zero  to  the  negative  side  and  back  again  to  zero.  At  the  instant 
when  the  needle  arrives  at  xero  the  second  tune,  the  transient 
current  is  repeated  but  in  the  negative  directiun,  tlius  reversing 
the  motion  of  the  needle,  which  swings  to  omasimum  deflection 
on  the  negative  side,  then  hack  again  through  zero  to  the  posi- 
tive side.  When  the  needle  returns  to  aoro  from  the  positive 
side,  the  transient  current  is  repealed,  but  in  the  positive  direc- 
tion and  so  on,  a  fresh  impulse  being  given  in  the  opposite 


Observe- 
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Methoil  of  direction  to  motion,  every  time  the  needle  arrives  at  tlie  ze 
Recoil  for  position  after  a  complete  free  awing  from  side  \o  aide.  T 
"'""*'"  angular  deflectioaa  are  ahown  in  Fig.  88,  which  explai 
itaelL 

By  equation  (37)  tlie  first  defleciion  fl,  is  given  by  tl 
equation — 


Wlien  tlie  rnncnet  swings  over  to  the  other  aide,  the 
valiia  of  the  deflection  ff,  will  be  given  by 


Fig,  88. 


Theorv  of  By  (36)  the  angular  velocity  with  which  the  needle  atarts 
Methtd  of  MGqjml."-,  and  that  with  which  it  returna  to  zero  is  UGQt-^-lm, 
Recoil.  Hence  its  (positive)  angular  velocity,  wlien  it  returns  to  zero  I 
Hocond  time,  is  If  GO»-»*/mi».  The  negative  angular  veloci 
given  then  is  UGQIai^,  eo  that  the  velocity  is  now  numerical 
Wy(?{l-i-2*)/«jt'ia  the  negative  direction.  This  will  give 
deflection  in  the  negative  direction  uf  amount  63,  where 


il.=  A-Q(l  - 


-=^). 


The  next  following  amplitude  will  bo  positive,  and  will  hn 
the  value 

e,=  KQ{i-,-'-^),-K 

LwlW,  the  velocity  with  which  llio  ni^edle  returns  to  EC 
fnim  the  piwitive  «iie,  is  Uf  0(2(1 -*-2*lt-!*/pi:H,  and  the  poaiti 
velocity  then  imparted  being  UGQIuif,  the  velocity  towards  t 


METHOD  OP  RECOIL 

positive  side  jb  *f  O^U  -  C^  -  *-**)*-**}/'»*'.  "od  the  defleclion  ff^ 
is  giveD  bf 

We  have  for  tlie  first  group  of  four  deflectioDH 


and  tlie  same  thing  will  be  given  by  every  succeeding  group  of 
four  dedectioDB.  Heoce,  tiiking  all  soch  groups  into  account, 
we  find 

??l^Ll?.=  ,-A W)   ^ 


wliid]  givps  tlie  logarithmic  decrement. 
Again,  from  the  values  of  tlie  deflection  found  above,  \ 

A'eo +  .-*).  fl.  +  tf^ 

A-Q{1  +  .-*)  -  {0,  +  «,).-«  +  6^  +  6^ 

sq  (1  +  .-*)  -  (C.  +  e,),--^  +  e,  +  e^. 


BeiDltB  of 
Method  of 
B      Kecoil. 


supposing  4ji  deflections  to  be  observed, 
equations,  we  obtain 


*  +  fl».-l  +  Bin, 

Adding  the  last  set  of 


■2    l!4->  +  »; 


Kj-i+«j)(l+<- 


a  combination  of  all  the  ob- 


whicli  enables  Q  to  be  found  from  a 

It  is  to  be  observed  that  this  method  cannot  be  conveniently 
uiied  if  tha  d^miping  of  the  needle  is  very  small,  as  then  a 
regviiar  repetition  of  successive  sets  of  nearly  the  snme  nmpli- 
tiides  would  be  difGcult  to  obtnin.  By  observing  the  successive 
pairs  of  free  elongations  any  change  of  zero  which  takes  place 
during  the  experiments  can  be  followed. 
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FonnultM  are  easily  obtained  for  taking:  into  nccoiint  tlie 
interval  occupied  in  the  paeeage  of  tbe  current,  if  that  is  in  tlic 
least  comparable  with  tne  free  period  of  the  needle ;  but,  as 
these  arc  rarely  necessary,  we  aball  only  give  them  if  the  need 
arises  in  connection  witli  any  electrical  measurement  described 
below. 
Method  of      ^^^  ""'y  ""^^  further  here  that  when  a  jjalvanometer  is  used 
Sneceuive  f*""  the  measoreraeut  of  a  atciidy  current,  it  may  Bomeliniea  be 
ObuTva-    desirable,  in  order  to  eliminate  any  variation  of  zero  due  to 
I  in  the  direction  of  the  earth's  force,  to  rend  the  galva- 
aa  fullowa.    TheourrentBentround  the  coil  of  the  galva- 
nometer in  the  poB i ti ve  direct! on  deQects  the  needle,  which  swingx 
about  the  new  position  of  equilibrium.    The  first,  aecond,  and 
third  elongations  are  obaervcd  ;  tlicn  contact  is  brohun  for  about 
half  «  whole  period,  so  as  to  let  the  needle  swing  beyond  zero  ; 
next  the  current  is  sent  In  the  opposite  direction  to  (hat  in  which 
it  was  sent  at  first,  end  the  three  first  elongations  on  the  other 
aide  obaerved  ;  then  tbe  contact  is  broken,  the  current  reversed, 
and  eo  on  as  before. 

If  the  numerical  values  of  the  first  six  deflections  are 
Sf,  0,, . . . .  6f,  we  have  for  the  deflection  due  to  the  steady 
current 

g  =  tfi  +  gfli  +  fi  ^  *4  -f  if B  +  «« 


Be  =  01  +  2fl,  +  0,  +  $^  +  20^  +  (l„  .     .    .    (43) 

and  so  for  nny  such  series  uf  six  deflections. 

Some  account  of  methods  of  measuring  currents,  differences 
of  potential,  &c.,  in  alternating  circuits  will  be  given  in  a  later 
chapter.  Mauy  particular  devices  and  arrangeiuonti  which 
might  have  legitimately  found  a  place  in  this  chapter  will  be 
much  more  conveniently  described  in  conneciion  with  the 
eiperimcnia  in  which  they  were  originally  used. 
Ijofi)  Lord  llayleigh  and  Mrs.  Sidgwick  have  used  in  their  researcliee 

Ksyleigh'a  o"  the  electro-chemical  equivalent  of  silver  a  form  of  electro- 
Current  dynamometer  hulunce,  or  current-weigher,  in  whicb  the  fixed 
AVeigher.  and  movable  coils  were  placed  with  their  axes  coincident,  and 
in  such  relative  positions  that  the  pull  along  the  axis  exerted  by- 
one  coil-system  on  the  other  whs  a  niaximuin.  The  flxt-d  coils 
were  the  large  coils  of  the  British  Aaaociiition  electroJynamo- 
meter  ilescribed  above,  and  between  these  was  placed  a  coil  of 
silk-covered  wire  wound  on  a  ring  of  ebonite.  The  arrnnge- 
ment  is  shown  in  Fig,  8'J,  whicb  explains  itself.  We  shall  show 
that  thin  coil  placed  midway  between  the  two  fixed  coila  wait  in 
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the  position  to  have  masimum  force  exerted  apon  it  by  each  of 
the  latter  coils . 

The  use  of  a  current  weigher  such  as  this  has  several  important 
advantage!)  over  eitlier  the  galvanometer  or  ordicsr]'  electro- 
dynamometer.  Ab  here  arranged,  the  accuracy  of  the  constant 
depended,  in  the  main,  only  on  the  determination  ot  the  ratio  of 


elastio  or  biftlar  constant  of  Buspensions  exists.  The  actual 
observation  of  the  indications  is,  however,  a  somewhat  more 
elaborate  procesa  than  in  those  other  inBtniDienta,  involving  as 
it  does  an  exact  weigtiisg.  It  can,  however,  he  carried  out  with 
great  exactDees  by  a  skilled  eiperim enter. 


The  mutual  electrokioetic  energy  r„  of  a  system  of  two  coils 
carrying  a  current  y  ia  given  by  the  equation 


r,  =  «»VJf 


where  n,  n'  denote  the  numbers  of  turns  in  the  two  coils,  and  M 
denotes  for  the  present  the  mean  mutual  inductance  of  a  pair  of 
turns  one  in  each  coil.  Thus  if  x  is  the  distance  between  the 
coils,  the  force  P  exerted  by  one  on  the  other  is  given  by 


(44)  Attnction 
betwwn 

Two 
Parallel 
Coils. 


,3.1/ 


(45) 
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Force 

depends 

onl^  on 


It  is  well  to  notice  here  that  dMjbx  is  a  mere  number,  and 
depends  therefore  only  on  the  ratios  a/a,  xja,  (or  x/tf),  of  the 
radii  of  the  coils,  and  of  the  radius  of  either  to  their  distance 

Ratios  of    apart.    Thus  if  we  write 

Distances. 

/*  is  a  homogeneous  function  of  zero  dimensions  in  a,  a,  x. 
Thus  we  have 


Expres- 
sion for 

Force 
between 

Two 
Coaxial 
Circles. 


df -%  da +  Y  da +  Y  d^ 
oa  oa  ox 


(47) 


with,    by    Baler's    theorem    of  homogeneous    functions,    the 
condition 


.?r +  „¥  +  «/ 

da         da       dx 


(48) 


If  the  coils  are  so  placed  that  the  action  between  them  is  a 
maximum  d//dx  =  0,  and  (48)  gives 


da  da 


(49) 


Thus  by  (47)  equal  (proportional)  errors  in  the  estimation  of  a 
and  a  produce  no  effect  on  the  value  of/  provided  the  coils  are 
in  this  position.  Hence  d//dx  being  zero  there  is  (to  quantities  of 
the  second  order)  no  effect  produced  by  errors  in  the  estimation 
of  r,  and  therefore  the  action  between  the  coils  depends  only  on 
the  ratio  a/a.  This  ratio,  as  will  be  explained  below,  can  be 
determined  electrically  by  a  method  due  to  Bosscha,  without 
direct  measurement  of  either  a  or  a. 

The  value  of  M  for  different  arrangements  of  coils  is  given  in 
Chap.  VI.  above.  We  shall  use  nt  present  the  expression  given 
at  p.  268  for  the  mutual  induction  of  two  coaxial  circles  of  radii 
a,  a,  and  distances  a;,  ^,  from  a  fixed  point  on  the  axis.  We 
have  thus 


95=„2«i?.Vl  .2.3f  +  2.3.4'!^$ 

+  3.4.5^i=J^'(|'-ia«)+....) 


(50) 


where  r*  =  tf^  +  x^.    Here  a,  ^,  are  supposed  to  belong  to  the 
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only 


f  approximation  by  the  first  term  alone  of  this 
riting/*  for  di//d£  we  have,  taking  the  first  term 


ThuB  dfjdx  vaninhes  and  tlie  force  is  s  maximum  if  a*  =  4z', 
or  2x  =•  a,  tliat  is  when  tlie  distance  between  tlie  circles  is  half 
the  radius  of  the  larger, 

Ne>^1ecting  the  second  and  third  terms  in  fGO}  which  involve 
£,  and  taking  into  account  the  part  of  the  third  term  which  in- 
volves a',  differentiating  and  putting  i*  =  ^o'  in  all  factors 
multiplying  r?,  we  get  as  a  second  approximation  to  the  value  of 


V         10  o'/ 


(61) 


For  two  fixfd  coils  at  equal  distances  on  oppOHite  sides  of  the    Force  nu 
suspended  coil  the  odd  terms  vanish,  and  we  have  (still  sup-    Movable 
posing  that  the  coils  can  be  regarded  as  circles)  for  the  action       Coil 
between  one  of  the  fixed  coils  and  the  movable  one  between 

Two  Fixed 
Coils. 


^>1.. 


2.3-+3.4.5 


•I''  -  i-') 


(«■-*"■)  +  ■■ 


.  (S2) 


The  coils  mightthen  be  arranged  so  that  ^=|a',  and  tlmn  to 
terras  of  the  fourth  order  in  a,  $,  the  value  of  9M/9£  would  be 
given  by 

^?-1.2.3?-f  ^|-l!138x=.':;.    .    (53) 


On  the  other  hand,  if,  ai 


actually  the  rase,  r  —  Ja, 


a  considerably  larger  value.    This  equation  multiplied  by  y* 
givea  a  rough  estimate  of  the  force  which  would  be  produced  by 
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a  given  current  with  two  single  turns,  and  therefore  of  the  force 
to  be  expected  between  one  of  the  iixed  coils  and  the  moyabic 
coil. 

By  equation  (60)  when  a  =  2a?,  we  have,  including  two  termc 
80  as  to  find  the  effect  of  ^  when  this  is  not  zero, 


=  -2862  X  GttS  -*  (l  -  3  2  ^\     .    .    .    (65] 


Effect  of 
Error  in 
Placing 
Movable 

CoiL 

Force  on 

Movable 

Coll  in 

Terms  of 

Ratio  of 

Coil- 
Constants. 


In  the  current-weigher  used  a  was  26  cms.,  so  that  f  =  1  mm. 
and  neglected  could  only  give  rise  to  an  error  of  about  1/20,000. 
Thus  the  instrument  with  ordinary  care  as  to  adjustment  could 
be  regarded  as  quite  free  from  error  due  to  inaccurate  placing  oi 
the  suspended  coil. 

As  the  ratio  of  the  galvanometer  constants  was  determined 
experimentally,  and  therefore  was  used  in  the  calculations,  we 
write  down  here  the  approximate  expression  for  the  force 
between  one  fixed  coil  and  the  suspended  coil  in  terms  of  this 
ratio  and  the  numbers  of  turns.  Putting  0  for  the  value  of  the 
ratio  we  may  write  approximately 


«  _  tf  __  «  a 
»'      »'  a 


or 


.'2 


S2—    =   - 


W 


Relative 

Effects  of 

Imperfect 

Insulation 

in  Coils. 


Thus  approximately  by  (66)  and  (44) 

F  =  -2862  X  67r2  -  ^^y\ 

n 

An  error  in  the  estimation  of  n!  the  number  of  turns  in  the 
suspended  coil,  or,  what  is  the  same,  any  defect  in  the  insula- 
tion, is  thus  of  greater  importance  than  a  similar  inaccm>acy  in 
the  estimation  of  n. 

The  ratio  /3  enabled  the  mean  radius  of  the  suspended  coil  to 
be  calculated.  The  attraction  between  the  coils  was  then  found 
by  an  expression  easily  obtainable  by  differentiation  from  the 
value  of  M  given  in  elliptic  integrals  at  p.  142  above,  for  two 
coaxial  circular  conductors.    Thus  we  have 


d}[  __  nx  sin  ^ 
'Jaa 


...  =  ^1^  |2/>  -  (1  +  eec'f)^} 

%JJC 


(66] 
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where  bid  f  =  i,  F  and  B  have  beon  calculfited  by  Legendre, 
and  were  used  by  Lord  Uaylaigh  in  the  formation  of  a  table  of 
values  of  iriain|{2f-(l  +  Bec'i)E}  for  vaJues  of  f  proceeding 
hy  intervals  of  6'  from  56°  to  70^. 

The  value  of  B3f/dx  was  then  found  for  the  actual  coils  of    Calcnla- 
asial  breadtha  U,  2^,  2d,  28  by  employing:  the  followirR  formula      »'?»  of 
of  quadrature,*  and   multiplying-   by   nn'   the   produt-t   of  iho        3** 
number  of  tuma.     Thus /[a,  a,  x)  beinff  tbe  value  of  Biljbx  for        & 
a  pair  of  mean  turuB,  we  Lave  for  the  wbole  coits,  ^7 

Pormnla 

I-       /(a  +  rf,  B,  *)  +f{a  -  d,  «,  :r)  v  °f  Q"""!- 

I    +f{a,a  +  t,T)+f{a,a~i,T) 
|J  =  W       +/(^,a,x  +  4)+/(«,«,r-4)       ...     (57) 

I     +/(«,<..I  +  ;8}+/(«,<,,z-j9) 

I  -  2/(1,  «,  ^)  J 

We  cnn  now  proceed  to  give  an  abstract  of  the  experimeDtal 
p  roc  e  sees  and  result  a. 

The  suspended  coil,  C,  of  tlie  current- weigher,  which  had  been    Mode  of 
carefully  wound  with  silk-covered  wire  on  a  ring  of  ebonite,  was       Caia% 
tested  for  insulation.     The  method  adopted  first  was  to  make  as     Current 
nearly  as  posaible  an  exact  copy  of  the  coil,  then  to  place  the    Weigher. 
coi)  and  lis  copy  side  by  side  witii  their  ases  in  coincidence, 
and  join  them  in  series  eo  that  a  current  could  flow  through 
them  in  opposite  directions.     A  galvanonieter  with  a  needle  of 
long  period  of  free  vibration  was  included  in  their  circuit.     One 
pole  of  a  very  long  steel  magnet  waa  then  thrust  suddenly     Tests  of 
through  the  opening  of  the  coils,  and  produced  in  them  oppo-  Insnlation 
site  induced  currents,  which,  if  the  innulation  had  been  perfect         of 
in  both  coils,  ought  to  have  together  produced  no  effect  on  the  Windings, 
needle  of  the  galvanometer. 

It  was  found  however  that  the  copy  decidedly  preponderated 

n  magnetic  effect ;  a  result  which  pointed  to  faulty  insulation 

the  ebonite  coil.     A  comparison   of  the  ratios  pf  tlie  self- 

Inctions  of  the  separato  coils  to  the  mutual  induction  of  tho 
pair  in  a  fixed  position  confirmed  tliis  conclusion,  and  the  coil 
was  thereupon  rewound. 

After  rewinding  it  was  tested  for  insulation  by  D  Hughes'  Tost  by 
induction  balance.  This  consisted  of  two  pairs  of  coilf,  one  Hughes' 
Induction 

'  This  formnU  it  may  be  here  remarlted  is  applicable  nnt  only  to     I™""*' 
Mjr.,  but  to  any  function  of  i^  ■,  the  mean  rami.     Thus  it  may  Im 
iisei!  to  f^ve  Jf  for  two  coiU  if  /[a,  a,  x)  denote  its  valuo  for  the 
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• 
pair  at  some  distance  apart  in  one  horizontal  plane  being  joineo 
up  with  a  source  of  variable  current  in  a  primary  circuit,  the 
uther  pair  in  positions  opposite  the  primary  coils,  and  at 
distances  finely  adjustable  by  means  of  screws,  being  joined  u}: 
with  a  telephone  as  a  secondary  circuit  When  the  coils  had 
been  adjusted  to  exact  balance  the  introduction  of  a  snial 
circlet  of  copper  '004  inch  in  diameter  between  a  primary  and  i 
secondary  coil  gave  a  very  distinct  sound. 

The  ebonite  coil  placed  between  one  of  the  primary  coils  anc 
its  opposite  secondary  gave  an  audible  sound,  but  much  lesi 
than  that  occasioned  by  the  copper  circlet.  When  the  endt 
were  joined  by  a  megohm  of  resistance  the  increase  of  sounc 
was  quite  distinct ;  which  showed  that  the  insulation-resistance 
was  decidedly  greater  than  a  megohm,  and  therefore  ampl^ 
sufficient. 

Particulars      The  particulars  of  the  suspended  coil  were  as  follows  : 

of  Number  of  turns 242. 

Suspended  Radial  depth  2d '9690  cm. 

^'oil.  Axial  breadth  2^ 1-3843  cm. 

Mean  radius,  found  electrically  ) 

as  described  below  ...  J  10*2473  cms. 

The  coil  was  made  of  copper  wire  insulated  with  silk  saturatec 
by  paraffin  wax.     Its  resistance  was  about  lOj  ohms. 
Particulars      The  particulars  of  the  fixed  coils,  Q,  C^^  as  derived  maini; 
of  Fixed    from  a  record  in  Clerk  Maxwell's  handwriting  in  the  Cavendis] 
Coils.       Laboratory  note-book  were  as  follows  : 

Number  of  turns  in  each      .     .     .  226. 

Mean  radius,  a 24*81016  cms. 

Distance  of  mean  planes,  2.r    ,    .  26*000  cms. 

Radial  depth,  2</ 1*29  cm. 

Axial  breadth,  2d 1*50  cm. 

Resistance  of  each  coil  (about)     .  14^  B.A.  units. 

By  measuring  the  distances  from  outside  to  outside,  and  fror 
inside  to  inside,  of  the  grooves  filled  with  wire,  the  distance  c 
mean  planes  was  found  to  be  26  cms.  exactly.  The  half-difPei 
ence  between  these  distances  gave  26  =  1*6024  cm.  The  mea 
radius  and  number  of  turns  could  not  be  verified,  but  the  re 
corded  value  of  the  former  agreed  w^ith  the  outside  circumference 
and  the  check  on  the  counting  of  the  number  of  turns  given  b 
the  device  adopted  when  the  coil  was  being  wound,  of  at  th 
same  time  winding  string  on  a  drum  turning  with  the  coi 
almost  absolutely  ensures  the  accuracy  of  the  number  g^ven. 
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DetcT- 


The  ratio  of  the  radii  wu  found  as  followa.  One  of  tlie 
dynamometer  coils,  and  tbe  suspended  ouil,  were  made  concen- 
tric and  coaxial  with  their  planes  vertical  in  the  magnetic 
meridian,  and  a  Hmoll  needle  was  hung  at  the  common  centre.  .  ^  . . 
A  diagrammatic  sketch  of  the  arrangements  is  shown  in  Fig.  90.  "'  ^.,°  "' 
D  is  the  djnamometer  coil,  E  the  ebonite  coil,  N  a  resietance  Consiaatsi 
box.     When  the  thick  copper  piece  P  was  made  to  join  the  ™ 

mercury  cups  F,  H,  the  current  from  a  cell  A  was  divided 
between  the  two  coile,  which  were  joined  so  that  the  current 
flowed  round  tliem  in  opposite  directions.  The  reversing  key  B 
enabled  tlie  current  to  be  sent  first  in  one  direction  then  in  the 
other  through  the  double  arc. 


By  means  of  N  the  resistances  of  the  arcs  joining  6  and  P 
were  adjusted  so  that  no  deflection  of  the  needle  took  place.  It 
was  found  that  the  resietance  taken  from  N  which  gave  balance 
could  not  be  exactly  determined,  owing  to  inductive  effects  pio- 
duced  by  the  reversal  of  the  current,  Ueadicgs  of  tbe  deflections 
of  the  needle  were  therefuie  taken  for  imperfect  adjuatmenis, 
witli  values  of  the  resistances  on  opposite  sides  of  the  rei^uiied 
value,  and  the  value  for  balance  obtained  from  these  by  inter- 
polation. 

The   ratio   of  the   resistances   of  the   double   arc   was  then    Mcaaure- 
obtained   by   making   the   two   arcs   adjoining   branches   of   a     mentof 
Wheatstone  bridge.    This  was  done  by  withdrawing  the  copper  Manoiug 
piece  JP,  which  had  the  effect  of  converting  the  arrangement      Resist, 
into   a   Wheatstone   bridge   of   which    one   pair   of    adjoining  „^'*?'''  , 
branches  were  D  and  E,  N,  connected  at  C,  the  other  pair  a      q^^ 
scries  of  three  resistance  roils  (composed  of  two  single  units  and 
a  -24  unit  coil)  and  a  coil  of  20  units  with  its  terminals  connected 
by  a  high  resistance  coil  £'.  These  branches  were  connected  with 
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one  nnotiier  at  L,  and  w[th  the  »tlier  pair  at  the  iMips  r,  H.  Tii 
hnttery  terniinaln  were  attached  at  C,  L,  and  those  of  a  aensitiv 
testiiiKgalvanometer,;,  at  F,  J?.   Thus  the  ratio  of  the  reaiatance 


dynamometer  coil  wm  found  to  h 
•2'G0087,2-G0098,  2-60113,  or  a  mea 

teuted  with  anotlier  set  of  resiBtancc 
like  manner  2-60046,  2-60026,  or 

lun  was  thus  2-60067.    For  the  othc 


was  determined,  and  for  oi 

on  three  different  occasioi 

of  2-60099.    The  same  cui 

gave  on   two  ocoaJtiong  i 

mean  of  2-G0036.    The  ir 

coil  2-60072  was  found. 
Calcnla-  If  6,,  0',  be  the  galvanometer  coDstaiits  of  tlie  two  coile,  y,  i 
tion  of  the  currGiits  flowing  in  them  when  their  conjoint  magnetic  pffei 
Mean  f^^  d^g  coutre  was  zero,  we  have  «G,y  and  «'G',y'  for  tile  magneti 
™w  "  ellocta  due  to  the  coila,  and  «Gy!i^G\  =  y'jy.  But  if  J?,  ^,  b 
S^^      the  reaistaiices  of  the  brauclieH,  yjy'  =  H'jR,  and  therefore 

(5E 


»'(?', 


Jt' 


But  using  for  eacli  coil  the  value  of  G,  given  at  p.  269  abovi 
putting  X  =  0,  i  =  0,  since  it  is  tlie  magnetic  forcea  at  th 
n  centre  that  are  in  queation,  we  And 


■7('-^*p-»3) 


Now  the  linowD  values  of  a,  6,  d,  $,  S,  and  the  appnisimatel 
known  value  of  a  gave  at  oiicc  the  value  l-00ri96  for  tlie  secon 
fraction  on  the  right  of  the  last  equation.     Hence 

a  -  ^^^  X260070X  1-001296  Xii-2-42113a    .    (6i 

Adjust-         The  suspended  coil  was  adjiiBted  in  position  in  the  cnmn 

ment  ot     weigher  by  iirst  suspending  it  in  a  horizontal  position,  and  th< 

Snipended  levelling  and  otherwise  adjusting  the  positions  of  the  djnaiD' 

Coil.       meter  coils.    A  movable  piece  stood  on  three  feet  on  the  top 
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the  uppor  dynRmonieter  ring,  and  in  eveiy  poBttion  toucbed  its 
inner  cylindrical  face  in  other  t^'o  points.  Tnia  piece  was  moved 
round  the  coil,  and  carried  with  it  a  pointer  which  thus  descrihed 
n  circle  coBxial  with  the  fixed  coila.  When  the  lattnr  were  pro- 
perly placed  the  pointer  just  played  exactly  round  the  outer 
surface  of  the  suspended  coil. 

The  level  of  the  suspended  coil  was  adjusted  by  carryinR  aloDg 
the  upper  face  of  the  upper  d3'iiani(jnieter  ring  a  straight  rule 
provided  with  a  pointer  which  just  reached  down  and  touched 
the  upper  surface  of  the  suspended  bobbin  when  that  waa  in  tlie 
proper  position.  The  level  of  the  dynamometer  coils  was 
chongea  until  this  point  when  moved  about  just  scraped  over 
the  upper  surface  of  the  suspended  coil. 

The  value  ol  /{a,  a,  x)  was  irXl-044576.  From  this,  by  the 
table  of  values  of  the  elliptic  integral  expression  referred  to 
above,  the  terms  of  the  expression  on  the  right  of  (57)  were 
calculated  and  gave 


dM 


I'  X  1044627 (61) 


If  in  any  experiment  the  current  was  y,  the  attraction  or 
repulsion  between  each  fixed  coil  and  the  suspended  coil  was 
nn'-^/.  if  m  denote  the  obeerved  difEerence  of  weights  applied 
before  and  after  the  reversal  of  the  current 

iitny/  =mffX  -99986, 

where  ■99986  is  the  correcting  factor  fur  the  air  displaced  by 
tlie  weights  m,  and  g  is  the  acceleration  produced  by  gravity  at 
the  place  of  experiment.  This  was  taken  as  961-2822  in  centi- 
metre-second units.     Hence  «  being  taken  in  grammes 

.  ^         981-2282  X  -99986 m 

""       4  X  2;io  X  242  x  l-044lii!7  ^ 

7  =.  -0370-16  V;« (62) 

Sir  William  Thomson  has  constructed  current- weighers  or  SirW. 

balances   for  use   as    standards    for   current    measuremem   in  Thanuon'a 

practice,  and  as  instruments  on  the  principle  of  the  balance  Standard 

have  been  adopted  for  the  ssme  purpose  by  the  Board  of  Trade  Current 

Committee    on    Electrical    Standards    (see     tlieir    liuport    in  BalaDcei. 
Appendix)  we  give  here  a  short  account  of  the  most  generally 
useful  form  of  tnese  balances. 
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These  instruments  are  based  on  the  principle,  set  forth  in  Chap. 
III.  above,  of  the  mutual  action  between  the  fixed  and 
movable  portions  of  a  circuit  carrying  a  current.  Each  of  the 
mutually  influencing  portions  consists  in  most  of  the  instruniente 
of  one  or  more  complete  turns  or  spires  of  the  conductor,  but  in 
some  cases  consists  of  only  half  or  part  of  a  turn.  In  all  cases 
in  what  follows  we  shall,  following  Sir  W.  Thomson,  call  each 
portion  a  ring. 

In  each  of  the  balances,  except  that  for  very  strong  currents 
(the  kilo-ampere  balance),  the  movable  portion  of  the  conductoi 
consists  of  two  rings,  carried  with  their  planes  horizontal  at  the 
extremities  of  a  balance  beam  free  to  turn  in  the  ordinary  way 
round  a  horizontal  axis.  Above  and  below  each  ring  on  the 
beam  is  a  fixed  ring  with  its  plane  parallel  to  that  of  the  movable 
ring.  The  rings  are  (except  in  what  is  called  the  Composite 
Balance  *)  all  joined  in  series,  and  the  current  to  be  measured 
is  sent  through  them  so  that  the  mutual  action  between  the 
movable  ring  at  one  end  and  each  of  the  two  fixed  rings  there 
is  to  raise  that  movable  ring,  while  the  mutual  action  of  the 
other  group  of  three  rings  is  to  depress  the  correspondinju 
movable  ring.  The  action  is  therefore  to  turn  the  beam  rounc 
the  horizontal  axis  on  which  it  is  pivoted,  with  for  any  giver 
position  a  couple  varying  as  the  square  of  the  current  flowing. 
Fig.  91  shows  diagrammatically  the  rings  and  the  course  o) 
the  current  through  them,  a,  tf,  6,f  are  the  two  pairs  of  fixec 
rings,  c,  d  the  movable  rings.  The  current  entering  hy  th< 
terminal  T  passes  round  all  the  rings  in  series,  in  the  tw( 
Arrange-  Tnovabte  rings  in  opposite  directions,  and  returns  to  the  termina 
ment  and  Ty  Since  each  movable  ring  is  in  general  in  a  magnetic  field 
Action  of  terrestrial  or  artificial,  which  has  a  horizontal  component,  ii 
Balance,  tends  to  set  itself  so  that  the  greatest  number  of  horizontal  linet 
of  force  may  pass  through  it  (Chap.  III.  above)  and  therefore  ii 
acted  on  by  a  couple  which  tends  to  turn  the  beam  round  it: 
axis.  But  since  the  current  passes  round  the  movable  coils  ii 
opposite  directions,  and  these  are  very  approximately  equal,  th< 
two  couples  are  nearly  equal  and  opposite,  and  the  instrumeni 
is  practically  free  from  disturbance  by  horizontal  magnetic 
force. 

The  turning  couple  produced  by  the  mutual  action  of  the  fixec 
and  movable  rings  is  balanced  for  the  horizontal  or  ''sightec 
position  "  of  the  beam  by  an  equal  and  opposite  couple  producec 
(in  the  manner  more  particularly  described  below)  oy  a  station 
ary  weight  at  the  end  of  the  beam,  and  a  sliding  weight  placed 

*  See  the  Author's  smaller  Treatise,  2nd  ed.  p.  107. 
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steelyard  fashion,  at  a  Buitable  point  on  a  graduated  bar  attached 
to  the  beam.  The  amount  of  the  current  flowing  in  the  rings  is 
deduced  from  the  amount  of  the  equilibrating  couple  thus 
applied,  or  rather  from  a  number  proportional  to  it,  by  means  of 
&  table  of  reckoning. 


Fig.  ei. 

Most  of  the  constructive  details  will  be  msde  out  from  Fig.  92  Standard 
which  shows  the  Standard  Centi-ampere  Balance,  and  illastratcs  Centi- 
the  arrangement  of  the  beam,  the  graduation,  and  the  mode  of  Ampere 
applying  the  equilibrating  couple,  for  all  the  instruments.  Balance. 

The  beam  is  hung  on  two  trunnions,  each  supported  by  a  flat 
elastic  ligament  made  of  fine  copper  wires,  through  which  the 
current  passes  to  and  from  the  movable  rings. 

The  horizontal  or  sighted  position  of  the  beam  is  that  in 
which  the  pointers  on  the  extreme  right  and  left  are  at  the 
middle  dtvieiona  of  their  scalea.  This  position,  in  all  the  in- 
struments in  which  a  movable  ring  is  acted  on  by  two  fixed 
rings  between  which  it  is  placed,  is  not  that  midway  between  these 
two  rings,  as  that  would  be  a  position  of  minimum  force  and  there- 
fore of  instability.  For  stability  it  is  so  chosen  that  the  movable 
ring  is  nearer  to  the  repelling  fixed  ring  than  to  the  attracting 
ring  by  such  au  amount  as  to  give  about  }  per  cent  more  than 
the  mininlum  force. 

Fixed  to  the  beam  and  parallel  to  it  is  a  finely  graduated 
bar,  and  above  this  is  a  horizontal  fixed  scale,  called  the  In* 
spcctional  Scale,  less  finely  divided.    Both  graduations  begin 
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towards  the  right.     A  CBrria^e  is  moved  along  the  graduate..  , 

bar  to  any  required  position  by  a  sliding  piece  controlled  by  a   ■*PI"y"'G 
cord  which  can  be  pulled  from  either  end,  and  tbia  carriage,  by  p 
itHclf  or  wilh  an  additional  weight,  fonrs  the  movable  weight  ^^^ 
referred  to  ubove.    The  position  of  the  carriage  is  indicated  by        * 
a  pointer  which  moves  along  the  lower  scale.     Each  aiiditioaal 
weight  has  in  it  a  small  hole  and  slot  which  pass  over  conical 
pins  in  the  carriage.     This  ensures  that  the  weight  is  always 
placed  in  a  dednite  position.     The  balancing  weight  is  moved 
along  the  beam  by  meana  of  a  itelf- releasing  pendant  carried 
by   the  sliding  piece   above   referred  to.     To   this  pendant  is 
attached  a   vertical  arm  (seen  in  the  figure)  which   passes  up 
through  the  recess  in  the  front  of  the  weight  and  carriage  and 
so  enables  the  carriage  to   be  moved  with  the  sliding  piece. 
The  stationary  weight  is   placed  in  the   trough  shown  at  the 
right-hand   end  of  tlie  instrument.      The  trough  is  V  shaped, 
and   the   weight   cylindrical,   with   a   cross   pin  which  passes 
through  a  hole  in  the   bottom  of  the  trough,      The  weight  is 
thus  placed  in  a  perfectly  definite  position  and  always  has  the 
name  leveroge.     It  is  so  chosen  as  just  to  keep  the  beam  in  the 
sighted  position  when  the  sliding  weight  is  at  the  zero  of  the 

Since  the  mutual  action  of  the  rings  is  to  bring  the  beam  Device  for 
towards  the  sighted  position   when  displaced  by  the  weights,  Obtaining 
and  the  equihbrating  couple  is  that  due  to  the  displacement       ^^"'K 
of  the  sliding  weight  from  zero,  the  latter  couple  increases  as      Scale. 
the  current  increases,  and  hence  motion  of  the  sliding  weight 
towards  the  right  corresponds  to  increasing  currents.     The  use 
of  the  stationary  weight  gives  a  scale  of  double  t!ie   length 
which  would  be  obtained  without  it. 

In  the  top  of  tiie  lower  or  t^nely  graduated  Hcole  are  notches  Graduated. 
which  correspond  to  the  exact  integral  divisions  in  the  upper  Scale. 
tixed  scale.  Tiius  the  reading  in  the  fixed  scale  is  got  when  the 
pointer  is  at  a  notch,  without  error  from  parallax  due  to  tlia 
position  of  the  eye.  The  reading  when  the  pointer  is  between 
two  notches  is  easily  obtained  by  inspection  and  estimation 
with  sufficient  accuracy  for  most  practical  purposes.  When 
however  the  greatest  accuracy  is  required,  the  reading  is  taken 
on  the  lower  scale,  with  the  aid  of  a  lens,  and  the  current 
strength  calculated  from  a  table  of  doubled  square  roots. 

Four  pairs  of  weights  are  given  with  each  instrument.     Of   Weights, 
these  one  set  is  for  the  sliding  platfomi,  the  other  set  are  the 
correspondiog  counterpoises.    The  weights  of  each  set  are  in 
the  ratios  1  i  4  :  16  i  64,  and  are  so  adjusted  that,  when  the 
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carnage  in  placed  with  its  index  at  a  division  of  the  inspec- 

tional  scale,  the  iDstrument  shows  a  current  of  an  integral 

number  of  amperes,  half-amperes,  or  quarter-amperes,  or  some 

dechnal  subdivision  or  multiple  of   one    of   these    units    of 

current. 

Adjust-        ^^^  accurate  adjustment  of  the  zero  is  effected  by  a  small 

ment  of    metal  flag  as  in  a  chemical  balance.     This  flag  is  set  in  any 

Zero.       required  position  by  means  of  a  fork  moved  by  a  handle 

beneath  and  outside  the  case  of  the  instrument.     The  sliding 

weight  is  brought  to  zero  with  the  corresponding  counterpoise 

in  the  trough,  and  then  the  flag  is  turned  to  one  side  or  the 

other  until  the  pointer  of  the  beam  (seen  on  the  extreme  right 

and  left  in  Fig.  89)  is  just  at  zero. 

When  necessary  for  transit  or  otherwise,  the  beam  in  the 
centi-ampere  and  deci-ampere  balances  is  lifted  off  its  sup- 
porting ligament  by  turning  an  eccentric  by  a  shaft  under  'Me 
sole-plate  of  the  instrument.  In  the  other  balances  the  beam 
is  fixed  for  carriage  by  placing  distance  pieces  between  the 
upper  and  lower  parts  of  the  trunnions  and  screwing  them 
together  by  milled  headed  screws  kept  always  in  position  fur 
the  purpose. 


Section  II. 

MEASUREMENT  OF   CURRENTS   AND  GRADUATION   OF 
INSTRUMENTS  BY  ELECTROLYSIS. 

Detemii-        We  shall  now  shortly  describe  the  process  of  determining 

nation  of    the    electro-chemical  equivalent  of   silver  pursued  by  Lord 

Electro-      Rayleigh  and  Mrs.  Sidgwick.    The  arrangement  of  apparatus 

Chemical    ig  shown  in  Fig.  92.    A  circuit  was  made  up  of  a  battery  A  in 

Equiva-     series  with  three  silver  voltameters,  a  tangent  galvanometer  D 

Jf.?^  °^     (which  gave  a  rough  measurement  of  the  current),  the  current 

bilver.      weigher  F,G^  described  above  (p.  398).*    The  voltameters  were 

each  composed  of  a  platinum  bowl  which  served  as  kathode, 

and  un  anode  of  pure  silver  plate  suspended  horizontally  above 

*  The  rest  of  the  arraugemeots  shown  in  Fig.  89  have  no  relation  to 
the  electro-chemicAl  determination.  They  were  required  for  the 
experiments  on  Clark  cells  described  below  (p.  433). 
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tiio  howl  in  the  electrolytic  liquid,  which  was  a  solntion  of  par« 
nitrate  of  eilver.    To  prevent  dieintefp^ted  silver  from  falling-    Form  of 
from  the  anode  the  plate  wns  wrapped  round  with  pure  titter      VolU- 
pnper  securnd  at  tlie  back  wjtli  aealing  wai.     The  electrolyte     meters. 
wiiH  in  gODeral  a  neutral  solution  of  15  parts  by  weight  of  pure 
silver  nitrate  in  100  parts  of  water.     Tlie  area  of  deposit  in  two 
of  the  basins  waa  about  37  acjuare  centimetres,  and  75  square 
centimetres  in  the  other. 

After  a  number  of  trials  of  the  addition  of  acetate  of  silver  in 
smnil  quantity  to  the  pure  nitrate  solution,  it  was  found  that, 
while  tlie  acetate  had  the  desired  effect  of  giving  a  finnly 
coherent  deposit  of  close  texture,  the  very  closeness  of  its  tex- 
ture rendered  very  difficult  the  after  freeing  of  the  deposit  from 
retained  suit  or  other  impurity  tending  to  increase  its  weight. 
It  was  therefore  decided  to  use  pure  nitrate  solutions,  which  it 
vfa  fonnd  after  all  gave  deposits  coherent  enough  for  the  sub- 
8ell^ent  ti     " 


The  procedure  in  an  experiment  woe  as  follows.    The  current  Details  of 
roughly  regulated  to  the  desired  value  was  allowed  to  pass  an  Ezperi- 
through  the  currant  weighing  apparatus  for  half  an  hour,  but      ment. 
not  through  the  voltameters.     The  copper  conductOTs  of  the 
circuit  heated  somewhat,  and  thus  the  current  slightly  fell  ofE 
during  this  time.     The  voltameters  in  the  meantime    were 
charged  with  the  solution,   and  tlie  anodes  fixed  in  position. 
Then  when  all  had  been  adjusted  the  current  was,  at  an  instant 
observed   on   a   chronometer,   sent    through    the    voltameters 
arranged  in  series  ;  and  the  weights  then  required  to  bring  the 
pointer  of  the  suspended  coil  to  zero  were  observed.  At  intervals 
the  current  was  reversed,  and  the  change  of  weights  observed. 
For  one  direction  of  tlie  current,  of  course,  the  electromagnetic 
action  assisted  gravity,  in  the  other  opposed  it. 

The  following  table  gives  the  result  of  a  series  of  experiments  Semlt  of 
made  on  March  10,  1884.  The  two  sets  of  numbers  are  the  Series  of 
weights  vrliich  had  to  be  added  to  give  equilibrium  according  as  Experi* 
the  current  was  in  one  direction  or  the  other.  ments 
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Force  on 

Carrent 

Weigher. 


Time  of  Weighing. 

Weight  in  Orammes. 

H.     M.      8. 

4     19     30 

7-694 

4    25      0 

6-795 

4    32    15 

7-698 

4    40    20 

6-791 

4    42    50 

7-699 

4    50    30 

6-790 

4    53    10 

7-699 

4    56    30 

6-789 

5      1     15 

6-789 

Current  sent  through  voltameters  at  4h.  17m.  interrnpted  at 
5h.  2m. 

Difference  of  weights  =  2  X  Force  on  suspended  coil. 

The  curves,  Fig.  94,  show  these  results  for  each  position  of  the 
key. 


— _ ^^^  ^^  ^^-^^__  -^_^_  1.^^— .^  _^— ..^^_-^_  —^——^  — 

■  .^.^^^^_  _^^^.^^_  —^^-^^—  .^____^_  ■  ■  _^^^^^  i^^_^^^  m^— 


4.10 


4.20 


4.30 


4.40 
FlO.    94. 


4.50 


5.0 


The  current  was  integrated  by  dividing  the  whole  interval  of 
45  minutes  during  which  the  current  was  flowing  into  9 
intervals  of  5  minutes  each,  and  the  magnitude  of  the  current 
at  the  middle  of  each  interval  was  taken  tu  represent  its  value 
during  the  period. 

The  differences  of  the  ordinates  of  the  curves  of  Fig.  94,  at 
the  middles  of  these  intervals,  give  the  difference  of  weights, 
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and  therefore  twice  the  force  exerted  by  the  fixed  colli  on  tbe 
daspended  one.  Theie  differences  and  their  square  roots  are 
fihown  in  tbe  following  table.  Tbe  mean  of  the  square  roots  is 
tbe  Bquare  root  of  tbe  difference  of  weights  which  would  have 
been  shown  by  the  mean  current. 


Uma. 

DUTUiBceotWelgbU. 

Sq.  Boot  or 

DIS*«n«ofWBlBhU. 

4    19    30 

■897 

■9471 

4    24    60 

■900 

■9487 

4    29    30 

•904 

•9508 

4    34    30 

•906 

•9518 

■908 

■9629 

4    44    30 

■908 

■95-29 

4    49    30 

■909 

•9534 

4    £4    30 

•910 

■9639 

4    £9    30 

■910 

■9539 

Mean    -95171 

The  45  minutes'  interval  during  which  the  experiment  lasted  Cormction 
was  corrected   for  the  time  taken  to  work  the  reversing  key,    for  Time 
This  was  done   by  carrying   tbe   raain   current,  between   tho      l«»t  In 
battery  and  the  keyj  round  a  reflecting  galvanometer  consisting  Ro'onda. 
of  a  few  turns  of  wire.     The  momentary  stoppage  of  the  cur- 
rent caused  the  needle  to  fall  back  towards  zero,  and  from  the 
observed  amount  of  the  corresponding  motion  of  the  spot  of 
light,  and  the  poriod  of  the  needle,  the  time  of  duration  of  the 
interruption     could    obviously    be     found.       The     correction 
rendered  necessary  was  -083  second  for  each  operation.     This 
bronght  down  tbe  whole  interval  by  '6  secona,  or  to  2699*4 
seconds. 

The  deposits  were  washed  immediately  after  formation  first    Wuhiog 
with   alcohol,  then  with   boiling  water,  and   lastly  with  cold         of 
water.    They  were  then  left  to  soak  in  water  overnight,  then   Deposits 
rinsed  and  put  to  dry  in  an  air-bath  at  leff'C.    After  cooling 
over  a  desiccator  the  deposits  were  weighed,  then  were  heated 
nearly   to   redness   over   a   spirit   lamp   to  drive  off  traces  of 
ndhering  salt,  then  cooled  and  weighed  again. 
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ResulU  of       The  following  table  gives  the  results  of  tlie  weighings  for  the 
Series  of     set  of  experiments  already  referred  to  : — 


Experi- 
ments: 
%V  eights  of 
Deposits. 


March  10,  1884. 


Large  bowl.    I. 

•  Pure  Nitrate. 

formal  Strength. 


Before  deposit 
After   deposit, 

first  weighing 
Gain  .  .  .  . 
After      strong 

heating  .  . 
Gain  .    .    .    . 


80*4490  grms. 

81-5138    „ 
1-0648    „ 

81-5135    „ 
1-0645    „ 


Large  bowL    II. 

Pure  Nitrata. 
Doable  Strength. 


17-2958  grms. 


18-3628 
1-0643 


t8-3627  „ 
1-0642  „ 


Small  bowl.    III. 

Pure  Nitrate. 
Normal  Strength. 


21-8789  grms. 

22-9434    „ 
1-0645    „ 

22-9433    „ 
1-0644    „ 


Mean  gain  1-0644  grammes. 


Fmal 
Jlesult  of 
Several 
Series  of 
Experi- 
ments. 


Electro- 
Chemical 
Equiva- 
lent of 
Silver. 


Thus  the  amount  of  silver  deposited  per  second  is  1*0644/ 
2699-4.    Dividing  the  mean  square  root  of  the  difference  of 

weights  by  this  we  get   V/«/(rate  of  deposition)™  •96171  X 
2699-4/1-0464  =  2413*7. 

The  mean  result  of  several  series  of  experiments  was  to  give 
instead  of  the  last  found  number  2414-45.  From  this  the  value 
of  the  electro-chemical  equivalent  of  silver  was  deduced.  We 
have  seen  that  if  m  is  the  difference  of  weights,  we  have 

y  =  -0370484  'Jm 

If  w  be  the  electro-chemical  equivalent  of  silver,  we  have  for 
the  rate  of  deposit  icy.    But 


Hence  as  final  result 


w  = 


1 


V 


/// 


Vot  ^  2414-45. 
fry 


1 


2414-46    y        241445  X  -0370484 


•0111794  .    (63) 
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It  is  eUted  in  the  paper  that  the  strength  of  the  nitrate  Dap«nd- 

solution  may  be  considerably  v«ried  withont  afEectinR  tlie  result  n^^," 

if  the  current  does  not  exceed  i  ampere  for  the  37  sq.  cms.  area  g(jg„-a, 

of  deposit.     In  this  case  a  4  par  cent,  solution  may  be  ueed.  ^fgoi^io,, 

If  the  curreats  are  comparatively  Btrong,  the  solutions  should  be  ^^^ 

from  16  to  30  per  cent,  in  strength.    Too  weak  a  solution  would  Cmrent 

give  a  somewhat  loose  deposit      Currents  not  exceeding  1(  Deoiiitj. 
Ampere  can  be  conveniently  measured  by  running  them  for 
about  a  quarter  of  an  hour  through  a  strong  solution. 


Fir.  96. 


The  graduation  of  instruments  for  use  as  standards  in  prac-  Heasore- 

tical  electricity  is  now  carried  out  with  great  accuracy  in  Sir  mentof 

William  Thomson's  laboratory  by  means  of  the  electrolyBis  of  Carrent) 

ropper  sulphate.     The  behaviour  of  this  substance  as  an  e!ec-  byElectro- 

trolyte,  and  hence  the  conditions  necessary  for  obtaining  con-  '?"*  of 

sistent  results  in  its  use,  and  the  ratio   of  the   electro- chemical  „'^P,P*' 

equivalent  of  copper  to  that  of  silver,  were  carefully  invest!-  S<"pnate. 
gated  by  Prof.  T,  Gray,*  who  was  for  some  time  in  charge  of  the 
graduation  of  Sir  W.  Thomson's  standard  inBtrumeots,  and  a 
short  account  of  his  results  is  here  given. 

'  See  a  paper  on  the  "  Electrolf sis  of  Silver  and  Cop]ier,"T.  Gray, 
Phil.  Mag.  Oct.  1886,  from  which  the  details  here  given  are  mostly 
taken.  ^  also  a  paper  by  A.  W.  Ueikle,  Electrical  Enginur,  Mai. 
23,  1889. 
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A  form  of  cell  very  convenient  for  use  witli  aolutioiii, 
whetlier  of  nitrate  uf  silver  or  Bulplmte  of  copper,  when  llie 
nirrent  ptrength  is  not  greater  than  10  amperes,  is  shown  in 
Fig.  95.  It  consiBts  of  three  parallel  plates  of  pure  silver,  or 
pare  coppi^r,  sudpendcd  from  spring  clips  in  a  glass  vessel  con- 
taining llie  proper  solution.  This  form  of  cell  has  the  advftn- 
tagca  of  giving  light  plates,  which  facilitate  the  nccurste 
weighing  of  tlie  nnioiint  of  loss  or  gain  of  metal,  and 
allowing,  when  silver  is  used,  and  the  size  of  the  plates  in 
properly  proportioned,  the  loss  from  the  anode  to  be  used  ss  a 
check  in  eatimating  the  gain  on  the  kathode.  There  ia  of 
couree  the  abjection  which  attends  the  use  of  vertical  plates. 


Form  ot 
PUte- 
liolder. 


Fig,  86. 


that  the  solution  becomes  less  dense  near  the  kathode,  but  the 
only  practical  effect  dne  to  this  has  been  found  to  be  a  slightly 
greater  tliickneas  of  deposit  in  llie  lower  part  of  the  plats  due 
to  the  greater  density  there. 

Lord  Rayluigh  has  used,  an  explained  obove,  as  voltan-.eter  a 
platinum  hoivl  as  kathode,  and  n  silver  plate  ae  anode.    Thi^  . 
cell,  though  it  has  several  advantages,  ban  been  found,  accord- 
ing to  Prof.  T.  Gray'H  experience,  more  difficult  to  manipulat- 
than  that  here  deHcrihcd. 

The  form  of  cli|)  or  plateholder,  as  illustrated  in  Fig.  96, 
nImOMt  expininn  itself.  It  ia  made  of  atiff  platinoid  or  braes 
wire.  A  piece  is  taken  of  the  proper  length,  bent  into  a  close 
loop  at  the  middle,  then  each  half  wound  two  or  tliree  times 
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d  Q  rod  of  metal  to  form  Hpringa  as  ehowD,  aad  the  two 
bent  round  ti)  meet  aide  by  siae,  and  tliora  Koldcred  to  ABtilT 
-piece  of  hrasB.  Tlie  apringa  when  eoldered  ia  position 
Id  caiiae  tlic  luop  to  iiresa  iirmiy  o^'aiiist  the  back-piece  so 
form  n  firm  clip. 

le  stems  of  tlie  two  outer  clips  when  in  position  are  con- 
id  by  n  cross-piece  a  of  copper.  Both  are  inaidated  from 
nner  clip  by  n  block  of  vulcanite  through  which  its  stem 
38.  This  whole  arrangement  of  crosH-piece  mid  insulating 
[  is  filed  on  the  top  6  of  the  wooden  framing  shown  in 
95. 

le  two  plfites  attached  to  the  outer  clips  form  the  nnorle  of 
ilcctrolytic  cell,  and  the  plate  hetweeu  tliem  tliu  kathode, 
kathode  thus  gains  on  both  sides,  and  as  it  is  safer  to  use 
;nin  than  the  loss  of  metal  in  estimating  the  current,  the 
:ht  of  the  plnte  itself  is  thus  made  as  amnll  as  po»Kible  in 
Darison  with  the  alteration  in  weight  to  be  determined, 
nee  the  form  of  cell  shown  in  Fig.  95  was  arrived  ut,  it  lins 
improved  by  the  substitution  for  the  cover  A  of  u  rectangle 
ood,  well  soaked  in  parafBn  or  vamiahed,  which  carries  on 
Bidi>  the  clips  for  the  anode,  and  at  the  middle  of  th« 
site  side  the  single  clip  for  the  kathode. 

hen  currents  ot  over  10  amperes  are  to  be  used  the  form    Form  of 
jil  shown  in  Figs.  97,  98  is  preferable.     An  insulating  rim      Volta- 
meter for 


Wiff 


Fll! 


Fio.  08. 


on  the  top  of  the  cell,  which  for  the  larger  sizes  is  con- 
intly  made  of  earthenware  and  of  reclanguiar  shape.  A 
ve  in  the  rim  lita  the  top  of  the  cell  loosely  so  that  the  rim 

its  attachments  can  be  easily  removed  and  cleaned.  To 
im  are  fixed  on  opposite  sides  two  sets  of  spring  clips,  each 

£  E   2 
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made  as  shown  in  Fig.  99,  by  soldering  flat  strips  of  springj 
metnl  to  a  stiff  base-piece  which  can  be  flcrewed  to  the  insalsting 
rim  of  the  cell.  To  make  Che  effective  nrea  of  the  platen  an 
great  as  poHsible  in  cuiiiparison  with  the  ineffective  part,  the 
part  nbove  the  liquid  is  cut  away  to  two  narrow  atrips  coanect- 
ing  tlie  lower  part  to  an  upper  cross  hsr  r,  d.  One  end  e  of 
this  LTOSB-bar  rests  iri  a  clip,  the  other  in  a  notch  in  the  insn- 
laling  rim.  Anode  plales  and  kathode  plates 
alternate  with  one  another,  and  there  is  one 
more  of  anodes  than  of  knthodes,  so  that  each 
kathode  is  between  two  anodes.  In  large  cells 
where  the  plates  are  close  nnd  liable  to  toooh, 
they  are  kept  apart  by  two  I7-shaped  glua 
tubes  hung  over  each  alternate  plate. 
With  regard  to  llie  size  and  preparation  of  plates  it  was 
found  that  in  the  caHcs  of  both  nilver  and  copper  there  is  • 
certain  density  of  current  (current  strength  per  unit  of  ares  of 
plate)  which  gives  the  most  adherent  and,  in  the  case  of 
.lilver,  mo«t  finely  crystalline  deposit.  When  silver  is  used 
tlierc  is  a  teniloncy,  if  the  plate  be  too  large  or  too  small,  for 
the  cryatals  of  deposited  silver  to  grow  out  branch-like  from 
one  pUte  to  the  other,  an  effect  which  is  most  marked  where 
thfre  is  a  sharp  edge  or  corner.  Hence  the  plates  must  have 
their  edges  and  corners  rounded  off  to  prevent  the  fornistion  of 
these  ''  trees,"  which  cause  grt-at  risk  of  lose  of  silver  from  the 
plato  in  its  treatment  before  being  weighed. 

The  hi'st  deposit  liaa  been  found  to  be  obtained  with  a  solu- 
tion niiide  with  live  parts  by  weight  of  nitrate  of  silver  to  96 
of  water,  and  a  kathode  plate  giving  not  more  than  600  sq.  cms. 
nor  loss  than  200  sq.  cms.  of  active  face  to  the  ampere  of 
current.  If  a  stronger  solution  he  used,  the  density  of  current 
may  be  somewhat  increased,  but  the  strength  should  not  be 
less  than  4  per  cent,  nor  greater  than  10  per  cent. 

The  anode  plates  should  bo  considerably  greater  in  area  than 
the  kathode  plates  if  their  surface  is  to  remain  bright  and 
moderately  hard  so  as  to  admit  of  the  plates  being  weighed  if 
necessary.  The  density  of  the  current  for  them  should  be  less 
than  one  ampere  to  400  «q.  cms. 

If  tlic  anodes  arc  of  rolled  sheet  silver  the  surface  skirt 
should  l>o  polished  off  with  fine  silver  sand,  nnd  the  plate  washed 
in  distilled  water  before  being  used;  as  otherwise  the  silver 
would  be  dissolved  away  from  under  tlie  skin,  which  would 
hang  ns  a  loose  sheet  ready  to  bre.ik  away  when  the  plate  was 
moved.  A  plate  of  silver  becomes  soft  and  inelaelio  by 
repeated  use  as   an   anode,  owing  to  solvent  action  going  c 
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below  the  Hurface,  and  to  remedy  this  should  be  heated  after 
being  used  each  time  to  a  red  heat  in  the  flame  of  a  apirit  lamp. 

The  following  mode  of  treating'  silver  plates  has  been  found  Treatment 
very  succe«eful.  The  plate  cut  from  the  new  sheet  has  its  of  SUTer 
comers  firet  rounded  and  smoothed,  then  in  polished  with  tine  Platee. 
silver  sand  in  water,  ruhiied  on  with  a  soft  clean  pad  of  cltitu, 
so  as  to  remove  the  eltin  above  refened  to,  and  still  leave  a 
araootti  surface.  A  gentle  stream  of  clean  water  is  then  run 
over  tlie  surface  from  a  lap  to  remove  the  aand,  next  the  plate 
is  washed,  first  with  clean  soap  and  water,  then  with  water 
alone,  then  immersed  fur  a  few  minutes  in  a  boiling  solution  of 
cyanide  of  potassium,  and  finally  washed  thoroughly  in  a  stream 
of  clean  water.  The  plate  is  dried  in  a  current  of  hot  air,  for 
example  before  a  clear  fire;  and  great  care  must  be  taken  in 
handling  it  after  it  has  been  cleaned  not  to  touch  it  with  the 
fingers,  otherwise  the  parts  which  have  been  in  contact  with  the 
skin  will  receive  no  deposit.  Of  course  the  plate  must  be 
allowed  to  cool  before  it  is  weighed  to  obviate  risk  of  distur- 
bance from  air  currents  in  the  balance  case. 

When  ihe  silver  deposit  is  to  be  washed  and  weighed,  the 
plates  are  gently  removed  by  easing  the  sprincs  to  prevent  riak 
of  rubbing  off  metal  by  the  friction  of  the  clips,  then  dipped 
gently  in  clean,  recently  distilled  water  contained  in  a  glass 
vessel,  so  that  any  small  crystals  which  may  fall  from  the  plate 
may  be  detected.  The  adherent  nitrate  solution  is  thus  to  a 
great  extent  removed  ;  and  the  plates  are  then  laid  in  the 
bottom  of  a  shallow  glaas  tray  containing  clean  distilled  water, 
.  and  washed  by  gently  tilting  one  side  then  the  other  of  the 
tray  so  as  to  m^e  the  water  flow  gently  over  their  surfaces. 
Then  they  are  washed  in  a  second  tray  in  the  same  way,  and 
allowed  to  soak  for  a  quarter  of  an  houi  before  being  dried. 

To  dry  the  plates  one  comer  is  laid  on  a  pad  of  blotting- 
paper  and  the  greater  part  of  the  water  drained  off.  The  plate 
is  then  dried  by  holding  the  upper  end  in  a  spirit  flame. 

The  electrolysis  of  copper  sulphate  with  copper  anode  and    Electro- 
katbode  gives  results  which  for  very  high  accuracy  in  standard-     ijais  of 
izing  are  but  little  if  any  inferior  to  those  obtained  with  silver :     Copper 
for  most  practical  purposes  results  quite  accurate  enough  can   Bol^iate. 
be  obtained  with  much  less  eiperimeiital  skill  on  the  part  of  the 
operator.     Repeated  expeiiments  made  iu  the  Physical  Labora- 
tory of  the  iliiiveriiity  of  Glasgow,  in  connection  with  the 
graduation  of  Sir  W.   Thomson's  standard  instruments,*  have 


*  See  the   Kef.    p.    417   above.     The  remarkable   coucontance  s 
.ndardizinga 
II  Mr.  Meikle' 


standardizings  made  at  diffnTi'Dt  times  ia  illustrated  by  results  quoted 
...  .r_   iiaikla'a  paper. 
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shown  that  under  certain  easily  fulfilled  conditions  the  inetlx 
of    standardizing  by   the   electrolysis    of   copper    sulphate 
perfectly  accurate  and  trustworthy. 

The  size  of  plates  is  not  of  so  great  importance  as  in  the  ca 
of  silver,  but  the  kathode  plate  for  the  best  results  in  louj 
continued  electrolyses  should  have  about  5()  cms.  of  acti'^ 
surface  or  upwards  per  ampere.  When  the  cunent  is  of  ami 
density  deposits  are  obtained  which  are  much  more  solid  ai 
adherent  than  those  of  silver,  and  therefore  much  more  eaei 
dealt  with.  As  in  the  case  of  silver  the  anode  should  beof  inu< 
greater  area  than  the  opposed  surface  of  the  kathode.  With 
density  of  current  of  upwards  of  ^  of  an  ampere  per  sq.  ci 
the  resistance  at  the  anode  becomes  variable  and  very  conside 
able,  sometimes  almost  stopping  the  current,  which  after  a  litti 
with  evolution  of  gas  at  the  anode,  regains  nearly  its  form 
strength. 

It  was  found  by  Prof.   T.  Gray  in   the  experiments   abo"' 
referred  to  that  satisfactory  and  concordant  results  could   1 
obtained  with   a   solution    of  any    ordinary  pure   commerci 
copper  sulphate  made  with  pure  water,  provided  the  density  d 
not  full  below  1*05,  and  the  solutions  were  made  slightly  mo 
acid  than  in  their  normal  state.     An  addition  lor  example  of  ■>, 
per  cent   of  sulphuric  acid  to  different  solutions,  which  ga^ 
results  differing  among  themselves,  brought  them  into  coiiiple 
accordance.     Tlie  loes  of  weight  which  is  well  known  to  tal 
place  when  a  copper  plate  is  left  standing  in  a  copper  sulpha 
solution,  was  also  carefully  investigated.     This  loss  it  was  loui 
seldom  exceeds  0J5  of  a  millignimme  per  sq.  cm.  per  hour, 
about  T^Q^jij  of  that  which  would  be  deposited  by  a  current 
one   ampere   per  50  sq.   cms.      When    the    current  density 
smaller  than  this  the  loss  is  nearly  the  same  as  when  no  curre 
flows.     The  effect  seemed  to  have  a  minimum  for  a  density 
solution  between   1*10  and  1*15,  and  seemed  for  this  density 
be  rather  retarded  than  the  reverse  by  the  addition  of  a  smt 
percentage  of  free  acid. 

The  kathode  plate  having  been  cut  and  rounded  at  the  corne 
is  polished  with  silver  sand  in  the  same  manner  as  the  silv 
plate.     It  is  then  placed  in  the  cell  and  a  thin  coating  of  copp 
deposited  over  it,  while  the  current  (if  a  largo  current  is  to  1 
used)  is  adjusted  to  its  proper  strength  by  placing  resistance 
the  circuit.     The  plate  is  then  removed,  washed  in  clean  wat 
and  dried  before  a  clear  fire  without  being  sensibly  heated.   Ai 
defect  in  the  first  cleaning  will  he  shown  by  the  deposit,  and 
no  such  defect  is  shown,  the  plate  is  weighed  and  replaced 
the   cell   for  the  continuation   of    the  electrolysis.     If    feeb 
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currents  are  to  be  used  this  preliminiiry  adjustment  ia  hardly 
necessarj,  as  it  is  preferable  tlien  to  use  a  larger  number  of  cells 
than  are  absolutely  neceaaary  to  produce  the  current,  nnd  bring 
down  tlie  current  to  the  neceaaary  strength  by  adding  an  aiuount 
o£  resistance  which  can  be  easily  enough  estimated. 
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After  the  electrolysis  the  plalea  are  carefully  removed  and  at 
once  dipped  in  ordinary  (not  necessarily  distilled)  clean  water, 
containing  two  or  three  drops  of  sulphuric  acid  per  litre,  then 
washed  in  a  trny  like  the  silver  platen.  The  platee  are  then 
rinaed  in  clean  water  withont  acid,  and  dried  first  in  a  clean  pad 
of  white  blotting  paper,  and  then  before  a  fire  or  over  a  spirit 
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lamp.  If  this  is  carefully  done  and  the  deposit  be  fairly  good 
no  copper  will  be  lost  and  there  will  be  no  gain  of  weight  by 
oxidation.  The  plates  may  be  weighed  after  having  been 
allowed  to  cool  down  to  the  ordinary  temperature. 

The  anode  plates  are  treated  in  a  similar  manner  (except  as 
regards  the  drying  in  a  blotting-pad,  which  might  cause  loss  of 
silver)  without  loss  of  copper,  or  gain  by  oxidation,  but  owing 
to  loss  of  weight  in  the  solution  &c.,  they  give  much  less 
satisfactory  results  than  do  the  kathode  plates. 

The  arrangement  of  the  circuit  for  electrolytic  experiments 
consists  of  a  battery  of  tray  Daniells,  or  other  constant  cellp, 
joined  in  series  with  the  electrolytic  cells  to  be  used,  a  sensitive 
galvanometer,  and  a  rheostat  (or  other  readily  variable  resis- 
tance) by  which  the  current  is  to  be  regulated.    The  current  is 
adjusted  so  that  a  convenient  deduction  is  obtained,  which  is 
restored  by  slightly  turning  the  rheostat  in  the  proper  direction, 
if  any  alteration  takes  place.     The  conduct  of  an  experiment 
will  be  understood  from  the  description  of  the  process  of  stan- 
dardizing given  below. 
Electro-         From  Lord  Rayleigh's  result  for  the  electro-chemical  equiva- 
Chemical  lent  of  silver  (see  p.  416  above),  namely  that  a  coulomb  deposits 
Equiva-    •0011179  gramme  of  silver,  very  nearly,  Professor  T.  Gray  has 
lent  of     determined   by   comparison  the  electro-chemical  equivalent  of 
Copper,     copper,  and  found  it  to  be  very  approximately  '0003287  (or  for 
practical  purposes  '0003290)  at  ordinary  temperatures,  and  with 
a  current  density  of  one  ampere  per  60  sq.  cms.  of  active  surface 
of  kathode.     This  number  can  be  corrected  for  other  current 
densities  by  the  dotted  curve  given  in  Fig.  100. 

The  results  from  which  this  curve  has  been  plotted  are  given 
in  the  following  Table. 


Electro- 
Chemical 
Equiva- 
lents for 
Different 
Current 
Densities. 


Amouxts  of  Copper  deposited   by  the   same  Quantity  of 
Electkicity  on  Kathode  Plates  of  different  Area«. 


Area  of  plate  in  sq.  cms. 

Amount  of  deposit 

in  grammes 
(first  experiment). 

1 

Amount  of  deposit 

in  grammee 
(second  experiment).      , 

3 

•3534 

•3534             1 

5 

•3630 

•3529             • 

11 

•3528 

•3530 

18-5 

•3526 

•3527 

36 

•3524 

•3521 

73 

•3503 

•3502 

_, 
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The  effect  of  variation  of  temperature  *  on  the  amount  of 
copper  deposited  has  been  fonnd  by  Mr.  A.  W.  Meikle  to  be  very 
slight  at  ordinary  temperaturea ;  for  a  chanj^e  from  12°  C.  to 
28°  C.  it  is  B  diminution  for  a  given  size  of  plate  of  only  fg  per 

At  temperatures  rising  above  20°  C.  the  efieot  of  variation  of  Gradoa-" 

size  of  plate  becomes  more  and  more  important.  ^o"  <*f 

The  application  of  electrolyBiH  to  the  standardizing  of  instni-  Standard 

mente  will  now  be  illustrated  by  a  short  account  of  its  application  'f^JL 

to  the  detennination  of  the  prooer  weights  for  use  in  Sir  William  g?^^ 

Thomson's  standard  current  oalancea  described  above.     The  i-^^"" 


arrangement  of  apparatus  is  shown  in  Fig.  101,  wliich  maybe 
taken  as  a  plan  of  the  standardizine  table  with  instruments  in 
position.  C  C  C  C  C  C  are  six  of  ths  Electric  Power  Storage 
Co.'s  secondary  cells,  shown  joined  in  aeries,  by  being  connected 

•  See  Ref.  p.  417  ahovo. 
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to  a  series  of  mercury  cups,  «,»», . .  .  which  are  connected  across 
by  thick  copper  rods  as  indicated  by  the  full  and  dotted  lines. 
(These  cups  are  on  a  vulcanite  base,  and  have  bottoms  of  thick 
copper  to  ensure  contact.)  When  however  currents  of  great 
strength  are  required  for  the  graduation  of  low  resistance 
instruments,  these  cups  are  joined  in  parallel  by  two  rods  of 
copper  which  have  teeth  at  the  proper  distance  apart  to  fit  into 
the  cups,  so  as  to  ioin  all  in  each  row  together.  The  battery 
fully  charged  and  thus  joined  in  parallel  will  maintain  a  current 
of  200  amperes  for  10  hours. 


Fig.  102. 


Arrange-  The  terminal  cups  of  the  commutating  board  are  shown  joined 
ment  of    to  a  distributing  board  provided  with  cups,   1,  2, ...  12,   by 

Apparatus  which  the  battery  is  put  in  series  with  a  rheostat  K,  in  parallel 
arc  with  a  set  of  conductance  bars  2),  a  galvanometer  G^  a  pair 
of  large  electrolytic  cells  joined  by  a  movable  cup  J/,  and 
linall}'  the  balance  B  to  be  standardized.    The  conductance  bars 

Conduct-    are  constructed  as  shown  in  Fig.   102.      Rods  of  ; platinoid  of 

ance  Bars,  thickness  according  to  the  conductance  required  are  bent  inti) 
^-shape  as  shown,  and  the  limbs  held  at  proper  distances  apart 
by  wooden  blocks  at  intervals,  or  by  a  strip  of  wood  running 
along  their  whole  length,  according  as  the  rods  are  thick  or  thin. 
The  length  of  rod  in  each  U  is  about  4  metres,  and  the  thickness 
is  chosen  such  that  one  or  two    volts  difference  of  potential 
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produces  very  little  beating  of  the  wire.    The  troughs,  U  (Fig. 

9>t),  are  made  witli  bottociia  of  tliiok  copper  and  contain  mercury 
in  vrhich  tlie  ends  of  the  rods  (or  thick  copper  pieced  soldered  tv 
the  wircD  if  thin)  rest  pressed  down  by  their  own  weight.  The 
different  Ub  beginning  from  one  side  are  graduated  so  us  to  have 
conduotanpee  nearly  in  the  ratioa  1  :  1  :  2  :  4,  Ac,,  ao  that  the 
total  conductance  in  tlje  set  may  he  incrensed  at  will  by  a  step 
equal  to  the  lowest  conductance  (since  each  conductance  is  that 
amount  greater  than  the  sum  of  all  that  precede  it  in  the  serieii). 
When  any  bar  is  not  in  use  its  lower  ends  are  lilted  out  of  the 
troughs  Hs  shown  in  the  Figure.  The  rheostat,  which  has  a 
least  conductance  rather  leas  than  that  of  the  smallest  bar, 
fiirniahee  an  auxiliary  variable  bar  by  which  the  conductance 
can  l)e  grsdunlly  altered.  Ila  wire  is  of  stranded  cupper  and 
can  carry  10  amperes  without  damage. 

The  current  balance  has  previously  had  its  ecale  graduated  Detenni- 
and  attached  as  described  above,  and  it  remnins  only  to  rhow  nation  of 
how  the  constant  of  the  instrument  is  determined,  or  in  otiier  Constant 
words  the  weight  wliich  placed  on   the  beam  will  enable  the  of 

current  to  be  obtained  from  its  indications  in  the  manner  already    BaUnca. 
described  (p.  409).    A  chosen  arbitrary  counterpoise  weight  is 

C laced  in  the  trough,  and  another,  which  then  juat  brings  the 
cam  to  the  aighleil  position  without  cumsnt  wlien  at  the  zero 
of  the  scale,  is  placed  on  the  beam  with  the  index  at  some 
division  near  the  riglit-hand  end  so  that  a  current  of,  say,  10 
amperea  (more  or  less  according  to  the  instrument)  ia  required  p_„j 
to  bring  the  beam  to  the  sighted  position.  The  electrolytic  tells  ^J^ectm- 
ure  then  arranged  to  Rive  about  500  aq,  cms,  of  kathode  eurfuce,  \nu. 
and  are  joined  up  with  a  conductance  Bufficient  to  give  nearly 
the  required  current.  Tho  balance  will  come  nearly  to  zero,  and 
is  brought  to  zero  exactly  by  adjusting  the  current  by  means 
of  the  rheostat.  These  adjustmenta  having  been  made,  the 
kathode  plates  are  removed,  washed,  weighed,  and  replaced.  At 
an  instant  observed  on  an  accurate  time-keeper  the  circuit  is 
closed,  and  any  deviation  of  the  current  corrected  by  means  of 
the  rheostat.  The  current  is  brought  to  its  correct  value  iu  from 
five  to  ten  Rcconds,  and  hence  in  an  electrolysia  of  Buy  nn  hour 
(the  usual  duration  of  an  experiment)  ihe  error  due  to  its  deviu- 
tion  from  the  final  conatant  value  for  this  short  variable  period 
is  quite  impprceptible.  Any  variutiona  of  the  current  strength 
are  observed  on  the  instrument  itself,  orif  (which  rarely  happens) 
that  is  not  sensitive  enough,  on  a  more  sensitive  galvanouieler 
G  (Fig,  101),  which  is  introduced  when  required,  and  kiqit  outof 
circuit  at  other  times.  Any  eufHciently  sensitive  inHlrunient 
which  can  have  its  (not  ncceasaiily  known)  constant  changed  by 
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any  required  amount  by  varying  the  field  at  the  needle,  or  by 
usinf?  an  instrument  provided  with  two  parallel  coils  with  the 
needle   midway  between   them,  and    arranged    to  permit  the 
distance  of  the  coils  apart  to  be  altered  at  pleasure,  is  convenient 
for  this  purpose. 
Calcula-        I'be  electrolysis  having  thus  been  carried  on  and  completed, 
tion  of     the  circuit  is  broken,  and  the  plates  washed  and  weighed.     The 
Beam  and  current  is  calculated  from  the  result  by  dividing  the  gain   of 
Counter-   copper  on  the  kathode  expressed  in  grammes,  by  the  electro- 
jpoise       chemical  equivalent  of  copper  (•0003287,  or,  as  explained  above, 
Weights     the  proper  value  for  the  density  of  current),  and  the  result  by 
the  number  of  seconds  during  which  the  electrolysis  has  lasted. 
Let  C  be  the  current  for  the  position  of  the  weight  on  the  beam 
as  given  by  the  table  of  doubled  square  roots,  10^  «?„  the  cor- 
responding counterpoise  and  beam  weights  respectively,  C  the 
current  given   by  the  electrolysis,  tD\y   w'^  the    counterpoise 
weight  and  beam  weight  applied,  then  we  have 

where  <fi,  t/j  ^'*®  constants.     But  Wj/w^  =  ufjtc\ ;    hence   this 
equation  gives 

Thus  Wif  1^2  are  found  by  multiplying  the  ratio  C^/C^hy  w\,  ic\ 

respectively,  and  the  determination  is  complete. 

Arrange-        When  a  very  strong  or  a  very  weak  current  is  required,  as  in 

ment  for    the  graduation  of  a  hektoampere  or  a  centiampere  balance,  it  is 

Strong  or    desirable  in  the  former  case  to  allow  the  whole  current  to  flow 

Weak       through  the  instrument,  and  only  a  convenient  part  through  the 

Coirents.    electrolytic  cell,  and  in  the  latter  case  to  use  a  considerably 

greater  current  through  tie  electrolytic  cell  than   through  the 

instrument.     The  current  must  therefore  be  divided  in  both 

these  cases  into  two  parts  whose  ratio  is  accurately  known,  and 

this  may  be  done  by  the  conductance  bridge  shown  in  Fig.  100. 

A  set  of  parallel  straight  wires  of  platinoid  are  each  soldered 

at  one  end  to  a  thick  terminal  bar  of  copper  A,  and  have  soldered 

to  them  at  the  other  ends  thick  terminal  pieces  of  copper  by 

which  they  can  be  connected  in  two  groups  by  menus  of  mercury 

troughs  ^1,  b^.     In  the  figure  they  are  shown  in  two  groups  of 

10  and  1  respectively. 

The  wires  are  adjusted  so  that  when  they  are  in  position  they 
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have  all  precisely  the  Rime  resistance.  Between  the  trougba 
bj,  b„  a  Htmsitive  reflecting  galvanometer  (see  Vol.  I.  p  307)  g  ie 
joined  which  indicates  no  current  when  j„  b^  are  at  the  same 
(■otantial.  The  electrolytic  cells  E,  ff,  and  the  instrument  G 
to  be  standard  Lzed,  are  placed  aa  shown  in  the  figure  when  the 
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qtonditrdizing  current  must  be  greater  timn  that  which  the  cells 
can  carry,  and  the  positiona  shown  are  intorchsjiged  when  the 
reverse  is  the  case.  The  currents  are  adjusted  to  balance  in 
lioth  cases  by  the  rheostats  £,  R.  The  currents  are  of  course 
in  the  ratio  of  the  conductances  of  the  groups  t,  t  of  the  wires 
of  the  bridge. 


DETERMINATION  OF  ELECTROMOTIVE  FORCES  OF  CELLS 
AND  GRADUATION  OF  VOLTMETERS 

When  a  current  known  in  absolute  measure  flows  through  a 
known  resiBtanco  the  differpnce  of  potential  between  the  termi- 
nalH  of  the  resistance  is  also  known.     By  means  of  this  known 
difference  of  potential,  which  may  be  varied  at  pleasure,  a  volt- 
meter may  be  graduated,     A  voltmeter  of  any  type  is  an  instni-    potential 
menf,  the  resistance  of  which  ia  so  high  that  the  attachment  of  Meutuing 
its  terminals  to  two  points  in  a  conductor  carrj'iuf;  a  current     Instra- 
does  not  perceptibly  change  tlio  difference  of  potential  formerly    ment*  or 
existing  between  these  points.     Of  course  every  absolute  galra-      Volt- 
nometer,  electrodynamometer,    or    standard    balance    measures     meters, 
differences  of  potenti'il,  for,  if  its  resistance  is  known,  the 
difference  of  potential  between  its  terminals  can  be  calculated 
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from  Obm's  law  ;  but  the  convenience  of  a  voltmeter  especially 
made  with  a  high  resistance  coil  is  that  its  terminals  may  be 
applied  at  any  two  points  in  a  working  circuit,  and  the  difference 
of  potential,  thus  calculated  as  existing  between  these  two  points 
while  the  terminals  are  in  contact,  may,  in  most  cases,  be  taken 
as  the  actual  difference  of  potential  which  exists  between  the 
same  points  when  nothing  but  the  ordinary  conductor  connects 
them.  For,  let  V  be  this  actual  difference  of  potential  in  volts, 
let  r  ohms  be  the  equivalent  resistance  of  the  whole  circuit 
between  the  two  points  and  R  ohms  the  resistance  of  the  volt- 
meter. Then  (Vol.  I.  p.  161)  by  the  application  of  i?,  ^is  dimin- 
ished in  the  ratio  of  ^  to  J?  +  r,  and  therefore  the  difference  of 
potential  between  the  ends  of  the  coil  is  now  FRj{R  -^-  r). 
Hence  by  Olim's  law  we  have  for  the  current  through  tlie 
galvanometer  the  value  F/R{1  +r/R).  If  r  be  only  a  small 
fraction  of  R,  r/R  is  inappreciable,  and  the  difference  of  potential 
calculated  from  tlie  equation  C  =  VjR  will  be  nearly  enough  the 
true  value.  So  far,  it  is  to  be  observed,  r  is  the  equivalent 
resistance  between  the  two  points,  and  the  result  stated  holds, 
however  the  electromotive  force  may  have  its  seat  in  the  circuit, 
if  only  R  be  great  in  comparison  with  r.  If,  however,  either  of 
the  two  parts  of  the  circuit  between  the  two  points  in  question 
have  a  resistance  r'  small  in  comparison  with  R,  then,  as  can  be 
easily  proved,  the  value  of  the  difference  of  potential  between 
the  terminals  of  r  is  practically  unchanged  by  the  addition  of  R 
as  a  derived  circuit. 
Gradu-  The  voltmeter  has  its  terminals  attached  to  those  of  the  resist- 
ation  of  ance  through  which  the  current  is  flowing  ;  or,  if  the  standard 
Volt-  measuring  instrument  is  sensitive  enough,  the  measured  current 
meter,  jg  ggjit  through  the  voltmeter  itself ;  and  readings  of  needle  or 
other  indicator  are  taken.  In  either  case  the  readings  are  pro- 
portional to  the  difference  of  potential  between  the  terminals  of 
the  instrument,  but  in  the  former  arrangement  the  difference  of 
potential  is  equal,  in  volts,  to  the  current  in  amperes  flowing 
through  the  resistance  multiplied  by  the  value  of  the  resistance 
in  ohms,  in  the  latter  the  difference  of  potential  is  equal  to  the 
measured  current  through  the  voltmeter  into  the  resistance 
between  its  terminals. 

If  the  scale  of  the  instrument  does  not  follow  any  known  law, 
it  is  necessary  to  determine  by  direct  experiment  the  electro- 
motive force  corresponding  to  different  deflections  and  tbus,  so 
to  speak,  calibrate  the  instrument.  To  do  this  the  most  con- 
venient plan  is  to  divide  the  scale  accurately  into  equal  divisions 
and  to  number  these  from  zero  at  the  position  of  equilibrium 
with  no  current.     Then  the  current  measured  b}'  the  standard 
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galvanometer  \e  varied  conveniently  by  introducing  resistftDce 
into  the  circuit  by  n  rheostAt,  end  the  deflection  obaerved  for 
Heverul  different  values.  The  corresponding  differences  of 
potential  are  then  plotted  on  squared  paper  as  ordinates  for 
which  the  number  of  divisions  of  the  defiections  are  the  eorre- 
spondJQg  absciasm.  A  curve  ia  tlien  carefully  drawn  through 
the  eitremitiee  of  thexe  ordinates,  and  the  ordinate  of  this  curve 
drawn  for  any  chosen  abscisaai  will  be  the  dilference  of  potential 
for  that  deflection. 

For  Terifjing  the  accuracy  of  the  graduation  of  the  potential 
instruments  when  performeil  by  either  of  these  nicthnds,  or  for 
actually  performing  the  praduatiou  wlien  other  methods  are  not 
convenient,  some  form  of  voltaic  cell  of  known  electromotive 
force  may  be  used. 

As  the  result   of  many  carefn]   eiperinienta   made  by   Lord      Clark's 
Kayleigh  and  others,  it  has   been  found   that  the  moat  reliable    Standard 
standard  cell  is  that  proposed  by   Mr.  Latimer  Clark.     When        CeU. 
c-!r(ain  precautions  are  taken  in  its  preparation  the  electromotive 
forces   of  different  specimens   are  very  nearly  the  same,   and 
remain  constant  for  a  long  lime  provided  care  is  taken  to  prevent 
more  than   a   very  feeble   current   from  ever   passing   tlirough 
them. 

The  cell  may  be  made  in  a  reliable  and  liandy  form  in  the     Mode  ot 
following  way,  wliioh  includes  the  precautions  that  Lord   Ray-  Setting  np 
teigli'a  experience  *  baa  shown  to  be  necessary.     The  vcasel  is  a      ^^^ 
weighing  tube,  or  for  small    sizes  merely   a  test-tube,  with  a      Cells. 
platinum  wire  sealed  through  tlie  bottom,  and  rests  on  a  suitable 
stand   as   shown    (Fig.    104).      This   wire   makes   contact   with 
mercury,  which  occupies  the  bottom  of  the  cell  and  forms  one  of 
the  plalea.     The  mercury  mast  be  pure,  and   it  ia  desirable  to 
ensure  its  being  so  by  redistilling  in  vacuo  good  clean  commer- 
cial mercury.    On  the  mercury  rests  a  paste  made  bj'  adding  to 
150  gramniea  of  mercurous  sulphate  5  grammes  of  zinc  carbo- 
nate, and   BufRcient  saturated  zinc  sulphate  solution  to  give  a 
stiif  pasty  consistency. 

The  zinc  sulphate  solution  should  be  made  from  pure  zinc 
sulphate  dissolved  under  gentle  heat  in  distilled  water  so  as  to 

*  See  Loril  Rnylvjgh  and  Mrs.  Sidgwick's  paper  On  the  Eltctro- 
Chemical  EquivalfiU  of  Silver  already  nited  {Phil.  Traiu.  Part  IL 
1884),  also  Lord  Rtyleigh  on  the  Clarl:  Cell  a»  a.  Slandard  of  BieetTo- 
motitc  Forces  {Phil.  TruM.  Part  IL  1885).  Thew  papers  contain 
particulars  of  the  nictliod  ot  determining  the  electromotive  force  of 
Clark  Cells,  am)  the  latter  espccinlly  details  of  the  mode  of  construct- 
ing them,  of  which  an  abstract  is  given  below  iu  the  text. 
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make  a  enturated  solution,  and,  after  having  been  allowed  to 
stand  for  some  time  to  precipitate  any  iron  which  may  have  been 
present  in  the  sulphate,  filtered  in  a  warm  place  into  a  stock 
bottle.  When  required  the  solution  is  gently  warmed,  and  drawn 
off  by  a  siphon  from  just  above  the  crystals  at  the  bottom.  The 
paste  is  made  by  placing  the  mercurous  sulphate  and  zinc  catbo- 
nute  in  a  mortar  and  rubbing  in  the  zinc  sulphate  at  intervals 
during  two  or  three  days,  to  give  time  for  all  carbonic  acid  to 
pass  off. 


Fig.  104 


A  rod  of  what  is  called  "  redistilled  zinc ''  resting  in  the  paste, 
and  held  upright  in  the  vessel  by  a  notched  ring  of  cork,  forms 
the  other  plate.  Tlif^  zinc  is  cleaned  before  putting  it  in  position 
by  dipping  it  in  sulphuric  acid  and  then  washing  it  in  distilled 
water.  Connection  with  it  ia  made  by  a  gutta-percha-covered 
copper  wire  soldered  to  it,  and  passed  up  through  a  cork  which 
closes  the  cell  and  nearly  fills  the  upper  part  of  it  so  that  very 
little  air  is  included.  The  cork  is  flush  with  the  top  of  the  tube, 
and  the  edges  of  the  tube  and  the  whole  upper  surface  of  the 
cork  is  covered  with  marine  glue  to  seal  up  the  cell. 

A  cell  thus  made,  if  used  with  only  the  feeblest  currents,  never 
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flliort-cireuited,  nor  exposed  to  great  vamliona  of  temperature   H 
will  have  K  conatHQt  eractroniotive  force  E  io  volts  at  tempern-  *" 
ture  f  C,  given  according  to  Lord  Kayleigh  and  Mrs.  Sidgwick'8 
determination  (if  I  B.A.  unit  =r  -0866  ohm )  by  the  equation 


E  =  l-4345il  -  -00077  (( - 16)} 


(64) 


The  inetliod  employed  by  Lord  Bayleigh  and  Mrs.  Sidgwick  in  Deterroi- 
tho  deternii nation  of  tlie  electromotive  force  of  tl)e  Clark  cell,  nation  of 
and  the  mctliod  of  using  the  cell  for  purposes  of  graduation,  E.M.F.  of 
■will  be  understood  from  Fig.  93.  {for  convenience  Fig.  93  CiarkColL 
in  hero  repoitted.)    Two  Leclnnchd  cella  M,  and  t 


Pio.  105. 

bosee  If,  0,  were  joined  in  circnit.  At  two  poinla  in  0  were 
attached  Iwo  wires  in  one  of  which  woe  placed  the  Clark  cell  P, 
which  was  to  ho  tested.  These  wires  formed  with  a  resistance 
R  a  derii'ed  hranch  of  the  circuit  of  M  including  a  mercury 
reversing  key  Q,  a  Thomson  reflecting  galvanometer  T,  and  a 
resistance  A'  of  1000  ohms. 

In  the  earlier  experiments  the  galvanometer  had  in  its  coils  a 
resistance  of  about  200  ohms,  but  in  later  determinations  it  was 
provided  with  a  coil  containing  a  much  greater  length  of  wire,  <<o 
that  a  higher  sensibility  was  obtained. 

The  other  arrangoments  connected  with  the  circuit  are  the 
battery  A,  the  voltameters,  and  the  current  weigher  as  described 
above  (p.  398).  Que  extremity  of  A  wiia  connected  to  earth 
ati^. 

The  msin  current  from  A  after  traversing  the  voltameters  and     Pogfcen- 
current  weigher  passes  through  the  resistance  E  back  to  A.     To      dorffs 
prevent  undue  heating  by  the  electrolysing  current,  which  was  Compansa- 
about  J  ampere, the  resistance  R  was  constructed  of  bare  german    .,*'"". 
silver  wire  wrapped  round  a  frame  of  two  parallel  ebonite  rode    Metnod. 
kept  apart  by  wooden  bars,  and  was  provided  with  stout  copper 
terminals  which  rested  on  the  copper  bottoms  of  tups  N,  K  filleil 
with  mercury.     ITie   resistance  R   wns   4-00699   B.A.   units   nt 
n%  C.     This  wns  corrected  for  the  difference  between  17'6  C. 
and  the  temperature  of  the  atmosphere,  and  also  for  healing  pro- 
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Mode  of 
Adjust- 
ment to 


duced  by  the  current.  It  was  found  that  a  correcting  factor 
1*00041  had  to  be  applied  to  take  account  of  the  latter  enect. 

In  the  first  detenninations  the  battery  M  was  not  used  and  the 
electromotive  force  of  P  was  balanced  by  tlie  difference  of  poten- 
tial existing  between  its  terminals  H  and  K,  The  adjustment  to 
Balance,  balance  was  made  by  placing;  a  high  resistance-box  in  multiple 
arc  across  i?,  between  II  and  K,  and  unplugging  resistance  until 
with  the  current  flowing  through  the  voltameters,  no  current 
passed  through  T  when  the  derived  circuit  was  thrown  in  for 
a  moment. 

The  difference  of  potential  between  //and  K  was  then  obtained 
from  the  rusistance  of  the  double  arc  now  constituting  R,  and  the 
absolute  value  of  the  current  given  by  tlie  electrolysis.  The 
value  of  the  current  at  the  instant  when  P  was  balanced  could  be 
obtained  from  the  curves  (Fig.  91)  showing  the  results  of  the  two 
current  weighings ;  and  thus  several  determinations  of  electro- 
motive force  could  be  made  in  a  short  time. 

In  later  determinations  the  balance  was  finally  adjusted  by  in- 
cluding in  the  derived  circuit  with  P  a  part  of  the  electromotive 
force  of  the  pair  of  Leclanch^  cells.  An  independent  comparison 
of  the  electromotive  force  of  the  Leclaiich^  with  that  of  the 
Clark  cell,  was  made  by  balancing  the  Clark  cell,  in  the  manner 
just  described,  by  the  difference  of  potential  between  two  points 
of  a  resistance  in  circuit  with  the  Leclaiich^s.     This  enabled  the 

Eart  of   the  balancing  electromotive    force    supplied    by  the 
eclunchds  to  be  found  from  the  known  resistance  intercented 
between  the  terminals  of  the  derived  circuit  and  the   wLoIe 
resistance  in  N  and  0  together,  which  was  kept  at  10,000  ohms. 
The  following  values   have  been   obtained  by  other  experi- 
menters for  the  electromotive  force  of  a  Ctark  cell  at  16°  C. : — 

Carhart 1-434  volts 

Kahle  (Zeitschrift  fiir  Instrumentenkunde).  1*4341 
Glazebrook  and  Skinner,  Proc.  R.S.  54  (1892)  1*4342 


>> 


» 


Gradua- 
tion of 
Voltmeter 


Standard  cells  of  known  electromotive  force  being  available 
they  may  be  used  for  the  graduation  of  voltmeters  by  the  same 
'^^^^  compensation  method.  A  circuit  is  made  of  a  battery  A  (Fig. 
Standard  ^^^)  ^^  storage  or  DanielPs  cells,  in  series  with  resistances  /?,  S, 
Cells.  ^^^  *^*®  voltmeter  G  to  be  graduated.  A  battery  of  a  suitable 
number  of  standard  cells  has  its  terminals  applied  at  the  ex- 
tremities of  the  variable  resistance  R^  and  its  circuit  contains  a 
sensitive  galvanometer  />,  and  a  key  A'^  i?  or  5  is  adjusted  until  j 
no  current  flows  through  J)  when  the  key  K  is  tapped  down  for  an' 
instant.  When  this  is  the  case  the  electromotive  force  of  C  is 
balanced  by  the  difference  of  potential  at  the  two  ends  of  J?  pro- 
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d  uced  b^  B.  Hence  Ihe  difference  of  potential  in  volte  then  ex  tetine 
belween  the  terminals  ot  G  ie  given  (for  a  Clark's  cell  at  1&°  c!) 
hj  tbe  equation 


r=  1-4345  % 


(66) 


By  this  mctljod,  which  ia  an  application  of  PoggendorffB 
method  of  compnring  the  electromotive  forces  of  batteriea, 
balaiice  ia  obtained  when  no  current  is  flowing  through  the 
standard  cell,  and  disturbance  from  polarization  is  altcgetlier 
avoided.  It  has  been  found  very  easy  and  convenient  in 
practice. 

Some  form  of  Daniell's  cell  is  easily  set  up,  and  though  lesa  Raoult'a 
reliable  is  convenient  for  use  as  a  standanl  when  Clarlt  cells  are  Standard 
not  available.  A  well-known  form  is  Baoult's,  which  has  the  zinc    DaoielL 


and  copper  solutions  in  separate  veaaels  connected  by  a  tube  filled 
with  zinc  sulphate  and  tied  over  the  ends  with  bladder.  This, 
when  made  with  a  plate  of  pure  zinc  amalgamated  with  mercury 
and  a  plate  of  electrolytically  deposited  copper,  was  found  by 
Lord  Bayltigh  to  have  an  electromotive  force  of  approiimately 
■7703  of  that  of  a  Clark  cell. 

A  standard  Daniell'a  cell  has  been  proposed  by  Sir  W,  Thomson's 
Thomson,  wliich  consists  of  a  zinc  plate  resting  at  the  bottom  of  Standard 
aglasaveseelinaslrntum  of  saturated  zinc  eulphate,  and  a  copper    """'"" 

Elate  in  a  solution  of  copper  sulphate  of  density  I  02,  which  has 
ceQ  so  genlly  formed  in  Ihe  stratum  of  zinc  eulphate  as  to  leave 
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a  clear  surface  of  separation.  The  copper  sulphate  sohition  is 
introduced  by  means  of  a  glass  tube  dipping  down  into  the 
liquid  and  tenninating  in  a  fine  point,  which  is  bent  into  a  hori- 
zontal direction  so  as  to  deliver  the  liquid  with  as  little  disturb- 
ance as  possible.  This  tube  is  connected  by  a  piece  of  india- 
rubber  tubing  with  a  funnel,  by  the  raising  or  lowering  of  which 
the  sulphate  of  copper  can  be  run  into  or  run  out  of  the  cell.  By 
this  means  the  sulphate  of  copper  is  run  in  when  the  cell  is  to  be 
used,  and  at  once  removed  when  the  cell  is  no  longer  wanted. 
The  solutions  should  be  kept  in  stock  bottles  and  the  cell  set  up 
fresh  when  wanted. 

The  standard  Danieirs  cell  is  very  conveniently  used  along 
with  a  Daniel  Ps  battery  in  the  manner  represented    in    the 

Standard   diagram  (Fig.  107).     C  is  the  standard  cell,  and  B  a  battery  of 
Daniell. 


Method  of 
Using 
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Fig.  107. 

from  30  to  40  small  gravity  Daniells.*  A  circuit  is  formed  of  a 
resistance  box,  the  galvanometer  0  to  be  graduated,  and  the 
battery  B  joined  in  series  with  the  standard  cell  C  A  sensitive 
galvanometer  Z>,  which  may  be  a  reflecting  galvanometer,  or  any 


•  These  can  be  very  easily  made  by  using  large  preservo-pots  as  con- 
taining vessels,  and  placing  at  the  bottom  of  each  a  copper  aisc  of  from 
three  to  three  and  a  half  incites  in  diameter,  in  a  stratum  of  saturated 
copper  sulphate  solution,  and  a  grating  or  ])late  of  zinc  a  little  below 
the  mouth  of  the  vessel  immersed  in  a  solution  of  zinc  sulphate,  of 
density  1*2.  The  copper  sulphate  may  be  kept  saturated  by  crystals 
dropped  into  a  glasr  tube  piissing  down  through  a  hole  in  the  zinc  plate 
to  tne  copi>er.  A  copper  wire  well  covered  with  gutta  porcha  should 
be  used  as  the  electrode  of  the  copper  plate. 
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very  Hcnsitive  galvanometer  of  low  resistance,  has  one  torminiil 
nttaclied  at  a  point  i£  between  the  battorj-  and  tiie  standard  cell, 
uiid  tlie  otlier  tenninnl  ttjroiigh  the  key  K  to  an  intannediate 
tcrmiiml  L  of  tlie  reBJatrinco  boi.  Tlie  reaiatanoee  in  the  box,  on 
llii!  two  Hides  of  Z,  are  adjusted  until  no  current  flowa  through 
the  gulvanonictcr  J),  when  the  hey  A'  is  depressed. 

Let  R  be  the  reaiBtance  in  the  box  to  tlio  right  of  ^  r  tlie  EM.  F.of 
resialtince  of  the  cell  Q  and  G  the  resistance  of  the  galvanometer.    "'J'*!' " 
Then  if  V  be  the  difference  of  potential,  in  volts,  between  the       '^"■ 
terminuls  of  the  galvanometer, 


V  =  1-1)72  ,  -  — 


(66) 


In  practice  a  reHistanoe  of  from  300  to  400  uhnis  is  generally 
required  !»r  B.  The  dec tromolive  force  of  the  standard  ceil  was 
determined  by  Prof.  T.  Gray  and  found  to  be  1'072  volts  at 
ordinary  teni|icraturc.  A  determination  of  the  electromotive 
force  of  the  same  coll  has  also  been  made  hy  Lord  Raylcigh,  who 
fonnil  it  to  bo  -743  of  u  Clark  cell,  the  electromotive  force  of 
which  wiia  1-4542  B.A.  volts,  nearly,  at  15°.  This  would  give 
very  upjiroximately  lOGfi  true  volts  for  tho  Daniell  cell.  It  waa 
taken  an  ru72  volts,  as,  notwithstanding  the  large  battery  in  the 
circuit,  iho  total  reaiittance  ia  ho  great  that  there  is  very  little 
polarization.  Tliiu  method  in  fact  is  peculiarly  well  adapted  for 
the  Duuieil's  cell,  as  tlic  slight  ciincnt  flowing  through  serves  to 
keep  its  platcK  in  a,  constunt  imd  fresh  alatc.  It  is  known  as 
LuniBiIiin'a  and  al«o  aa  BoBsoha's  method  of  comparing  electro- 
motive force  K. 

The  (liSerencc  of  potential,  the  magnitude  of  which  is  thua 
obtained,  is  chosen  such  as  to  give  u  convenient  deflection  on  the 
instrument  to  be  graduated.* 


CIlAl'TEIt  VIII 

MEASUREMENT  OF  INDUCTANCES 

Compari-  The  subject  of    the    experimental    deterrainatiou   of 
Ind^tion-  coefficients  of  iiitluction,  or,  as  they  are  now  called, 
Coeffi-     indudancen,  witli  one  another,  with  known  resistances. 
Induct-    "ud  witli  electrostatic  capacities,  has  attracted  much 
"°"*-     attention  during  tlie  last  fifteen  years.     This  is  a  con- 
sequence mainly,  on  tlic  one  hand,  of  the  cSbrts  that 
have  been  made  to  obtain  a  more  accurate  dctormination 
of  the  ohm,  and  of  the  ratio  of  the  electromagnetic  to 
tlie  electrostatic  unit  of  quantity  of  electricity ;  and  on 
the  other  of  the  vastly  increased  importanra  given  to 
induction  in  electrical  theory  and  practice  by  the  enor- 
mous development  which  has  lately  taken  place  in  the 
use   of    dynamos  and   especially   of   altemate-curreut 
machines. 

In  what  follows  an  attempt  ia  made  to  describe  the 
various  motliods  of  compari.'ion  which  have  been  devised, 
giving  in  each  case  a  fairly  full  account  of  the  theory 
of  the  method,  and,  if  possible,  an  illustration  of  the 
solution  obtained  by  one  or  more  examples  of  actual 
experiments.  We  shall  use  Mr.  Oliver  Heaviside's 
term  "  inductance  "  to  signify  what  is  generally  denoted 
by  "coefficient  of  induction,"  distinguishing  whore 
necessary  between  miUiuil  indiKtance  and  se^-isiduct- 
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a7ice;  but  as  self-induction  is  relatively  more  important, 
and  is  much  more  frequently  referred  to  than  mutual 
induction,  we  shall,  where  no  ambiguity  ia  likely  to 
arise,  use  the  single  word  "inductance"  in  the  sense  of 
"  coefficient  of  self-induction." 

It  is  convenient  to  consider  in  the  first  place  Eonie  pointe  of  drneml 
general  theory  wliicb  arc  of  importnnce  in  this  connection.  Tho  Theory  of 
equations  of  varying  currents  in  any  conductor,  or  circuit  of  Network 
conductors,  are  obluinable  from  ttio  electrokinetic  eneigy  and  the  of  Cou- 
dissipation  function,  when  these  are  known,  if  only  oleotrokinclio  dnetora. 
phenomena  are  in  question,  or  from  these  two  expressions,  to-  Carrying 
gethar  with  tint  of  the  electrostatic  energy,  if,  as  will  be  the  jf^T-^S 
case  in  some  of  the  proliloma  in  tlie  present  Chapter,  electroatutic  '"'«'wi"^ 
phenomena  have  also  to  be  laken  into  account. 

Equations  of  currents  have  been  obtained  above  (p.  160)  by  S«If  or 
considering  ;in  assemblage  of  complete  circuits  as  a  dyoamicai  Matual 
system;  hut  siniilar  equations  are  obtainable  in  precisely  tho  '"duct- 
same  way  for  the  currenta  in  the  individual  comiuctors  of  a  "J?*? 
network,  prov  ded  that  instead  of  resistances,  inductances  and  K^^." 
electromotive  forces  in  circuits,  the  resistances,  inductances,  self 
and  mutual,  of  the  comiuctors,  and  the  impressed  differences  of 
uotentiuls  between  their  terminals  are  used.  The  only  difficulty 
ta  ua  to  the  meaning  of  the  self-inductance  of  a  conductor  joining 
two  points  in  a  circuit,  or  the  mutual  inductance  of  two  such 
conductors  in  the  same  or  different  circuits.  But  all  such  ques- 
iions  are  resolved  by  adopting  some  proper  mode  of  calculating 
inductance  [for  example  Neumann's  fortnula  pp.  129, 171]  which 
enables  the  inductance  of  a  conductor  to  be  found  as  tliat  of 
a  part  of  a  circuit,  in  the  sense  that  when  the  inductances  of 
tho  parts  arc  calculated  in  this  way  they  ^ive  the  proper 
value  of  the  electro- kinetic  energy  of  the  circuit  or  tircuita 
for  any  possible  arran^jement  of  currents.  A  case  in  point  is 
that  of  two  or  more  coiU  joined  in  multiple  arc  between  two 
points  AB.  The  inductances  for  these  conductors  are  very 
approximately  those  obtained  by  regarding  the  coils  as  made  up  of 
so  many  complete  circuits  given  in  dimensions  and  position  by 
the  turns  of  wire'.  In  such  coses  the  flux  of  magnetic  induction 
through  the  part  of  the  circuit  considered  is  definite  and  calcu- 
lable, and  different  mellioda  lead  to  the  same  result.  But  there 
are  other  coses,  fur  example  that  of  a  Hertzian  vibrator,  in  which 
differeot  processes  lend  to  distinctly  different  values  of  the  self- 
inductance  of  tlie  apparatus  (see  Chap.  XIV.  below). 
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and  Elec- 
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Function. 


The  difficulty  here  indicated  is  avoided  by  a  device  adopted 
by  Maxwell.  A  network  is  made  up  of  a  series  of  meafaes  or 
*^  colls/'  in  which  each  individual  conductor,  except  those  form- 
ing the  outer  edge  of  the  network,  is  common  to  two  meshes. 
Maxwell  supposed  a  current  to  circulate  round  each  mesh  in  the 
same  direction,  so  that  the  actual  current  in  each  conductor  was 
the  difference  of  the  currents  round,  two  adjoining  meshes. 
Thus  each  mesh  is  a  closed  circuit  with  its  own  current  in  it,  and 
the  self  and  mutual  inductances  of  the  system  are  perfectly 
definite,  being  those  due  to  the  various  closed  circmts  each 
supposed  to  carry  unit  current. 

'laking  the  former  method  first  let  Z,  L^  ...denote  the  self- 
inductances  of  the  different  homogeneous  conductors  of  the 
system  supposed  linear  J^it  ^g*  •  .  •  •  i  the  currents  in  them,  3f]f, 
M^, ....  the  mutual  inductances  of  the  conductors  indicated 
by  the  suffixes,  then  as  at  p.  185  the  electrokinetic  energy  is 
given  by 


The  dissipation  function  is 


F^ilRkyi? 


(2) 


where  Rk  denotes  the  resistance  of  the  conductor  in  which  the 
current  is  yk.  If  E  be  the  electrostatic  energy  due  to  the  charge 
of  condensers 


E^^i^c^rn, 


(3) 


where  Cm  is  the  capacity  of  a  typical  condenser  of  the  system 
changed  to  a  difference  of  potential  fm  between  its  coating. 

The  effect  of  the  electrostatic  capacity  of  the  conductors  con- 
cerned is  something  quite  sensible,  and  mav  in  certain  cases 
be  allowed  for.  When  it  can  be  expressed,  the  part  of  the 
electrostatic  energy  which  depends  on  the  capacity  of  the  con- 
ductorp,  enables  the  terms  in  (6)  below  to  be  calculated. 

By  tliis  expression,  also,  when  it  can  be  calculated  for  the 

different  parts  of  tlie  conductors,  the  electrostatic  capacities  of 

the  connecting  wires  can  be  taken  into  account.    In  such  casefl, 

however,  the  capacity  can  in  general  only  be  roughly  estimated. 

Equation       Bringing  then  into  the  account  the  electrostatic  energy  re- 

of  Current  garded  as  potential  energy,  we  have  to  add  to  the  electrokinetic 

in  a  Single  applied  force  corresponding  to  the  current  yfc  the  electrostatic 

Conduc-    force  -  dE/dy^'     Thus  if  Fk  denote  the  difference  of  potential 

tor. 
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brttweeo  the  terminals  of  the  conductor  . 
fk  tbe  typical  equation  of  current  is 


I  which  the  current  ii 


Writing  down  the  eijnation  of  this  type  for  the  auocessive  Eqnation 
homogcneouB  conductors  taken  in  order  round  a  circuit  of  a  net-  °'  C^r- 
ivork,  and  adding  both  aides  of  the  equationa,  we  get  '*".'' '°  ' 


Kits    ajy+]     "7 

-where  Eia  the  total  internal  applied  electromotive  force  in  the 

circuit,  since  we   know  that  the  latter  is  the  sum'  of  the  diSer- 
ences   of    potential   between   the   terminals    of    the 
homogeneous  conductors  forming  it    This  equati 
written 


2<ij*  +  lfrtJ'>  +  JijA)-s-2jf- 


»ft 


I  may  be 

.    .     (6) 


in  which  the  summations  are  taken  for  all  the  condactore  of  the 
circuit  considered. 

This  equation  may  be  taken  as  the  most  general  form  of  the 
eo-called  "second  law"  which  Kirchhoff  first  explicitly  stated 
for  steady  currents  in  a  system  of  linear  conductors.  It  will  be 
of  Constant  use  in  what  follows. 

The  principle  of  continuity,  commonly  called  Kirchhoff's  first 
law,  is  generally  nSBunied  for  variable  currents,  and  it  is  also 
usual  to  asHinne,  as  has  been  done  above,  that  at  any  instant  the 
magnetic  force  at  any  point  due  to  a  varying  current  in  a  circuit 
is  the  same  as  would  be  produced  by  a  steady  current  equal  in 
intensity  to  thiit  which  exists  in  the  circuit  at  that  instant.  The 
Intter  assumption  is  justified,  for  points  which  are  near  the 
circuit,  by  the  theory,  confirmed  now  by  experiment,  of  propa- 
gation of  electromagnetic  action. 

It  does  not  seem  to  have  been  noticed  that  the  principle  of 
continuity  for  a  linear  circuit  can  be  deduced  from  the  law  of 
magoetJc  force  a^  follows.  Let  three  wires  meet  at  a  point  0, 
then  according  to  the  principle  of  continuity  Uie  rate  of  flow 
from  the  point  mudt  be  exactly  oquil  at  any  instant  to  the  rate 


Principle 

tinnilj  for 
Varying 
Currants 
darived 

from  Iaw 
of  Hag. 
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of  flow  to  the  point  at  the  same  instant.  Let  0  be  taken  as  the 
centre  of  a  small  sphere,  und  let  the  wires  pass  through  the 
surface  of  the  sphere  ^\.  A^ByC  (Fig.  108).  Let  a  path  be  drawn 
round  the  wire  A  on  the  sphere,  then  carried  to  J?,  then  to  C 
nearly  round  it,  and  finally  back  to  the  point  of  starting  from  A^ 
so  that  a  closed  path  is  traced  on  the  sphere,  consisting  of  three 
nearly  closed  curves  described  in  the  same  direction  round 
vl,  B,  C,  and  an  infinitely  nearly  closed  path  J!^  B\  C?,  not 
embracing  any  of  the  conductors.  A  magneti<i  pole  carried  round 
the  complete  path  will  have  no  work  done  on  it  on  the  whole, 
since  the  path  does  not  really  surround  any  conductor ;  in  other 
wonls,  it  could  be  shrunk  to  a  point,  without  cutting  through  the 
coiuluctor,  and  the  work  done  in  carrying  a  polo  round  the 
infinitely  nearly  closed  path  A\  B\  O  also  vanishes.     [To  see 


Fio.  108. 

this  it  is  only  necessary  to  conceive  the  path  opened  out  into 
an  open  loop,  slipped  back  beyond  the  centre  of  the  sphere  and 
then  shrunk  up.]  But  if  yi,  y^^  Vs'  ^^  ^^^®  currents  in  the  wires 
at  Ay  B,  6,  all  reckoned  as  inflowing,  or  all  as  outflowing,  the 
work  done  on  the  pole  in  the  three  paths  closely  surrounding  the 
wires  is  47r(yi  +  72  +  73),  and  thus  must  be  zero,  since  the  work 
done  round  A'  B'  C  is  zero.     Hence  we  have 


4^(yi  +  y2  +  y8)=0 


or 


yi  +  y-i  +  Ti^^ 


(7) 


that  is  the  total  current  arriving  at  or  flowing  away  from  the 
point  at  any  instant  is  zero.  The  same  thing  can  obviously  l>e 
proved  in  the  same  way  for  any  number  of  conductors  meeting  at 
a  point. 

Returning  to  the  dj-namical  equations  of  currents,  the  equations 
for  Maxwell's  method  of  meshes,  each  carrying  its  own  current, 
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Hi 


aro  caBily  written  liowii.   The  quantitiiiS  of  electricity  wliitli  littve   Tlieory  of 
flowed  round  tlio  differont  meslieit  froui  any  era  of  reckoning  up   Mazwell'i 
to  tlie  instant  under  conuiderntion  become  tlie  genoralieed  ton-    Jp?"'*" 
(liictorM,  nod  their  tiine-rnleH  of  vnriation,  or  the  eurrcnts  at  tliat    Met!"™- 
instant,  the  corrusponding  velocities.     If  then  L^,  Lf,... denote 
tlio  Bclf-inductHnccs  of  tlic  differt'iit  Tnoslien,  each  regarded  iis  n 
separate  circuit,  in  wliicli  currents  j?,,  ^j,...flow,  ^j,,  ^«,...tlic 
mutual  inductaiic«B  of  tlie  paira  of  meshes  iiidicatc<l  liy  the 


T  =  i  U;^,'  +  -iif^h^,  H 


-.) 


(«) 


Again,  if  ^jtdenote  the  rosistauco  of  a  conductor  which  adjoiofi 
,n-u  iiieBlics  distinguished  by  tlje  suffixes  j  and  h, 

■    .    OJ) 


with   (3)  above  enable  the 


These  tw,i  e^iialiona  with  (3)  above  enable  the  ciiuitions 
currentK  for  the  diffeicut  meshea  to  bo  written  down.  They 
thus  of  the  typo 

jir+y'-^j-'i (.0) 


of   E<]Uation 
Cnrrvnta. 


it  indicated  by  the 


where  Ej  is  the  electro 
HufKx  f. 

TtiLs  method  avoiiU  the  necessity  for  an  explicit  reference  to   Compari- 
thcprincipleof  eontiuiiity,iuasiuuch  as  this  principle  is  assumed  bou  of  the 
iti  the  statement  of  the  iiiethwl,  and  it  is  convenient  for  the       Two 
systematic  working  out  at  a  complicated  system ;  but  with  the    Hetliods, 
electro  kinetic  energy  expressed  in  the  above  form,  which  is  the 
slriclly  accurate  one   when  the  generalised  velocities  ore  tho 
mesh-  or  cycle-currents,  it  is  not  convenient  for  tlio  derivation 
of  equations  from  which  the  inductances  of  given  condutrtors  are 
to  lie  obtained.     In  these  applications,  however,  it  is  usunl  to 
modify  the  form  of  the  elect  roki  no  tic  energy  by  writing  it 


=  i  S  {/J*  (jy  -  y*)-  +  2.'/tf *)('-)  (^1  -  M'  • 


(") 
where  /^t  is  the  self-inductance  of  the  conductor  c 
two  cycles  indicated  by  the  sulFixes,  and  U(ji,)(im)  the 
ductmce  between  that  eondnulor,  and  the  conductor  c 
the  two  meshes  indicated  by  tlio  suflixes  fa.  Unt  this  merely 
amounts  to  using  the  first  metliod  after  all.  In  general  it  is 
quite  easy  to  write  down  the  ei|uations  for  the  different  conduc- 
tors from  (4)  for  the  first  method,  applying  the  principle  of 
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coDtiniiity  meiitjitly ;  nnd  aa  an\y  one  symbol  is  required  for  tbe 
ctirrcnt  in  e&cli  conductor,  tbc  first  nctliul  Iiqh  the  udvontage  of 
greater  brevity  of  ex  pre  wi  on. 

The  coinparisoD  ot"  intiuctances  comprises  five  problems 
with  which  wo  simll  deal  in  succession :  the  comparison 
(1)  of  two  mutual  inductances,  (2)  of  two  self-induct- 
ances, (3)  of  a  mutual  inductance  with  a  self-inductance, 
(4>)  of  a  mutual  or  self-inductiince  with  a  resistance, 
(5)  of  a  mutual  or  self-inductance  with  an  electrostatic 
capacity. 

Of  the  first  problem  the  following  solution  has  been 
"  given  by  Clerk  Maxwell.     Let  A^,  A^,  (Fig.  109)  bo 


I 


tin;  two  coils,  the  mutual  inductance  3f^  between  which 
is  to  bo  compared  with  that  between  two  other  coils 
Ai,  Aj.  Aj  and  A^,  A^  and  A^  are  placed  opposite  one 
another  at  the  required  distance  in  the  case  of  each 
pair.  A  circuit  is  made  up  of  A^,  A^,  a  battery  and  a 
maki-and-break  key  K;  while  Ay  A^  are  joined  up  as 
a  secondary  circuit  to  wliieli  the  former  is  the  primary, 
aud  a  briinch  contnininj;  a  galvanometer  is  made  to  join 
two  points  F,  Q,  on  this  latter  circuit. 
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The  resiatanceB^j,  ^of  the  coils  ^,,^3,  respectively,  E«tloof 
with  any  additional  resistance  iacluded  with  tho  coil  ia  aaeta 
each  case  up  to  FQ,  are  adjusted  by  adding  resistance  °^*^l^ 
coils  from  boxes,  until  there  is  no  current  through  the  of  Two 
galvanometer  when  the  battery  circuit  is  made  or  anew." 
brotcen,  and  are  then  compared  by  means  of  a  Wheat- 
stone's  bridge  or  other  couveoient  method.  We  have 
then 

if,j     .B, ^^-■' 

To  increase  the  sensibility  of  this  and  similar  methods, 
some  arrangement  such  as  Ayrton  and  Ferry's  secohm- 
meter,  described  below,  for  successively  making  and 
breaking  the  battery  circuit,  and  sending  the  successive 
integral  flows  through  the  galvanometer  in  the  same 
direction,  must  be  adopted. 

Tu  prove  the  condition  (12)  let  Z„  Z|  be  the  aelf-inductanceEi  Theorj  of 
of  the  coils  jti,  jit,  L  tlie  self-induclence  of  the  buttery  circuit.  Method. 
and  r  that  of  the  galviinomeler.  Then  if  «  be  the  battery 
current  at  »ny  instant,  i,y,  the  curreotM  in  the  Bame  direction 
round  A■^,  At,  respectively,  the  current  through  the  galvanometeT 
ie  x~j,  aod  the  electrobinctic  energy  of  the  system  ia  given  by 
tlie  equation 

r=i{£««  +  i,i'  +  i^  +  r(i-^)>  +  2^„«r  +  2itf««-/i.  (13) 

If  R  be  the  reaietAuce  of  the  battery  circait,  0  th«  resiatance 
of  the  galvanometer,  we  get  for  the  dissipation  function 

Z-.41/f«'+fl,i»  +  iE,/  +  (?(i-^)»I.    .    .     (14) 

Since  the  imoresaed  olectromotive  forcea  correaponding  to  i,  f, 
are  zero,  we  nave  by  (4) 


446  MEASUREMENT  OF  INDUCTANCES 

Equations   Hence  by  (13)  and  (14) 
of  Cur- 
rents. L{x  +  r  (i -y)  +  jl/jjir  +  Ryi  +  0  (i-/)  =  0 

i'2y-r(i-y)  +  -Vs4«  +  ^3^-^(i-j^)=(H 

or,  integrating  and  writing  z  for  i-y,  and  taking  account  of  the 
fact  that  .r,  y,  i,  y,  »,  arc  initially  zero,  we  obtain  two  equations 
which  may  bo  written 

{ {K  +  0  i^  +  A  +  O]  z  +  (iii  +  iJ,)y  +  Jlf„  «=0 

Eliminating  y  between  these  we  obtain  an  equation  of  the 
form 

where  A^  Bj  C,  A  ^  ^r©  constants. 

Deduction       Soon  after  completion  of  the  primary  circuit  the  current  in 
of  Condi-    the  secondary  will   have   died   out.     Then   the   last   equation 
tion  for  no  becomes 

integral  Cz  =  Ey (16) 

Galvano- 
meter-     where  y  is  the  steady  current  in  the  primary.     By  inspection  of 
Current.     (^5)  ^  ^j,  ^^^^  ^^  g^^  j^j^^ 

6=  /?3  (i?i  +G)  +  R^  0,  E=  .1/34  Ri  -  3/13  Rt. 

Thus  (16)  becomes,  since  z=x—y 

•^     R3{M,+  G)  +  R^G ^"'^ 

Hence  if  r  ( =  jr  — y)  =  0, 

^^^34  ^t?? (17) 

the  relation  stated  above. 

It  is  to  be  noticed  that  if  j  =  0  at  each  constant,  and  this 
relation  be  fnllilled,  D  =  0,  that  is  by  (15) 

J/12      Li 
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Thus  tlie  ratio  ^j/£j  is  also  the  ratio  of  the  eelf-indiictaDces, 
if  tlie  urrangementH  be  such  that  no  current  whatever  passea  in 
eitlicr  direction  through  tlie  galvsnometor. 

It  is  BonietimeB  important,  as  Lord  Itayleigh  Iisb  pointed  out,* 
thnt  this  last  oonditiou,  und  in  other  cases  a  similar  one  if  it 
exist,  should  be  fulfilled  in  order  that  the  method  may  be  an 
absolutely  null  one.  Very  frequently  unless  the  gnlvanometer- 
iicedle  is  of  very  long  period  it  ahows  conBiderable  uneasioeas 
emu  if  the  condition  for  zero  integral  current  is  fulfilled.  The 
fulfilment  of  (18)  or  a  corresponding  condition  may  be  brought 
(ihout  by  the  insertion  of  self-inductance  in  addition  to  that 
a^ociated  with  the  conductors  employed  ea  reaistancea. 


branch  od  both  the  primary  and  the  secondary  circuit,    uutnal 
as  shown  in  Fig.  110,  and   the  galvanometer  in  the    I"^""'- 


circuit  of  one  of  the  coils  as  A^,     Let  the  resistance  of  M?difii»- 
the  coil  A^  and  connections  to  the  right  of  AB  he  E^,  Mainell 
the  resistance  to  the  left  of  AB  B^,  the  rpsistancea    "«*'"^ 
similarly  to  right  and  left  of  CD  Ry,  R^  {R^  including 
the  resistance  of  the  galvanometer),  the  resistance  of  the 
derived  branch  on  the  primary  5,  of  the  derived  branch 
on  the  secondary  S. 


'  British  Association  Beport,  1SS3. 
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ances in 


With  this  arrangement  when  no  current  through  the 
galvanometer  is  produced  on  depressing  or  raising  the 


'^vl™^^^  battery  key  the  relation 

J/,,^iS  (i2.fi?,) 


Resist 
ances. 


(19) 


Particular 
Cases. 


holds.  Thus  the  mutual  inductances  are  opposite  in 
sign,  that  is  the  coils  must  be  joined  up  so  that  the 
induced  electromotive  forces  in  the  secondary  circuit  are 
opposed.  In  the  test  therefore  the  coils  are  joined  up 
in  this  way,  and  the  resistances  are  adjusted  until  no 
deflection  of  the  galvanometer  needle  is  produced  by 
making  or  breaking  the  battery  circuit. 

If  iZ  =  00 ,  that  is  if  there  is  no  derived  branch  on  the 
primary,  the  relation  (19)  becomes 


M,,_E,  +  S 


M 


12 


s 


(20) 


In  this  case,  since  numerically  J/]j^  >i/j2.  the  galvano- 
meter must  be  placed  on  that  side  of  CD  on  which  the 
induction  is  the  weaker. 

If  5=  00,  that  is  if  there  is  no  derived  branch  on  the 
secondar}'', 

(21) 


.^- 


If,  for  the  coils  in  the  positions  of  Fig.  110,  -J/i2>-^^3t 
numerically,  (21)  becomes  —  MiJM^^  =  Ii/{B  +  B^. 

Theorv  of       Let  u  bo  tho  current  at  any  instant  throni^h  the  battery,  and 

Method,     tlierefore  tlirougb  J^^  u'  tlie  current  at  tbe  same  instant  througb 

A^,  then  tlie  current  in  JB\h  ii-  u      Denoting  now  by  L^  L^,  /, 

the  inductances  of  the  tliree  parts  into  which  the  primary  circuit 
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ii  rJivided,  namely  J^  A„  and  ttia  derived  branch  ^if,  by  L'  the 
inductance  of  tlie  denvea  branch  CD,  we  have 

T^\  IZi'  +  L^p  +  i'  {> -y)>  +  7^i'»  +  Z,«,'  +  i {« -  i'}* 

+  2,V,j«'f  +  2.I/„«^.    .    .    .     (22) 

/■=i  :ff,i^  +  «3J^  +  A-{.f-j?)'  +  if4«*  +  J^5«'*  +  ii {«--')■-;■  (23) 

where  i,  ^  denote  as  before  the  currontB  in  .i„  Ay 

The  equntiona  of  currents  obtaEned  from  these  and  integrated 
over  any  interval  from  ao  instant  just  before  the  contact  was 
itiode  or  broken,  with  attention  to  tlie  fact  tliatthe  initial  vnlnea 
of  tlie  variable  quantities  aro  all  zero,  give  equations  which  can 
lio  written  in  the  form 


('.+  '.•)>/',  +  .«)'-(/.■  j,  +  .v),+  .'/„-'-o 


Klltiiination  of,y  from  these  gives  an  equation  of  the  form 
.ix+  BJ-+  Cx=Di  +  D'i-  +  Eii  +  E-a: 

If  the  currents  liave  become  steady  this  reduces  to  iDtegrai 

Current 

f'j'  =  Ey  +  E'y',  through 

Golvaiio- 

where  J-  is  the  time -integral  of  the  current  which  has  passed     meter; 
through  the  galvanometer,  and  y,  y  are  the  steady  cii 
the  battery  and  the  coil  A^.     Hence  y'^yJij^R  +  JL),  ' 


-{"+"■  «-h.y 


=  (/(,+  . V)(/f,  +  .V)-. V- 


Hence  (25)  liceotnes 


.V^-Syi  +  Ji:)  +  .1/,,  /i  U<^  +  .VI 

"ifli+^.ji;(ff,+  .S')(^, +  .v}-.s'^i^ 


450 


MEASUREMENT  OF  INDUCTANCES 


Condi  tiou 

for  Zero 

Value. 


Ayrtoii 

and 

Perry's 

Secohni- 

meter. 


If  T=0  this  gives  at  once 


(26) 


Use  of 
Sccolim- 
nicter  for 
Compari< 
son  of 
Mutual 
Induct- 
ances. 


the  condition  (19)  above  for  no  integral  current  tlirougli  the 
galvanometer. 

As  stated  above,  the  sensibility  of  these  methods  may  be 
greatly  increased  by  using  successive  reversals  of  the  battel^' 
current,  with  a  proper  arrangement  for  commutating  the  inductive 
flows  through  the  galvanometer.    An  excellent  contrivance  for 
this  purpose  has  been  provided  by  Professors  Ayrton  and  Perr}* 
in  the  Secohmmeter.    This  is  un  arrangement  of  two  rotary 
commutators,  worked  by  the  same  spindle,  one  for  periodically 
interchanging  the  points  to  which  the  gah'anometer  terminalii 
are  attached,  the  other  for  reversing  the  battery  circuit.     Eacli  of 
these  commutators,  as  will  be  seen  from  the  diagrammatic  sketches 
(Fig.  112)  showing  the  mode  of  using  the  instrument,  consists  of 
four  brushes  pressing  on  a  cylindrical  surface  made  up  of  t^'o 
nearly  semicylindrical   metal  pieces    separated    by  insulating 
material.     The  relative  times  of  reversal  by  the  two  commuta- 
tors can  be  adjusted  to  suit  the  purpose  for  which  it  is  to  be  used. 
Tiic  spindle  can  be  driven  by  a  handle  or  by  any  convenient 
small  motor.    For  a  given  speed  of  driving,  two  speeds  of  the 
commutators  can  be  arranged  for.     With  one  there  are  rather 
more  than   eight,   and   with  the   other  twenty-four,  reversals 
effected  by  each  for  one  turn  of  the  handle  or  driving  pulley. 
The  speed  of  the  driving  handle  or  pulley  is  governed  by  a  fly- 
wheel. 

For  example,  the  instrument  can  be  applied  to  the  comparison 
of  two  mutual  inductances  by  the  methods  just  describe<L  The 
battery  commutator  is  arranged  to  reverse  the  battery  circuit  at 
an  instant  when  the  galvanometer  circuit  on  the  secondazy  is 
complete.  An  induction-flow  takes  place  through  the  instrument 
unless  the  proper  adjustment  of  resistances  has  already  been 
made.  After  the  battery  current  has  reached  its  steady  value» 
the  galvanometer  tenninals  are  reversed  by  the  commutator 
preparatory  to  a  second  reversal  of  the  batterj'.  The  flow  due  to 
induction  in  this  second  case  thus  takes  place  through  the 
instrument  in  the  same  direction  us  before,  and  so  on  as  the 
commutator  revolves.  If  the  period  of  rotation  is  small  in  com- 
l)arison  with  that  of  oscillation  of  the  needle,  the  result  is  tog^ve 
a  steady  deflection  equal  to  that  which  would  be  produced  by  a 
current  equal  to  «^,  where  n  is  the  number  of  reversals  of  the 
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buttery  per  second,  and  q  the  quaatity  of  electricity  wbicli  pasaes 
lit  each  of  tlieiii. 

Tlie  sensibility  therefore  increases  with  tlie  speed  of  rotiition  ; 
hut  in  the  present  application, as  in  all  others  in  wiiicii  only  the 
integral  jlom  through  the  gaIi'iinoineter,taken  over  the  inten-al  of 
variation  of  battery  current,  vanishes  for  certain  experimental 
tkiniigeinents,  tlin  speed  must  not  be  so  great  as  to  prevent  the 
battery  current  from  reaching  its  steady  value  between  eacli  pair 
of  reversals.  In  coses  in  which  tlie  method  ia  really  "  null "  the 
speed  may  l>e  made  as  high  as  is  thought  desirable. 

M.  Brillouin*  has  carried  out  soma  careful  comparisons  of 
mutual  inductances  by  tliese  mothods.  He  used  (1)  a  derived 
branch  on  the  primary,  (2)  a  derived  brunch  on  the  secondary 
(w-itb  in  each  of  these  coses  the  galvanometer  in  series  witli  one 
of  the  coils  in  the  secondary),  (3)  tlio  g-alvanoraeter  in  the  de- 
rived branch  on  the  secondary.  We  give  here  a  short  account 
of  eiperiments  (1)  and  (3). 

The  derived  branch  in  (1)  was  made  up  ot  a  resistance  box 
reading  to  froctions  of  au  ohm.  As  its  coils  were  not  wound 
double  it  waa  placed  at  a  distance  from  the  rest  of  the  apparatus. 

The  galvanometer  used  had  a  resistance  of  900  ohmB  and  was 
an  astatic  needle  mirror  instrument.  It  was  provided  with  a  damp- 
ing vane  of  wire  gauze,  and  was  enclosed  in  a  case  to  shield  off 
air  currents.  The  observations  were  made  in  Uie  ordinary  way 
by  means  of  a  telescope  aod  attached  scale  placed  at  a  distance 
of  1  metre  from  the  mirror. 

The  connecting  \vires  tvere  carried  along  side  by  side  to  reduce 
tlieir  external  action  us  nearly  as  possible  to  zero. 

As  the  galvanometer  was  not  sensitive  enough  to  enable 
measurements  to  be  made  satisfactorily  with  a  single  make  or 
break,  a  rotating  cummutator  driven  by  a  Qramme  motor  was 
arranged,  so  that  in  each  turn  it  (1)  connected  the  galvanometer 
with  the  secondary  circuit,  (2)  closed  the  primary  circuit,  (3) 
short  circuited  the  galvanometer,  (4)  opened  the  primary. 

The  secondary  circuit  was  kept  closed  permanently  and  the 
j^aWanometer  received  only  the  trunaient  current  at  each  closing; 
of  the  primary.  About  10  impulses  were  given  to  the  needle  per 
second,  and  a  permanent  deflection  was  thus  produced. 

The  coils  used  ware  first  a  pair  consisting  of  an  exterior  coil 
madeofacubleof  twenty  insulated  wires  lightly  twisted  together, 
surroundinz  an  internal  bobbin  uf  somewhat  thick  wire.  The 
mutual  inductance  between  the  internal  bobbin  and  each  of  the 
twenty  strands  o£  the  other  was  the  same,  J/sny. 


H.  Bril- 
Experi- 


Arraiigt- 
ment  of 
Apparatus 

with 
Derived 
Branch  on 


Rotating 
Conimn> 
tator. 


'   Thci 


I  I'rci-iilres  (t  In  Faeidli  tl-:a 
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enabled  ony  number^  of  tlie  strands  to  l«  oppoaed  to  tbe  rest, 
so  that  tlie  coefficient  of  induction  between  the  two  hobbinB  wua 
reduceil  to  {20-2p)M.  Tlie  mren  however  being  kept  in  series 
the  n-sistnnce  did  not  van*. 

Till!  muiniutii  miitiiHlinductiiDCe  oftheeecoilH  will  be  denoted 
by  .l/,j. 

In  experiiiieiitH  (1)  of  wlilch  results  nre  (jLioled  beh>w  a  pair  of 
uoils  wan  lined  of  tnutiial  inductance  intermediate  (for  the 
positions  adopted)  between  the  innxiinuin  and  niiQiinum  induct- 
ances of  the  apparatus  juKt  ileacrihed.  We  shall  denote  the 
iiuitiiiil  inductance  of  lliese  coils  by  ^f^. 

A  pair  uf  coils  itBC<l  in  experiiuents  (3)  cotieisted  of  a  very 
carefully  wound  bohbia  ii£  thick  wire  19  cuis.  long,  and  10  cms. 
in  internal,  12  cms.  iu  external  diameter,  placed  concentrically 
with  n  small  coil  of  length  47  cms,  and  intemul  and  external 
diameters  1  cm.,  5  cms.  respectively.  The  latter  bobbin  could 
be  turned  round  through  any  required  angle  by  means  of  an 
indes  and  divided  circle.  The  external  coil  being  long,  tlie  two 
coils  had  a  coefficient  of  mnlual  induction  proportional  to  the 
cosine  of  the  inclination  of  the  axes. 

The  coefficient  of  induction  between  these  coils  in  any  given 
relative  positions  will  be  denoted  by  M'^. 
Itmiilts  of      The  following  are  the  results  of  five  experiments  made  with 
Kxpuri-     different  fractions  A  of   J/,j,  ftn<l   no   derived    branch   on   the      | 
ineniB.      secondary.     The  ratio  of  tliu  coefficients  comes  out  as  shown  in 
(21)  in  terms  of  the  resistance  /i  of  the  shant  on  the  primary, 
and  H^  the  resistance  of  the  colt  M  in  Fig  109,  S,  was  corrected 
to  agreement  at  tiie  temperature  of  cxperinient  with  the  box 
from  which  R  was  tiiken. 
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luent,  and  nt  one  temperatuto  12°-6C.  witii  AMft<M„.  TUe 
ratio  tit  thiB  case  cornea  out  in  terms  of  the  reaistance  £,  of  the 
coil  ^4  and  any  non-inductive  reaistaDce  in  serieB  witli  it,  and 
tlie  reaiHtunce  Ji  of  the  derived  branch.  £,  was  that  of  the 
bobbin  jf„  together  with  a  resistance  seven  times  ae  groat, 
malting  H, « 18-49  ohms  in  all. 
The  results  are  given  in  the  table. 
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JA2,'J/„  =  I-670,  93/it/3/"M=l-504,  ■8JU',»;'J/„=  1-3.34 

which  closely  agree  with  the  values  of  (R-i-Ii^)/B^  then  found. 

A  set  of  experiments  was  also  made  with  the  (galvanometer  ^zpetj- 
induijed  in  a  derived  branch  on  the  secondary  according  to  the  montt  by 
arrangement  of  which  the  tlieorj"  is  ^ven  above  p.  446.  liUzirrll's 

The  gu.lranome[er  was  a  very  sensitive  astatic  instrument  of  Methoil. 
the  Thomson  pattern  with  a  coil  of  7,000  ohms  resistance.  The 
coils,  which  were  the  two  pairs  already  described,  were  nt 
diataacea  of  only  about  21  [uetrts  from  the  galvanometer,  but 
were  placed  in  such  positions  that  the  direct  action  of  each  on 
the  needle  was  steto.  They  could  be  turned  through  10"  from 
these  positions  vithout  producing  nny  sensible  action.  The 
induced  currents  in  the  small  bobbin  of  the  second  pair  of  ooils, 
was  found  to  produce  no  direct  effect  ujran  the  needle  in  any 
poHition  in  which  the  bobbin  was  used. 

Ail  the  joining  wires  had  their  outgoing  and  return  parts 
together  and  were  carefully  insulated. 

Tiie  primary  circuit  contained  a  battery  of  10  Daniell's  cells;  Method  of 
and  the  rotating;  commutator  was  not  employed,  as  the  galvan-     Experi- 
oraeier  was  sufficiently  sensitive  to  shown  single  impulse  when    luenttng. 
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tbe  integral  current  through  it  was  not  zero.     For  the  Snsl 
iid  jiiatrnent  tlie  defleellone  were  amplified  by  closing  and  opening 
tlie  circuit  wlien  the  needio  waa  passing  tlirougli  zero  alternately 
in  opposite  directions.    Any  want  of  perfect  adjuBtinent  mani- 
fested itaelf  by  the  nggregate  effect  of  tlie  Bucceasive  exceedingly 
Miiall  iiupulaes  thus  given,  since  tI<eBe  all  temled  lo  increase  ilie 
kinetic  energy  of  the  needle. 
Etri'Ct  of        But  for  balance  in  theae  circumBtaiicea  it  is  neceoaary  that  tbe 
Cnirenu    effecta  on  the  needle-system  of  ennipleting  the  circuit  and  of 
i"  breaking  tlie  circuit  si lould  botli  be  Kuro.     It  was  found  at  first 

SniipMided  (],gt,  while  making  tlie  circuit  produced  no  effect,  hreaking  it 
V^-      "'"^"J*  produced  a  alight  impulse.     This  M.  Brillouin  traced  to 
-      iiiduetive  action  between  the  coils  and  the  metallic  vane  attached 
to  the  needles  for  the   purpose   of  damping.     This   induction 
depended  un  the  law  of  variation  of  the  indulged  current  in  the 
coils  and  took  ttlace  notwithstanding  the  fact  that  the  integral 
current  at  break  was  zero  as  well  as  that  make.    By  placing  a 
condenser  acroaa  the  primary  circuit  and  the  make  and  break 
key,  the  law  of  variation  of  the  current  eoulil  ho  altered ;  itnd  it 
was  found  thai  a  corresponding  cliange  took  place  in  the  deflec- 
tion.   The  electromagnetic  action  lietu'een  the  induced  currents 
in  the  vane  and  the  inducing  current  in  the  coils  clearly  ought 
to  cauae  such  effecia  as  thoBe  observed. 
KUiuiEri-        It  was  found  that  this  action  had  a  masimumfor  any  position 
,Jf°°  °|J     of  the  needles  when  the  capacity  of  the  coudenBer  was  ■■J5  micro- 
Uiaturb-    forod,  and  tliat  wlien  the  name  was  quite  Byninietrically  placed 
ances.       relatively  to  the  coils  the  effect  always  viiniahed,     A  eondeUBer 
of  this  capacity  was  therefore  applied,  and  the  position  of  the 
needles  adjusted  by  the  directing  lungnet  until  the  effect  was 
Kero.     Tile   experiment   was   then  mode,   nn<l   the   method  of 
multiplication  iiaed  for  the  deflect i'lnB,  with  certainly  that  the 
effect  of  make  was  exactly  eqiiul  and  opposite  to  that  of  break. 

By  (12)  above  we  have 

«/,,  _  fl, 
-"';*      ^j" 

Kfnulte  of      In  the  experimenta  made  J{,  was  constant  and=974-2  ohms, 

Eiperi-     while  Ji.  was  made  ui>  of  a  conataiit  part  Ji=  1264'1  ohnw,  and 

meats,     a  variable  part  r.    Tne  results  of  one  set  of  ez])crimentB  are 

given  in  the  table.     The  fourth  column  is  calculated  by  faking 

the  fraction  A  of  the  sam  of  the  reRulls  in  column .'),  and  indicates 

the  cloeeueKs  of  ngreemeut  of  the  reBults. 
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The  following  method  of  comparing  two  self-indnc-   Compari- 
tances  is  due  to  Clerk  Maxwell*     The  two  coils  the  Two°aelf. 
inductances,  Zj,  Jj,  of  which  are  to  be  compared  are    Indn«i- 
placed  in  adjacent  brancheB,  AC,  AD,  of  a  Wheatstone 
bridge  (Fig.  Ill),  and  balance  is  obtained  for  steady 


currentB  by  properly  adjusting  the  (non-inductive) 
resistances  R,  S  of  the  branches  CB,  DB,  If  the  resist- 
ances of  the  branches  AC,  AD  he  P,  Q  respectively, 

■  El.  nnd  May.  Vol.  ii.  p.  3S7,     {Se<:on<l  EJition.) 
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and  the  inductances  of  the  branches  CB,  DB  are 
negligible,  the  relation  fulfilled  when  the  balance  is 
attained  is,  as  we  know,  PS  =■  QR,  If  besides  this  the 
relation 

f'  =  -? (27» 

be  fulfilled,  there  will  be  also  balance  for  transient 
currents,  and  no  deflection  of  the  needle  will  be  pro- 
duced when,  the  galvanometer  branch  CD  being  com- 
plete, the  battery  circuit  is  made  or  broken.  Or  the 
coils  may  be  placed  in  AG,  CB  so  that  L^  is  associated 
with   r  and   L^  with    R ;  then   balance   is   obtained 

when 

7*        P 

L.'R ^^*  ^ 

A  secohmmeter  may  be  used,  as  shown  in  Fig.  112  to 
increase  the  sensibility.  Balance  for  induction  cur- 
rents  is  simply  tested  for  by  rotating  the  commutators. 
The  arrangement  of  the  apparatus  will  be  obvious  from 
the  diagiam. 

Theory  of       To  prove  (27)  and  (27')  we  write  down  by  (6)  tlie  equations  of 
Method,     currents  of  the  circuits  ACDA,  CBJW.  putting  P,  G,  for  tlie  self- 


instant.     The  ei|uatinns  are  by  (6) 


E.inntiou9   7,,.r+ /'.,••+ Py +<?#- /;,(«-i) -(?(«- i)=-0  \ 

Cumnts.  />3(^-.y)+^(*-y)-^("-.iH-i')-*(«-'-+y)-ry-  r;y=o/  ^  ^ 

Integrated  over  the  whole  period  of  variation  of  currents  these 
equations  become,  since  there  is  finally  zero  current  in  CI), 
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(/■+</).r  +»,.?„  + 


wliere  X,  ji,  a  di;n'itc  Ilie  quantities  of  electricity  wLicli  have 
flowed  tliroiijtii  AC,  CI),  and  tlie  battery,  respectively,  in  the 
inCervnl  of  iiitejfration,  y  denotes  the  steady  current  through  the 
battery,  mid  for  the  stendy  current  in  the  branch  AC  has  heen 
putitBvnhieT^'C/'+i?). 


punns  Uiit'H  rci>r»«ul    |nTio«ii(nl  cnnnwtioim   fUMid*  liist 
iloltnf liiKH  trnipotiry  ionn«'tion»,  IiiIJkc.  *r. 


cnnnMtioiia  (DMidd  liistruioenl,  tl 


Elimionticin  of  r  from  (2t>}  giveH 

y^-yi -        ■    (30) 

-;.  ;o(/'  +  '?  + A +-v; +  (/'  +  «(«  +  « 
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Hence  in  order  that  y  may  be  zero  we  niuBt  have 


or  if  X3,  Z4  be  negligible 


the  relation  stated  above. 


L 


p 
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It  is  to  be  noticed  that  if  Li  bo  negligible  in  comparison  with 
the  other  inductances,  and  P  be  finite,  balance  will  be  obtained 
if  the  resistances  Q*  J^^  S  are  snch  that 


q  ^  H       S 


(31") 


This  result  will  be  of  use  in  connection  with  the  comparison  of 
a  mutual  inductance  with  a  self-inductance. 

We  may  now  shortly  investigate  the  sensibility  of  the  arrange- 
ment. If  r  be  the  resistance  of  the  battery  branch  AB,  the 
resistance  of  the  whole  circuit  for  steady  currents  is  evidently 
/  +  PQ;(P  +  Q)  +  RS:{R  +  A'),  or  since  >N=  QR, r  +  SkP  +  R\i 
{R+S).     If  E  he  the  electromotive  force  of  the  battery 

y^EI\r  +  S{P+R)i{R+S)). 
Thus  (30)  becomes  with  a  little  reduction 

Is  -  P  (^^  4-  -^  -  -^^ 

If  the  ratio  RIS{=Pi'Q)  be  taken  as  fixed, and  Pami  G  given, 
R  is  to  be  taken  so  that  the  denominator,  J)  say,  of  this  expres- 
sion fory  may  be  a  minimum.     Denoting  RjS  by  p,  we  have 

Ciilciilating  illJ/iHi  from  this  and  equating  it  to  zero  -ive 
tin.l 

,,sjLir<P  +  '-^»+^y< (33) 
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If  the  condition  (31),  and  the  relation  L^—LjL, 
f  iiltiUeil,  the  difference  of  potential  between  C  and  J)  is  aiwajB 
zero  and  tliertfore  not  only  is  lliere  no  inteCTal  flow  from  C  to  J), 
hut  the  curreat  at  each  instant  1ft  itero.  This  may  be  seen  as 
follows.  Assuming  that  the  difference  of  potential  at  iiny 
inatant  is  zero,  there  will  be  no  current  through  the  gnlv  ana  meter. 
Hence 


469 

are  Conditiona 
ays        that 
,  s,    Oalvano- 

i,ny     Current 
Zero. 


V  +  ^=ii("->)  +  ^(*- 


■'■■). 


Eliminating  ii  from  these  equations  we  get  the  relation 

(iji,-  i.z.i)  J-f + {L,q  +  i,n-L,s-i,F}  f-  +  {QR  -  psyi=i 

which  must  hold  for  nl!  values  of  J,  <£r/rf(,  'Pi/dfi.     Hence  w< 
muit  have  in  the  Arst  place, 

QU  -  P.?  =  0 

the  condition  for  balance  in  tlio  coue  of  steady  currents. 

Equating  thecoelGcient  of  r/j'/r/f  to  zero,  and  using  the  relatior 
QR= PS  W6  get 


which  is  the  condition  [(31)]  that  there  eh onld  he  do  integral 
flow  through  the  galvanometer  at  make  (or  break)  of  the  battery 
circuit. 

Lastly,  equating  the  coefficient  of  iPrjilP  to  zero,  we  Hnd 


/.■jl^-LiL,= 


m 


which  shows  that  if  C  and  D  nre  kept  at  one  potential  always,  Use  uf 
the  inductances  of  the  branches  of  the  bridge  must  fulHl  a  rela-  Telephone 
tion  precisely  similar  tu  that  fulfilled  by  the  reeiatances  when  m 

there  is  balance  forslcady  currents.    The  relations  (31)  and  (34)     Wheat 
must  be  fulfilled  by  the  inductances  in  order  that  u  telephone     |*5j*  ' 
may  be  used  in  a  Wlicatstone'a  bridge.     When  the  telephono     """([•• 
was  first  introiluced  it  was  thought  by  many  experimenters  that 
by  using  a  telephone  iind  intermittent  currents  the  Wheatstone's 
bridge  method  of  testing  could  be  ma<le  much  more  sensitive. 
As  a  matter  of  fact  there  can  be  silence  in  a  telephone  aubsti- 


ir«*«Me^*^>di,;r. 
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tuted  for  a  galvanometer  in  a  Wheatstone'H  bridge,  only  if  tlie 
inductances  nre  balanced  as  well  as  the  resistances  by  being 
made  to  fulfil  the  relation  (34). 

If  Z3,  Z4,  are  negligibly  small  each  term  of  (34)  vanishes,  and 
the  only  condition  to  bo  fulfilled  by  the  inductances  is  then  (31) 
which  takes  the  form 

L,'  q' 

The  converse  proposition  however  that  if  this  condition^  or 
in  the  more  general  case  (31)  and  (34),  be  fulfilled,  the  current 
through  the  galvanometer  is  always  zero  is  not  proved.  But 
if  the  points  CD,  are  not  joined  by  a  wire,  and  the  conditions 
be  fulfilled,  CI)  will,  it  has  just  been  shown,  be  at  the  same 
potential  during  the  whole  interval  of  variation  of  the  currents. 
Hence,  if  at  any  instant  during  that  interval  a  conductor,  of  any 
resistance  and  inductance,  be  supposed  applied  between  C  and 
D,  no  current  would  start  in  it,  since  there  would  be  no  differ- 
ence of  potential  between  its  extremities.  Thus,  with  fulfilment 
of  the  condition,  varying  flow  in  the  network,  with  zero  current 
in  CJ)t  is  physically  possible,  and  is  the  solution  of  the  problem, 
otherwise  there  would  be  more  than  one  solution,  and  tliis  we 
know  to  be  impossible  if  the  currents  can  be  regarded  as  a 
dynamical  system. 

^Yth^^  III  the  practice  of  the  method  the  battery  key  is 
Method,  depressed  first,  then  the  galvanometer  key,  and  balance 
is  obtained  in  the  ordinary  way  for  steady  currents. 
Then  a  test  of  balance  is  made  for  variable  currents  by 
putting  down  the  galvanometer  key  first  and  observing 
whether  there  is  any  sudden  deflection  to  one  side  or 
the  other  when  the  battery  key  is  depressed. 

If  there  is,  the  resistances  7t,  S  are  unaltered,  and 
balance  for  steady  currents  restored  by  adding  non- 
inductive  resistance  to  the  coils  in  AC,  AD,  Then 
a  test  is  made  for  an  induction  deflection  as  before,  and 
if  necessary  a  further  change  in  E,  S  is  made,  and  so  on. 
Balance  f>r  steady  currents  is,  at  each  step  of  the 
adjustment,  obtained  before  n  test  for  the  variable  cur- 
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rents  ia  made,  and  thu8  confusioD  between  a  transient 
and  a  steady  deflection  is  avoided. 

The  repeated  adjustments  necessary  in  this  metliod    Niveu'B 
render  it  troublesome  in  the  above  form.     The  following   _^^^^^  Jj 
raodificatioD  of  it,  due  to  Prof.  C.  Niven,*  overcomee   Maiweirn 
this  difficulty.     One  of  the  coils  say  that  of  inductance 
X  and  resistance  P  is  made  one  arm  of  a  Wheatstone 
briiige  (Fig.  113),  and  balance  is  obtained  with  resist- 


ances Q',  Ji,  S  which  form  the  other  three  branches. 
The  other  coil  of  inductance  L'  and  resistance  Q  is  then 
inserted  at  I'D,  and  balance  is  restored  by  inserting  a 
□on-inductive  resistance  P  at  £C'.  Noa-inductlve 
resistance  K,  is  then  inserted  between  £  and  F  until 
there  is  no  induction  current  in  the  galvanometer,  when 
putting  down  the  battery  key  produces  no  current 
through  the  previously  completed  circuit  of  the  galvano- 
meter.    When  this  is  the  case 


r.  _{K+P+Q-)R 


(35) 


^^*,„r,   _ 
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Let  at  any  instant  n  be  the  current  through  the  batten',  :p  the 
current  from  A  to  £,  j  that  from  (7  to  />,  i  that  from  j&  to  -P, 
then  the  other  currents  ure,  in  EC  x-Cy  in  FD  u  —  it  +£,  in  CB 
x-f'S,mDBu  -  i+y-i-i.  We  get  then  by  (6)  from  the 
three  circuits  AEFJ,  LCDFE,  CBDC,  the  following  equations  of 
currents  in  whicli  r,  G,  denote  respectively  the  inductance  and 
resistance  of  the  bruncii  CI), 

Lx  +  P.i  +  Kz-  q {ii'x)^^ 

Integrating  these  from  an  instant  just  before  closing  the 
circuit  of  the  battery  to  the  steady  state,  denoting  the  steady 
currents  in  AE  andt  he  battery  by  i»  and  y  respectively,  and 
remembering  that  the  adjustments  have  been  supposed  so  made 
that  the  steady  currents  m  Et\CDy  are  zero,  we  get 

Cry+{P'+q)x-{q  +  P'^K)z^Qu  +  L'{y-u')     -     . 
-  {G  +  R  +  S) y  +  {R  +  S)x-{H  +  ii) z^Ku  ) 


(36) 


Integral 
Eqnatious 

of 
Currents. 
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Hence  if  A  denote  the  determinant  of  this  system  of  equations, 
we  get  by  elimination  of  x  andy 

Qn-Li',.  P+Q\     K  I 

^y=   «*/-!- X'(y -:»••.},     i^+(?, -(i^'+«  +  A-) 
Su,  P  +  Sy  -(/{  +  S) 

Expanding  this  determinant  (first  simplifying  it  by  adding 
the  second  column  to  the  third),  remembering  that  since 
P/q  =  p'/Q  =  PIS,    the    relations    {R  +  iS)q  =  {P  +  Q')S, 

hold,   and  putting    (y  -  x$)/xa  =  R/Sy 


(i^  +  Q)S  =  {R -^^  S)q, 
;/•,  =  y:>l{R  +  i<)  we  find 

£^y=yU+P+q)Rr'-A'SL\. 


(37) 


If  the  right  hand  side  be  zero,  and,  us  will  generally  be  the  case, 
the  determinant  A  does  not  vanish,  y  must  be  zero.     Hence  in 
order  that  there   may    be    nu   integral  current  through   the 
galvanometer,  it  is  necessary  and  sutncient  that  as  stated  in  (35) 

Z       (A-+P+q)R 


L 


KS 
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If  r  denote  t!ie  reaistnnce  of  the  battery  brancli  ^/i,  we  easily  Arrange- 
see.  taking  ftccount  of  the  relations  /*/§'  =  P'/Qm,  SfS,  that  the  mentof 
resistunco  of  tlie  whole  circuit  for  Bteatlj-  currents  is  Bridge  (or 

r+R((i  +  Q-  +  mn  +  S),  bility. 

and  tliitt 

Hence  putting  J  for  the  electroinotive  force  of  this  battery  we 
havey-  A/;i-  + yf(A'+ <?+ §')/(fl  +  .V),  and  iaslead  of  (3(i) 


■■{li+.S)+lt(Q+q+S)\\GS+V\G-^R+S) 


in  wbidi  /rU  written  for  Q  +  A'^7(A"  +  P  +  _§") 

I£  D  denote  the  denominator  in  this  expression,  then  in  order 
that  tiie  arranf^inent  may  be  aa  seuailive  as  poaaible  blRniast 
be  made  a  minimum.  For  aiinplieity  let  P  =  Q'.I"  -  Q,Ji=S. 
Then  S  is  to  be  bo  chosen  that  D/S  shall  be  a  minimum.  This 
by  the  ordinary'  tiiethod  is  foimd  to  be  the  case  when 


.¥" 


G  +  'i'lr 


m 


This  comparison  nmy  also  be  effectert  by  means  of  a 
<]ifFereutial  galvanometer.  The  twocoib  of  iuductances 
Z,,  L^  ami  resistances  R^,  E^  are  joined  as  shown  in  the 
diagram  with  non-inductive  adjustable  resistances,  and 
balance  is  obtained  for  steady  currents  without  the 
cross-conductor  of  resistance  S.  It  is  plain  that  if,  as 
we  suppose,  the  resistance  of  each  coil  of  the  galvano- 
meter is  the  same  {G),  and  their  effects  on  the  needle 
are  equal  for  equal  currents,  the  additional  resistances 
R\.  K^  (including  connections)  must  be  equal  to  R^,  R^ 
respectively.     If  E  be  tlic  olcctroiiiotive  force  and  r  the 


Two 

ancm  by 
Differen- 


t/i:n*sdirf3£edL<.^0i^i^-^ 
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resistance  of  the  battery  the  steady  current  in  each  coil 
is 

E  E 

7  = 


_E_ 

~i?;+A:+(?+2v-  •  ■ 


(39) 


The  cross  conductor  is  then  applied  at  the  points  of 
junction  F,  Q,  and  the  balance  for  steady  currents  is  again 
tested  and  if  found  to  be  disturbed  is  restoreil  by  slightly 


Vui.  114.      . 

shifting  one  or  both  of  the  contacts  P,  Q,  The  resistance 
S  is  then  adjusted  until  there  is  no  deflection  of  the 
needle  on  depression  of  the  battery  key.  When  this 
fidjustment  has  been  made  the  relation  is  fulfilled 


(40) 


Theory  of  i*  ^  /A  ^e  the  currents  from  J\  Q^  respectively,  to  the  ffal- 
Metliod.  vfinoineier,  z  tliat  from  P  to  Q  througli  the  cross-conuectiou,  the 
current  arriving  from  tlie  l>attery  is  ./•  +  •  ^^  Py  «ind  y  —  i  at 
Q.  Hence  if  r  be  tlie  indnctnnce  of  each  galvanometer  coil,  M 
their  mutual  inductance,  and  the  inductances  of  other  partfi  of 
the  circuits  ho  negligible,  the  equations  of  currents  for  the 
circuits  JPGJ^A.  JQf.'FJ.  JPQA  are  by  (6) 


COMPARISON  OF  MUTUAL  AUD  SELF-INDUCTANCE  466 

X,(*  +  i)  +  SJ  +  ft,(*  +  i)-fl',{y-i)=0. 

Integrating  the  first  two  of  these  equations  over  the  rise  of 
the  current  in  each  circuit  from  zero  to  the  steady  value  y,  aad 
suhtractiog  the   second   integral   from  the  firat  we   get   since 

{E,-is)y  +  (fl,  +  iJg+G){;r-y)  +  («,  +  JJ'J^=0.    (41) 
Also  tlie  third  equation  integrated  gives 

iir  +  «i('-y)  +  (Sfl,  +  .S')*=0  .     .     .    .     (42) 
eof  * 


x-3i= 


(21t,  +  S)L,-SLi 


In  order  that  this  maj  be  zero  we  must  have 


(44) 


The  value  lil(S,  + Bt+ 0+ir)  aubstiluted  for  y  in  (43) 


(2Ri  +  S)Lt-SL, 

" {2R,{Sr^■G)+S^J^^+J^t+ff)\^lll+St+e+ir)   ' 


-y=B ""'^"^'^    "^ (46) 


The  re^iatancee  £,,  Aj  are  fixed,  and  in  practice  G  also  is 
given.  If  the  galvanometer  is  too  sensitive  the  mngnetic  field 
at  the  needles  may  be  increased  in  intensity,  or  the  coils  may  be 
shiiDted  provided  the  shunt  ia  precisely  the  same  in  inductance 
(if  any)  and  resistance  in  both  canes.  Tlie  flow  through  each 
coil  will,  if  S'  be  the  resistance  of  the  shunt,  be  simply 
(x— y)  SHQ  +  S^,  as  it  would  be  if  the  galvanometer  coils  and 
nhunt  had  no  inductance. 

Maxwell  has  also  given  the  following  method  of  com- 
paring the  mutual  inductance  M  of  two  coils  with  the 
self-indactance  of  one  of  them.     One  of  these  coils,  0^, 
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of  inductance  L^  (>  M)  is  included  in  the  brancli  AC 
(Fig.  115)  of  a  Wheatstone  bridge,  and  the  other  coil, 
C^f  of  the  pair  is  joined  up  with  the  battery  in  the 
branch  AB.  The  galvanometer  is  in  the  branch  CD. 
Let  F,  Q,  B,  S  be  the  resistances  of  the  branches  AC, 
AD,  CB,  DBy  and  let  balance  be  obtained  for  steady 
currents  so  that  PS  =  QB,    Then  if  the  coils  be  properly 


placed  the  ratio  P/Q=B/S  can  be  so  adjusted  that  there 
is  no  varying  current  through  the  galvanometer,  and  the 
relation 

ii=-.v(l4-|)  =  -iIf(l4D     .     (46) 

is  fulfilled  if  the  inductances  of  the  other  branches  are 
negligible,  or  are  balanced  in  the  manner  described 
below. 

In  order  that  the  bridge  may  be  balanced  for  both 
steady  and  varying  currents,  the  coils  must  be  so  placed 
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that  the  inductive  actioDS  in  the  branch  AC  are  opposed,  Avoidance 
and  the  resistances  adjusted  until  no  deflection  is  pro-  succoMiTe 
duced  on  depressing  or  raising  the  battery  key.     After    *'^(''*L 
each  alteration  of  the  ratio  PjQ  or  RjS  balance  for  steady  shunting 
currents  must  be  restored  before  testing   for  varying        "' ' 
currents.     To  avoid  the  repeated  adjustments  necessary 
in  this  process,  a  non-inductive  coil  is  joined  between 
A  and  B,  and  varied  in  resistance  until  no  deflection  is 
obtained  on  depressing  or  raising  the  battery  key  after 
the  galvanometer  circuit   has   been   completed.     The 
presence  of  this  coil  does  not  affect  the  balance  for 
steady  currents,  so  that  when  PS  has  once  been  made 
equal  to  QR,  this  adjustment  is  not  disturbed.     Now  if 
W  be  the  resistance  supplied  by  this  coil  and  E  the 
point  in  it  at  the  potential  of  C,  D,  it  is  divided  into 
two  parta  AE,  EB  by  the  point  E  the  resistances  of 
which  are   QIV I (Q +S),8W/ (Q  +  S).     Since   if   we 
please  E  may  be  taken  as  in  contact  with  D  the  former 
of  these'may  be  regarded  as  a  shunt  on  AD,  bringing 
it  down  to  the  resistance  Q^KQ  +  S  +  fV),  which  gives 
by  (46)  the  relation 

'•=-"(' -f>^-     ■  <«) 

It  will  be  noticed  that  there  is  want  of  generality  of  BriUouin's 
application  in  this  method,  inasmuch  as  both  (46)  and  (4tion  of 
(47)  require  that  L>M.     It  haa  been  pointed  out  by    *'»'hod. 
M,  Brillouin  that  the  method  is  made  perfectly  general, 
and  the  relation  between  L  and  M  simplified  by  putting 
the  coil  Cj  in  tlie  shunt  branch  between  A  and  B. 
Balance  for  steady  currents  is  first  obtained,  and  then 
H  H  2 


468  MEASUREMENT  OF  INDUCTANCES 

the  total  resistance  W  of.  the  shunt  branch  is  altered 
until  balance  is  also  obtained  on  making  or  breaking 
the  battery  circuit.  The  relation  between  L  and  M  is 
then 

X  =  -^^-  J/  ....     (48) 

It  is  of  great  importance  in  this  method  that  the 
inductances  of  the  other  branches  of  the  bridge  should 
be  as  nearly  as  possible  zero,  as  sensible  inductance  of 
unknown  amount  unallowed  for  may  very  seriously 
affect  the  accuracy  of  the  result  obtained.  The  coils 
used  for  balance  should  therefore  be  as  nearly  as  possible 
non-inductive. 

Elimina-  It  is  shown  below  that  if  the  branches  AD,  CB,  DB 
Unknown  have  inductances  Zo,  -£3,  Z^,  the  complete  condition  for 

Induct-    balance  when  the  battery  key  is  depressed  or  raised, 

ances  of     .  j         j  r 

Bridge :     is 

/.1/+A-P(|  +  §1§)  =  0.     .     (49) 

where  k  denotes  the  factor  1  +  PjQ  +  (P  +  B)/  W,  or 
simply  (P+  E)\  W^  according  as  the  coil  C^  is  placed  in 
the  battery  circuit  or  in  its  shunt  AEB,  Now  we  may 
begin  by  arranging  so  that  Zg,  ig,  L^  shall  be  large  in 
comparison  with  L^  This  may  be  done  by  arranging 
a  finite  and  as  nearly  as  possible  non-inductive  resistance 
Pin  AC  greater  than  that  of  the  coil  C^,  while  inductive 
coils  are  included  in  the  other  three  branches.  Balance 
for  steady  as  well  as  for  varying  currents  is  then 
obtained  for  this  arrangement,  and  we  know  that  then 
by  (31") 
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f  4*-f -« w 

This  operation  without  some  special  appliance  will 
involve  successive  adjustments  to  balance  for  steady 
currents  at  every  alteration  of  the  resistances,  but  this 
may  be  avoided  hy  using  for  one  of  the  coils,  say  that 
in  DB,  a  coil  of  variable  inductance  such  as  two  coils 
joined  in  series,  one  of  which  is  within  the  other  and 
capable  of  being  turned  round  to  any  angle  of  inclina- 
tion of  the  axes.  The  self- inductance  of  such  a  pair  of 
coils  is  made  up  of  two  parts,  the  sum  of  the  aelf- 
indnctances  of  the  component  parts,  and  twice  the 
mutual  inductance  between  them.  The  latter  part  can 
be  varied  by  varying  the  positions  of  the  coils ;  and  by 
this  means  when  once  balance  for  steady  currents  has 
been  obtained,  that  for  varying  currents  may  be  obtained 
also  without  altering  the  resistances  of  the  branches. 

This  done,  C^  may  be  Included  in  AC  (thus  making 
L^  finite)  and  balance  for  steady  currents  restored  by 
adjusting  P  to  its  former  value.  Balance  for  transient 
currents  is  then  made  by  varying  W,  and  we  have 
accurately  L  =  kAf,  since  Xj,  Zj,  L^,  Q,  B,  S  have  not 
been  altered. 


A    different    mettiod   of  correction    was    employed    by    M,    ~    Bril. 
Brillouin.     If  the  coils  of  a  registatice  bos  made  of  wire  doubled      looiu'B 
in  itself  before  being  wound  have  identical  dimenBJons  and  be    Method 
made  of  wire  of  the  same  specific  conductivity,  but  differ  only 
in  length  and  diameter  of  wire,  and  moreover  be,  bb  of  course 
they  generally    are,    without   mutual  inductance  of  seneible 
amount,  the  ratio  of  the  amal)  residua)  inductance  of  any  coils 
which   may   be  used  from  the  boi  to  their  reaistance  will  be 
iipproximately  the  snme.     This  was  found  to  be  the  case  for  a 
resistance  box  used  by  Brillouin   in    his  investigations,  and 
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accordingly  this  box  was  used  to  give  L^IL  Balance  both  for 
steady  and  varying  currents  having  first  been  obtained  with 
certain  values  of  P,  (?,  7?,  S^  W,  and  L^,  L^  L^  Z4,  a  resist- 
ance r  of  inappreciable  inductance  was  added  to  P,  and  the 
balances  restored  by  varying  R  and  W  to  new  values  R  and  W*, 
The  equations  were  then 

^'^[^  A  _  Ai  _  ^T  j_  ^*  =  0 

p   ~     q     H^ s 

n'  J*l  -7-  //J         Jjo         Jjz  //4  ^ 


whicli  since  LJR  =  L\IH!  gave 


(51) 


Theory  of 
Method. 


A  general  investigation  given  by  M.  Brillouin  shows 
that  in  order  that  this  comparison  may  be  carried  out 
with  all  the  exactness  of  which  the  method  is  capable, 
the  galvanometer  ought,  if  used  without  a  commutator 
giving  a  steady  deflection,  to  be  from  100  times  to 
1000  times  as  sensitive  for  transient  as  for  steady  cur- 
rents. Thus  to  obtain  a  sufficiently  great  galvanometer 
<lcflection,  a  rapidly  rotating  commutating  arrangement, 
such  as  Ayrton  and  Perry's  Secohmmeter  (p.  457  above), 
must  be  employed,  if  very  high  accuracy  is  aimed  at. 

Referring  to  Fig.  116  let  the  inductances  ol:  AC,  AD,  CByDB^ 
AEB,  and  the  galvanometer  branch  CI),  be  denoted  by  Z^,  L^ 
Z3,  A4,  //r„  r,  respectively,  and  let  «,  i*,  y,  i,  be  the  currents  in 
tlic  batttery,  AC,  CD,  and  the  shunt  branch  AEB  at  ©nj'  instant, 
then  integrating  over  the  whole  interval  of  variation  of  currents 
at  "make"  of  the  battery  circuit,  and  putting  y,  Xg,  y»,  C9  for  the 
corre8i)onding  values  of  the  steady  currents,  we  get  for  the 
integral  equations  uf  currents  for  the  circuits  ACDA,  CBDCj 
ACBEA. 
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{-«  +  S)j-(e  +  «  +  «).+&-£,(7-i,)-(i,+i,)*,+5« 
But  Bince  the  reBistaoce  of  the  bridge  netwotii  ie 

s iP  +  m"  +  s).  (y-4)s..r{«  +  s)w(p  +  n 

ftiid  therefore 

SiP+J) 


Again  (y—i,—i,)li,=PIQ  which  gives 

Q  W{R  +  S)         _ 


Subatitutitig  these  values  of  i,,  i,,  in  (62)  uid  eliminating 
T  nnil  z,  we  see  that  since  PS^QS,  the  coeflicieDt  of  u  identi- 
cally vanishes,  anil  we  find  after  enny  redactions 


,^+-('+|+^)-(M-§') 


a  denotes  the  determinant 

I  e,  P+Q. 

-{G  +  R  +  S},    £  +  S, 
I  -B,    P  +  R, 


If  the  coil  C,  is  included  in  thesliunt  branch  ^4  i?^,  the  term  ii 
'olvingjtfin  tlie  first  and  third  equation  of  (52)  ie 


HodiGcB- 
,  ,    ,       -  Ifi,  instead     tion  of 

of  Jfy.     Hence  in  the  value  of  y  given  by  (63)  we  liave  only  to    Formula 
multiply  M  by  i)/y  to  find  the  proper  relation  for  this  case.     But    for  ?^1- 


■„'y  =  S{P  +  R)nS(P  +  n)+  W{R  +S)!. 
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Tho  multiplier  of  M  in  the  numerator  of  the  second  fraction 
on  the  right  of  (53)  therefore  becomes 


-V(/>4^) 


(P+Ji)+7r(/f+S) 
jr{P+Q)-^Q{I'+R)S  P+R    QS  P+R    P-^R 

"jriR+STj+SiP+RiQ   ir~^sq   w  "  if 

since  PIR=Q/S. 

In  order  that  y  may  vanitth  the  necessary  and  sufiScient  con« 
dition  is  thus 

Z.  +  .v(l+|  +  ^  +  ^)-p(|  +  ^»_|)=0.     (64) 
in  the  case  of  Maxwell's  arraiigenicnt ;  ur 

in  Brillouin*s  modification. 

It  is  therefore  necessary  in  order  that  no  error  of  serious 
magnitude  may  enter  into  the  results  that  Lf,  Lj,  £4  may  be 
either  negligible  or  capable  of  approximate  estimation.  If  the 
latter  is  the  case  the  correcting  term  can  be  at  once  found  from 
(64)  or  (64'). 

Most  ^^®  "^^^'  investigate  the  most  sensitive  arrangement  of  the 

Stinsitive    ^"dge  for  this  comparison.    This  we  shall  do  by  (a)  finding  the 

Arrange-   value  of  R  for  a  given  value,  p,  of  the  ratio  P/Q,  and  a  given 

ment  of    galvanometer,  {b)  finding  the  proper  resistance  of  a  galvanometer 

Bridge :     bobbin  of  given  shape  and  dimensions  for  use  with  the  bridge. 

Let  r  be  the  resist^ince  of  the  battery  (and  the  coil  if  included 

between  A  and  B),  then,  if  JF  be  supposed   infinite  for    the 

present,  the  resistance  of  the  circuit  is  r  +  S{P  +  R)HR  +  S). 

Hence  if  E  be  the  electromotive  force  of  the  battery  we  liave 

y  =  JEl(/2  -f-  S)/{r{R  +  S)  +  S(P  +  R)),    Hence  (63)  becomes 


L,  +  ,M-p{h  +  b.b) 


//=- 


\r(p  +  \)  +  P  +  R\  {^'  (I  +  1)+  P^±ij 


E  .     (65) 
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The  condition  that  the  denominntor  of  this  espreeeioD  may  be 
a  niinimam  is  easily  found  in  the  ordinary  way,  and  ia 

Gp  +  Fip  +  l)  >    ' 

This  gives  the  best  value  of  R  for  use  with  a  given  galvann-  ( 
meter.  If  however  there  is  n  choice  of  galvanometer-bobbinanf 
the  same  volume  and  arrangement  of  wire  but  of  different  re-  ' 
sistance,  6,  then  for  a  given  current  the  galvanometer  effect 
produced  by  each  bobbin  varies  as  \'G,  provided  tlie  thickness 
of  the  insulating  coating  be  in  a  constant  ratio  to  the  diameter 
of  the  wire,  or  be  bo  small  an  to  be  negligible.  Thus  in  order  to 
find  the  condition  for  a  maiimum  we  have  to  substitute  for  the 
denominator  {D  say)  of  the  expression  on  the  right  of  (Sfi)  a  new 
denominator  U  =  Dl  "JO.  Thus,  calculating  diy/dO  and  equat- 
ing to  zero,  we  find  in  addition  to  (56)  the  condition 


0-' 


p  +  1     PM 


(57) 


(2)  With 
special 
Oalvano- 


These  give  for  B  the  quadratic 

2IP  +  FH-P{r(p  +  1)  +  P)^0 (66) 

This  has  two  real  roots,  one  positive,  the  other  negative.  The 
former  ia  therefore  the  required  value  of  R  and  substituted  in 
(57)  gives  the  value  of  O, 

A  good  practical  example  ia  that  in  which  one  of  the  two  coiIk 
has  a  comparatively  small  resistance,  ae  for  example  the  primary 
of  a  RuhmkorS  induction  coil.  If  this  be  put  ia  the  battery 
circuit,  and  tlie  cells  have  a  low  internal  resistance,  r  may  be 
put  equal  to  zero,  and  we  have  then 

B_  1  B  1 


These  results  are  not  ofTecled  in  the  least  by  the  introduction 
of  the  wire  of  resistance  JT,  since  we  should  then  have  instead 
of  0,  S,  Mmply,  qW'HQ  +  S+W),  Sft^HQ  +  S+W)  respec- 
tively, and  p  would  have  the  value 

i>(0  +  S+  W)iqW=  R{q  +  S-f  W)I8W, 
BO  that  (56)  and  (57)  would  not  be  altered. 


■  jL.  tf^n^u/jf^iMTJU-.  >:*  ■ 
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Practical       The  following  are  samples  of  results  obtained  by  M.  Brilloain 

Example   in  experiments  made  with  t^ro  coaxial  and  concentrio  coils  of 

^^         the  following  dimenBions  : — 
Method. 

Mean 
Diameter. 

Large  bobbin 10*9  cms. 

Small       4-98 


>• 


>» 


Length, 
48  6 
48-5 


No,  of 
Turns. 

3263^  in  foa flayers 
3272  /   in  each  case. 


Value  of  M  calculated  (without  allowing  for  thickness  of  layers) 
4-79  X  10  C.G.S. 

In  all  the  experiments  here  quoted  the  coil  C^  was  placed  in 
the  battery  circuit  as  shown  in  Fig.  115. 


Q 

R 

100 

.y 

117-72 

100 

117  72 

1000 

1000 

117-73 

10000 

10000 

2:^5 

100 

200 

587-4 

200 

1000 

w 


81-880 

420  ±-3 

3806  ±10 

68-85  ±05 

91-79  ±-04 


4-659  ±002 
4-661  ±  -002 
4  658  ±-005 
4-661  ±-002 
4-659  ±-002 


A  series  of  eight  experimenlK  from  which  these  results  are 
Belected  gave  a  mean  value  of  X-=4*6595. 

Four  other  experiments  made  with  R  and  S,  1000  ohms  and 
10000  ohms  respectively,  and  with  values  of  <?,  1176-3,  1176-3, 
1105,  11648  ohms,  gave  resultn  agreeing  very  well  w^ith  one 
another,  but  furnishing  a  somewhat  different  mean  value  of  k\ 
namely  4-6397. 

Two  experiments  in  which  these  mean  values  of  k  were 
respectively  used  to  find  LI  My  gave 


R 


S 


;  379  6    1000  i    lOOU 

I 

3785       1000     10000 


If 

51(;-2±-5 
394-5  ±5 


/' 


-  Ljy 


4-6C2±-004    j  4-661  ±-003 

I 

4-594  ±  004    I  4-660  ±-005 


COMPAEiaON  OF  MDTDAL  AND  SELF- INDUCTANCE  *7$ 

A  rapidly  robtting  cominutDtor  wm  used  us  described  above 
t"  make  and  break  the  battery  circuit  so  us  to  increaM  the 
sensibility  by  giving  a  stcudy  deflection  of  the  galvanometer 
when  the  condition  for  balanoa  was  not  fulliHed. 

The  mutual  inductance  M  of  two  coils  may  be  com-  Mutual 
pared  with  the  self-inductance  Z  of  a  third  coil  by  the  l"*"*!- 
foUowing  method,  which  is  also  due  to  Prof.  C.  Niven.*  Two  CoUb 
One  of  the  mutually  acting  coils  is  included  in  the  ^""j'^Jifl 
battery  braoch  AB,  Fig.  116,  of  a  Wheatstone  bridge.    Induct. 

■nc«of 
Third. 


the  other  is  placed  as  a  shunt  across  the  galvanometer 
branch  CD.  Balance  is  first  obtained  for  steady  cur- 
rents, then  the  resistance,  S',  of  the  shunt  is  altered 
until  there  is  no  deflection  of  the  needle  at  make  and 
break  of  the  battery  circuit.     Then 

M~     QS       ■■■■•■    (60) 

We  shall  denote  by  P,  Q,  Jt,  S,  G,  bb  before,  the  reaistances  Theoty  of  ■ 
of  the  four  branches  of  the  bridge  and  the  galvanometer,  by    Method. 
S',  I.\  the  resistance  mid  inductance  of  the  coil  shunting  the 
galvanometer  branch,  by  r  the  induotaoce  of  the  galvaiioineter, 
by  «,  i,  y,  i  the  ourrents  at  any  instant  through  the  battery,  the 
branch  AC,  the  galvanometer,  and  S',  and  by  y  the  steady  cur- 

•  Phil.Maij.,  Stjit.  1SS7. 
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rent  through  tho  battery.    From  the  galvanometer  circnits 
ACDA^  CBDCf  we  get  the  integral  equations  of  ciirrentB 


Integral 

Flow 
through 
Galvano- 
meter. 


l):=Su]'    ' 


(61) 


in  which  the  inductances  of  the  galvanometer  and  the  coil 
which  shunts  the  branch  CD  do  not  appear,  since  there  is  no 
steady  current  from  C  to  D  and  the  inductances  of  the  other 
branches  are  supposed  negligible. 

The  difference  of  potential  between  C  and  D  is 

This  integrated  yields 

Gy^My+S'z, 

which  converts  the  second  equation  of  currents  just  found  into 

Eliminating* between  (62)  and  the lirst of  (61)  with  Qy/(P+Q) 
put  for  X'  and  using  the  relation  PS=QIi,  we  find 


//=y 


(P  +  q)<p  +  q+g{i  +  ^  +  .^t«)j 

or  since  y=E/{r  +  Q(P  +  R)I{,P  +  Q),  where  r  is  the  resistance 
of  the  battery  branch  AB,  including  coil  and  connections 


,,=E 


M^31-Lq 


ip^q+G  (i+^+^^)}{.(i'+(2)+(2(/>+A)) 


(63) 


\ 


Condition 

of  Zero 

Integral 

Flow. 


The  necessary  and  sufficient  condition  that  jf  may  be  zero  is 
thu8 

L      (P  +  Q)^ 

St  QS' 
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which  ii  (60).  Hence  wben  tho  reaJHtances  are  «o  ndjiisted  tliat 
there  ia  no  integral  tranRJent  current  in  the  galvanometer brsncb 
the  inductances  have  tiiia  ratio. 

It  IB  clear  that  since  P  is  fixed  the  value  of  S' depends  on  that  Mmt 
chosen  for  Q.  To  a  certain  extent  S'  is  fixed  and  therefore  also  Senutive 
Q,  since  S'  caonot  be  less  than  the  resistance  of  the  coil  and  Arrange- 
connections  used  across  CD.  If  P  and  0  be  supposed  both  ?°^*  "^ 
giveUj  the  beat  value  of  R  to  choose  would  be  given  by  the  Bndge. 
ei|Uation 


Gq{S'  +  P+Q)  +  QS-(f+Q)' 


(64) 


The  following  example  is  given  by  Prof.  Niveii.    The  field    Example 
magnets  of  an  old  dynamo  of  the  Ladd  pattern  wore  joined  up         of 
in  AC,  and  their  self-inductance  wasconipnred  with  the  mutual     Method, 
inductance  of  a   pair  of  experimental  coils.     The  rcxistiince  of 
that  one  of  these  coils  which  whs  placed  in  CD  was  lO'S  ohms, 
the  renistance  P  of  JC  was  1'79  ohms,  S  was  made  equal  lo  P, 
and  Q  was  chosen   1000  ohms,  so  that  .S'  was   olso  1000  ohms, 
l!  was  found  that  for  balance  an   additional  resistance  of  167 
ohms  was  required,  making  5'  177'5  ohms.    Thus 

L  _     (100179)' 
k      1000  X  177  ft 

The  followiog  method  of  determining  a  self-induct-   Compari- 
ance   in   absolute   measure,   by   comparing   it   with  a  "nduct- 
resistance,  has  been  used   by  Lord   Kayleigh  in   his  ""pj^* 
determination  of  the  absolute  value  of  the  B.A.  unit      ance : 
of  resistance.*     The  method  is  originiiUy  due  to  Clerk  [t,^|^i,. 
Maxwell,  and  is  described  in  his  paper  on  "  A  Dynamical    Hethwl. 
Theory  of  the  Electromagnetic  Field."f     Four  resist- 
ances, P,  Q,  R,  S,  are  joined  as  four  branches  of  a 
Wheatstone  bridge,  as  shown  in  Fig.  110.     The  branch 
AC  has  self-inductance  L,  but  none  of  the  others  in- 

•  Pha.  Traia.  R  S.,  Part  II.,  1882. 

+  Phil.  Tiunt.  Ji.  S.,  vol.  civ.,  188.1 ;  or  Clerk  Maxwell's  CelUetrd 
PninTi,  vol.  i.,  p.  647. 
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ductance  of  any  kind.  A  battery  is  placed  in  the  branch 
AB,  and  a  ballistic  galvanometer  in  the  branch  CD. 

Balance  for  steady  currents  is  first  obtained  by  de- 
pressing the  battery  key  K^,  and  a  second  or  so  after- 
wards the  key  A'g.  Then  A^'g  is  depressed  first,  and  the 
angular  deflection  ^j,  produced  by  putting  down  K^,  is 
observed. 


Fk;.  117. 


The  balance  for  steady  currents  is  now  disturbed  by 
altering  the  resistance  P  to  P  +  SP,  or  ^  to  ^  +  S(?. 
We  shall  suppose  that  the  latter  change  is  made.  The 
deflection  6^,  produced  by  the  steady  current  which  now 
flows  through  the  galvanometer  when  both  keys  are 
put  down,  is  read  off  and  noted. 

If  X\,  i„  be  the  steady  currents  which  flow  through 
the  branches  AC,  AD  respectively,  after-  Q  is  changed 
to  (2  +  ^Q,  and  T  be  the  period  of  oscillation  of  the 
needle,  then  it  is  shown  below  that,  subject  to  correction 
for  damping, 


:'•,    TT     tan  62 


(65) 


The  ratio  zjl',  can  be  found  as  described  below,  and 
thus  L  can  be  calculated. 
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The  Becohmmeter  can  be  applied  to  iocrease  the 
seDsibility  of  this  method,  and  the  armngement  of  the 
apparatus  is  shown  in  Fig.llS.  BC  denotes  the  battery 
commutator,  GO  the  galvanometer  commutator.  The 
arrows  show  the  direction  of  rotation  of  each  as  seen 
from  its  side  of  the  instrument.     After  the  bridge  has 


UMOf 

Secohm- 


been  balanced  for  steady  currents,  the  instniment  is 
rotated  at  a  speed  determinol  b;  a  speed-measurer,  and 
makes  say  n  reversals  per  second.  Let  the  steady  de- 
Section  of  the  galvanometer  needle  be  ^,,  then  the 
uniform  current  equivalent  to  that  producing  the  deflec- 
tion is  fi'tan  B^jG,  where  H  is  the  field  intensity  acting 
on  the  needle,  and  G  is  the  constant  of  the  galvano- 
meter, supposed  to  be  a  tangent  instrument. 


--ii  .v. 
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The  secohmmeter  is  now  stopped,  and  a  steady 
current  through  the  galvanomet.er  is  produced  by  alter- 
ing Q  to  Q  +  8Q.  Then  it  will  be  seen  from  the  inves- 
tigation below,  that 

i  =  ^  ^  tan^i 

n    Q  tan  6 2, 

or  [      .     .     .     .     (65') 


n 


Null 
Method 

by 
Secohm- 
meter. 


if  the  deflections  are  small. 

By  first  balancing  for  steady  currents,  then  altering 
(J  by  a  convenient  amount  hQy  and  rotating  the 
commutators  at  a  proper  speed,  the  induction  current 
may  be  made  to  balance  that  due  to  the  disturbance 
of  balance  so  that  no  deflection  is  produced.  When 
this  is  the  case 

n   Q  6^  ^      ^ 

if  the  angular  deflections  are  small.  Here  A;  is  a  co- 
efficient depending  on  the  relative  positions  of  the 
galvanometer  and  battery  commutat<jrs,  and  may  be 
determined  once  for  all  by  determining  the  other  quan- 
tities for  a  known  self-inductance  L,  The  galvanometer 
must  not  be  reversed  exactly  or  very  nearly  midway 
between  two  reversals  of  the  battery,  as  the  more  nearly 
this  arrangement  is  made,  the  smaller  must  be  the  value 
of  k  and  the  greater  BQ  .PjQ  for  the  necessary  balance. 

Theory  of       The  integrul  transient  current  through  the  galvanometer  is 

Method,     easily  found   as  follows.     Let  i,  y,  it  bo  the  currents  in  AC^ 

through  the  galvanometer,  and   through  the   battery,  at  any 

instant,  r,  G,  the  self-inductance  and  resistance  of  the  galvano- 
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meter,  then  from  the  circuits  JCDJ,  CBDC  (Pig.  X17)  we  got 

the  equations  of  currents 

U  +  Pi  +  ry  +  Gf-(i(i-i)=Q 


Tiieae  integnttRd  over  the  whole  interval  of  ^ 
with  i*.  put  for  the  steady  current  in  AC, 


i  give  Integrsl  of 
Vatyiug 

Flow 
through 

,        m)       GalTBDO- 

mcter. 


Tlius  the  flow  through  the  galvanometer  is  the  same  as  that 
due  to  an  electromotivu  impulse,  Li,  in  JC,  acting  independently 
of  the  batterv  branch  AB.  For,  any  electromotive  force  «,thns 
acting,   would  give  a  current  tlirough  the  galvanometer  of 

e  R+S  ..'..... 

The  inductance  of  the  galvaoomeCer  would  not  sfiect  this  result, 
and  is  therefore  not  introduced.  Thus,  if  we  put  for  the  inte^TuI 
of  «  the  value  Li,,  we  get  the  result  elated  above. 

Now  if  i,  denote  the  steady  current  through  the  branch  JD, 
the  steady  currents  through  the  galvanometer  and  the  other 
branches  of  the  bridge  satisfy  the  equations  (obtained  from  the 
circuits  ACDJ,  CBDA,  and  the  circuit  ACBA,  througii  the 
battery), 

Pi,-^Gi.-qi.-o-\ 


ffi,-(f?+fl+S)^.-5i.-0i 


(68) 


where  ^  denotes  any  value  of  the  resistance  of  the  branch  AD, 
r  the  Teeistaoce  and  E  the  electromotive  force  of  the  battery. 
VOL.  IL  II 
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Steady  Putting  Q:==Q  +  ^Q,  and  using  the  relation  SP=QB,  we  get 

Current  from  these  equations 
through  7^%^) 

Galvauo-  y^^E  ^-^ (69) 

meter.  A 

where  A  is  the  determinant  of  the  system  of  eqaations  (68). 

But  eliminating  r$f  y<,  we  find  for  the  steady  current  i§  through 
tlie  branch  JD 


Hence  from  (69) 


fi= 


i^Q 


G  +  UG^-R  +  I^ 


It  may  be  noticed  that  an  electromotive  force  ig^Q  in  ^D, 
acting  as  if  the  battery  branch  did  not  exist,  would  produce 
through  the  galvanometer  a  steady  current  of  amount 


cgdQ 


E+S 


i^C 


^^"^^G+R+S  ^R^    ^    ^   '^  ^    R+S 

which  is  nearly  the  same  thing  as  y«  if  dQ  be  small.  It  is  to  be 
carefully  noticed  here  that  if  is  the  current  in  the  branch  AD 
after  the  resistance  Q  has  been  altered  to  Q  +  dQ. 

By  the  theory  of  the  ballistic  galvanometer  (p.  S92  above)  jr  is 
given  by  tlie  equation 

nit 

subject  to  a  correction  for  damping.    Also 


Expression  so  that  ^/y«=Zi«/i«5Q=*  Tsin  yjfr  tan  6^  or 
for  L  in 

Terms  of  t     %^^«    ^  sin  Wi 

jTg  TT    tan  0^ 
which  is  equation  (65). 


Resist- 
ance. 
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Id  Lord  Rayloigh's  esperimentji   the  batteiy  current  was      Lord 
reversed  to  produce  ttie  induction -flow  througli  the  galvano-  Rsyleigh'a 
meterj  bo  that  taking  the  deflection  produced  by  revenial  in     Eiperi- 
ooeh  case  wo  must  use  the  ratio  iilH,  in  the  above  formula     meits. 
forZ. 

Lord  Raylaigh  used  for  R  and  S  two  coils  of  ten  units  each    Arrsnge- 
taken  from  a  registance  bos.  while  P  was  a  copper  coil  of  re-    nient  of 
sistance    rather    less    than    24    ohmp,   and    inductance   L   to      Coils. 
tie    determined.     A    coil    of    24    units   taken    from    the  same 
resistiince  bos  with  a  coil  of  7S3  units  (which  was  taken  from 
nn  auxiliary  box)  placed  in  multiple  arc  with  it,  balanced  P. 
The  resistance  P  was  thus  2-1  X  753/777=23-26869,  in  unite  of 
the  hoi. 

Q  was  altered   by  subslituling  853  units  from  the  auxiliary    Mode  of 
box  for  the  753  units  used  in  multiple  arc  with  the  coil  of    Alt«tiug 
24  units.    Tlius   Q  wae  made  2334322  units,  and  therefore        Q. 
iQ  was  -08453  unit. 

The  battery  current  was  reversed  by  a  key  placed  in  jiB 
while  the  galvanometer  branch  was  kept  closed.  Obaervations 
of  fli,  fl;  were  taken  by  means  of  telescope  and  scale  in  the 
ordinary  manner;  and  were-  made  as  rapidly  as  possible,  by 
properly  manipulating  the  key,  nnd  opening  and  tlosing  the 
galvanometer  branch  so  as  to  stop  the  inductive  deflections 
nftertbe  tiirow had  been  observed.  Theohserverhimself  damped 
the  vibrations  of  the  needle  by  exciting  temporarily  at  proper 
times  a  current  in  a  coil  for  the  purpose. 

The  induction  throw  was  taken  without  waiting  for  the  needle  Method  of 
to  come  perfectly  to  rest,  or  arranging  for  perfect  balance  for  Observing 
steady  currents.  The  nmplitude  of  free  swing  was  obtained  by  Induction 
observing  two  successive  elongations  with  the  needle  fairly  DjHection 
quiet.  Then  the  battery  current  was  reversed  as  the  needle  by  Bever- 
possed  through  the  poBition  of  equilibrium,  and  it  was  noted  "*'  "' 
whether  the  induction  throw  was  with  or  against  the  direction  ^'f^T- 
of  free  motion,  and  the  four  elongations  after  reversal  were 
observed. 

After  reversal  the  zero  for  steady  flow  had  of  course  shifted  Correction 
owing  to  imperfect  balance,  hut  the  change  gave  a  means  of   of  Throw 
correcting  the  induction  throw.     Let  a  be  double  the  true  arc  for  Change 
of  deflection  due  to  induction,  a^  the  range  of  vibration  from    of  Zero, 
side  to  side  just  before  reversal,  and  b  the  arc  through  which 
the   zero   had  shifted,  then  at  tlie  moment  after  reversal   the 
velocity  which  the  needle  had  in  consequence  of  free  swing  was 
numerically  ira^lT,  in  consequence  of  induction  n-a/T,  and   the 
diaplacement  from  the  now  zero  was  6.    The  velocity  was  thus 

Il2 
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If  now  t  represent  the  displacement  from  the  hew  sero  at  any 
subsequent  time  we  have 

*=^sin(~/-tfj 

whore  A  and  e  are  constants.    Then 

(U     2jrA        /2jr 


di       T  \T  ) 


2irA  IT  (ff±0 


when  /=0.    Thus 


^cos0»^(a±  Oq). 

Again  when  /=0,  j  =  A,  and  therefore 

A  sin  e=  —  b. 
Hence  we  have 

*  =  J(tf±flfo)8in  lt  +  bQo%  ^t. 
This  represents  a  vibration  of  which  the  amplitude 


or,  if  b  be  small. 


so  that 


2A^a±a^  +  — 
a 

a  =  2Al^aQ 


Corrected  where  A  was  the  observed  arc  of  deflection.    The  correction 
Value  of    given  by  the  last  term  was  very  small.    2A  was  the  arc  between 
Induction  the  two  turning  points  immediately  following  the  reversaU    As 
Dotieetion.  ^  check  readings  of  the  two  following  turning  points  were  also 
taken.     The  now  zero  was  obtained  from  two  successive  elonga- 
tions of  the  needle  which  were  observed  after  the  needle  had 
nearly  come  to  rest  in  its  new  position. 

The  next  time  the  needle  passed  through  the  equilibrium  posi- 
tion an  induction  throw  in  the  opposite  direction  to  the  Itit 
was  taken^  and  the  four  immediately  following  elongationi 
observed. 
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igB  wf  re  then  taken  aa  quickly  bs  posaiblp  of  t)ie  Btendy    ObBprrs' 

Icflection   produced   by  changmg  tlie  coil  of  TS3  unilB     tioniof 

nils.     IteadiDge  of  three  or  fuur  ancceeisive  elongations     Steady 

en  as  soon  as  the  nrnpliludcs  had  liecome  moderate,     f^"*?' 

•  galvanometer  branch  CD  was  opened,  nnd  the  battery  Defieotion, 

was  reversed  while  the  needle  was  pnpsing  over  to  tbe 

du  o£  zero.     When  the  needle  had  swung  over,  Ibe 

neter  contnct  was  restored,  then  four  elongations  were 

served.    The  arc  between  Ibe  two  positions  of  equili- 

ag  thus  twice  the  defleclinn  due   to  tbe  steady  current 

1  by  changing  Q  from  23-2M69  to  £33432-2  nnits. 

■ection  of  course  bad  to  be  made  for  Ibo  effect  which 

.ave  been   produced  by  reversing  without  changing  Q. 

i  obtained  from  the  observations  of  tlio  effect  of  imper- 

ance  made  before  each   induction  throw;  and  any  pro - 

chnnKe  due  to  alteration  of  temperature  was  got  rid  of 

:  the  mean  of  sucli  observations   made  before  and   after 

!  from  753  to  853  units. 

illowing  'B  1  specimen  set  of  observations.     In  the  table 

ndsfor  "equilibrium  position,"  and  I.  T.  for  "  induction 


-of 

P„.Hln„„f 

vstion 

1        Butteiy  Kej-. 

riBioni. 

W  ni. 

;         Left. 

E.  P.  264-41 

LT. 

24C0 

.  Bes.  753 

J8m. 

,         Bight. 

E.I* 
LT. 

2K2-5 
2,5-9. 

'  units. 

10  m. 

;        BiRbt. 

E.P 

182-3 

Bes.  853        I 

41  m 

j        Left. 

E.P 

344  7 

uniti.           1 

Left. 
Riglit. 


T=^ 


-:-.•— rf*—Wjr' 
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rations. 


Redaction  In  the  first  set  of  these  results  the  difference  1*9  between 
of  Results  264*4  and  262*5  was  due  to  imperfection  of  balance,  in  the  tiecond- 
of  Obser-  set  the  difference  wus  1*3.  The  mean  of  these,  1*6,  subtracted 
from  162*4  gave  160*8  as  the  deflection  produced  by  replacing 
753  units  by  853  and  reversing,  corrected  for  imperfection  of 
balance. 

Thus  the  ratio  of  the  two  deflections  obtained  from  this 
specimen  set  of  observations  was  245*9/160*8= 1  '529,  Two  sets, 
each  of  four  similar  observations,  the  second  set  made  with  the 
galvanometer  reversed,  gave  each  the  mean  value  1*5310  for  this 
ratio,  so  that  reversing  the  galvanometer  produced  no  effect. 

Calling  D  the  distance  of  the  mirror  from  the  scale,  2A  the 
induction  deflection,  2B  the  deflection  produced  by  reversing 
the  battery  current  when  balance  is  disturbed  by  the  addition  of 
100  units  to  the  753,  all  three  quantities  being  expressed  in 
terms  of  the  same  unit  of  length,  we  have 

tan  2^1=-,  tan2^o=- 
which  give  by  successive  approximation 

~t^j     "^      ^_i^^ 

or  since  ^=122*5,  ^  =  80,  and  Z)  =  2180, 

-^'-t^»  =99925  -  = -99925  X 15310. 
tan  ^2  -5 

Separate  determinations  of  the  logarithmic  decrement  gave 
X=0142,  and  the  period  T  was  found  to  be  23*386  secondsjt 
Since  the  efifcct  of  damping  was  to  diminish  the  distances  from 
zero  at  the  first  and  second  elongations  by  the  fractions  ^X,  }X 
of  their  proper  amount,  the  diflferonce  between  these  distances 
can  be  corrected  by  multiplying  by  the  factor  1  +  X.  It  is 
sufficient  to  apply  this  factor  to  the  value  of  2  sin  ^^]/tan  ^2. 

Thus  the  equation  for  L  becomes 


Correction 
of  Induc- 
tion 
Deflection 
for 


/^=»9vf -99925  :i(l+X) 


(73) 


The  resistance  of  the  galvanometer  was  80  units,  and   cal- 
culation showed  that  the  current  through  it  might  be  neglected 
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in  eetimatia^  tlie  ratio  ij/ii.  The  resistanceof  the  battery  being 
low,  the  difference  of  potential  between  A  and  B  was  taken  ne 
given.     Calling  it  r  we  have 

i,=,  r/{lO  +  23-25869),  i,=  r/(10  +  23-34322), 

so  that 


Using  then  theee  data  wiih  the  value  -08453  x  -9S7  ohm,  or      Final 
■08453  X  -987  x  1(P  C.  G.  S.  for  dQ  obUiood  by  regarding  1  B.  A.    KmuUi. 

unit  aa -987  ohm,  we  get 

Z=24028xlO' 

in  ordinary  electromagnetic  C.G.S.  units,  that  if,  in  cine.* 

At  the  temperature  of  the  room  the  reaiatancea  given  by  t)ie 
boxea  were  not  exactly  multiples  of  the  B.  A.  unit,  and  the 
resiatance  of  653  units  had  to  be  increased  by  fully  one  part  in 
a  thousand  to  give  the  necessary  correction.  Thus  iQ  was 
greater  than  the  value  given  aho\  e  by  this  fraction.  Thus 
finally 

£=2'40&2X1D»,  incms. 

Calculation  from  the  speciBcation  of  the  coil  gave 

Z  =  2  400xl0',in  cms. 

about  1  in  500  leas.    In  Lord  Rayleigh's  judgment  the  former 
value  was  just  as  likely  to  be  correct. 

A    self-inductance   may  also  be   compared   with    a  Joubert's 
resistance  by  the  following  method  due  to  M.  Joubert.  y*^^„°g 
A  circuit  is  made  up  of  the  coil  the  inductance  of  which      Self- 
is  to  be  determined,  and  a  non-inductive  resistance,      ^^^^^ ' 
Ad  alternating  machine  giving  a  suitable  electromo- 
tive  force  as  nearly  as  possible  following  the  simple 
harmonic  law   is   included,   and  the   mean  square   of 
the  difference  of  potential  between   the  terminals  is 

•  See  next  Chapter, 
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compared  by  means  of  an  electrometer  with  that 
existing  between  the  terminals  of  the  non-inductive 
resistance.     Denoting  the  mean  squares  of  these  dif- 

ferences,  respectively,  by  Kj  ,  Fg  ,  and  the  resistances 
of  the  corresponding  coils  by  J2j,  11^,  we  have 

\=    '  I,       (70) 

where  n  =  4nrlT,  T  being  the  complete  period  of  the 
alternating  current.     This  equation  gives 

^      '  2 

The  vakie  of  n  can  be  found  of  course  from  the 
speed  of  the  machine,  and  the  number  of  alternations 
in  each  turn. 

2   2 

To  find  the  ratio  V^  /  V^  the  electrometer  must  be 
used  idiostatically  as  explained  in  Vol.  I.  p.  299,  that 
is,  one  terminal  is  connected  to  one  pair  of  quadrants  if 
the  instrument  is  a  quadrant  electrometer ;  or  to  the 
stationary  electrified  system  which  acts  on  the  movable 
system  or  indicator,  while  the  other  terminal  is  attached 
to  the  needle  or  indicator.  Then  the  mean  square  of 
the  difference  of  potential  between  the  terminals  will 
be  proportional  to  the  deflection  if  small,  or  if  the  needle 
is  brought  back  to  a  sighted  zero  position,  will  be  pro- 
portional to  the  couple  required  to  keep  it  in  that 
position.  Sir  William  Thomson  s  multicellular  elec- 
trostatic voltmeter  *  is  well  adapted  for  this  measure- 
ment. 

*  See  the  Author's  Smaller  Treatise,  p   142. 
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To  prove  the  formulas  stated  above  let  r  be  the  part  of  tlie  ThBoryof 
Tesistance  wliich  does  not  depend  on  tlie  coile  used  for  the    Hothod, 
comparison,  £sinnf,  the  electromotive  force  in  the  uirciiit  nt 
any  instant,  and  1  tlie  current  at  that  instant.    Then  it  L  -{-  L' 
ia  the  total  inductance  in  the  circuit 

(i  +  L')i  +  (fl,  +  J?,  +  r)  i=ff  sin  «(. 

The  part  Li  -f-  Sii  is  the  difference  of  potential  then  esialing 
between  the  lenuinalB  of  the  coil  that  Is  being  tested,  JtfX  is  thnt 
between  the  terminals  of  the  non-inductive  coil.  We  may  write, 
therefore,  if  v^,  Cg,  be  constants 

ii+ii'ii-CiBinK*  I 


Tiie  complete  solution  of  the  firs 
I=At   ^    -t-  - 


(72 


s/ej-. 


>n  the  right  dies  out  in  a  short  time,  and  Iia: 
e  if  the  machine  wuibs  regularly,  and  so 


-Jjii'  +  n'IJ' 
By  this  result  and  tlie  second  of  (72) 

and  therefore 


B,'C08'(?l(  — <)■■ 

Hence,  integrating  over  a  coniplete  period,  « 
which  is  (70),  and  the  rest  follows  as  above. 


490 


MEASUREMENT  OF  INDQCTANOES 


Compari-       Maxwell  also  showed  how  to  compare  the  indactance 
of  Self-     of  a  coil  with  the  capacity  of  a  condenser,  and  his  method 
ance  wUh  ^^  since  been  modified  by  various  experimenters  so  as 
Capacity  to   obviate   the    necessity   for  successive    adjustments 
Condenser,  wbich   it   involves.     As   originally  given  the  method 
consisted  in  placing  the  coil  in  one  branch  of  a  Wheat- 
stone  bridge,  as  DB,  Fig.  119,  while  the  plates  of  the 
condenser  were  attached  directly  at  AC,     Balance  for 
steady  currents  is  first  obtained  and  is  not  affected  by 
the  condenser ;  then  the  resistances  are  altered  until  no 
inductive  flow  through  the  galvanometer  is  produced 
by  making  or  breaking  the  battery  circuit.     If  C  be  the 
capacity  of  the  condenser,  P,  S  the  resistances  of  the 
branches  AC,  DB,  the  relation  fulfilled  when  balance 

is  thus  obtained  is 

L  =  PSC (74) 


Theory  of 
Method. 


Fig.  119. 

Let  as  before  P,  Q,  R,  S  denote  the  resistances  of  AC,  AD, 
CB,  DB^  L  the  inductance  in  the  branch  LBy  and  put  C  for  the 
capacity  of  tlie  condenser.  Let  further  for  any  instant  z  denote 
the  current  along  AC,  x  —  z  the  current  charging  the  condenser, 
if  the  current  from  A  to  D,  and  ^,  ?/  the  potentials  at  C  and  D. 
Suppose  that  balance  for  steady  currents  is  first  obtained  so  that 
PS—  QBj  then  in  order  that  at  the  instant  in  question  (  may  be 
equal  to  Tj  the  conditions 

J'i^Qy (75) 

Ly  +  Sy=Iti (76) 
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must  bold.  Bat  Pi  is  the  difference  of  potential  between  A  and 
C,  and  may  be  taken  as  that  between  tlie  plotea  of  the  con- 
denser. Hence  the  charge  of  the  condenser  ih  CPi,  and  since 
i—iis  the  rate  of  increase  of  this  charge  we  have 

This  witli  (75)  converU  (76)  into 

I<r  +  Sy=^^  +  BCQji a?) 


which  if  (  is  always  to  be  equal  to  7  must  hold  for  all  values  of 
y  and>.    B\itPS-J{Q=0;  hence  we  must  have  also 


and  SaoA  P  must  be  chosen  so  ne  to  fulfil  this  condition  if  the 
current  through  the  galvanometer  is  always  to  be  zei'o. 

A  series  of  siuccessive  adjustments  is  thus  necessary  Riming- 

before  the  proper  values  of  S  and  P,  and  balance  for  u^ffi^. 

steady  currents  are  obtained.     Mr,  E.  C  Rimington*  tionof 
has  shown  how  these  adjustments  may  be  avoided  by 


a  very  simple  modification  of  the  method.  The  balance 
for  steady  currents  having  been  obtained  as  before,  the 
condenser  is  applied  at  two  points  £,  F,  in  AC  (Fig,  1 20), 
including  between  them  a  resistance  p  (<  P)  such  tliat 
•  Phil  Mag.  July,  1887. 


492  MEASUREMENT  OF  INDUCTANCES 

with  the  inductance  L  in  DB  no  deflection  of  the 
galvanometer  needle  takes  place  when  the  battery  key 
is  depressed  or  raised.  The  resistance  p  may  be  taken 
from  a  resistance  slide  the  whole  (or  variable  part)  of 
which  is  included  in  AG^  or  preferably  two  slides  in 
series  may  be  used  so  as  to  give  two  adjustable  sliding 
contact  pieces  to  which  to  attach  the  plates  of  the  con- 
denser. The  galvanometer  needle  should  have  sui&cient 
moment  of  inertia  to  enable  the  whole  inductive  action 
to  begin  and  end  before  the  needle  has  sensibly  moved, 
for  the  effect  of  the  condenser  AC,  which  is  charged  by 
the  current  from  A  to  E^  is  to  delay  the  rise  of  the 
potential  at  C  to  its  final  value  after  the  battery  key 
is  put  down,  while  the  inductance  L  in  DB  produces  a 
similar  eflfect  on  the  rise  of  the  potential  at  C\  hence 
if  the  needle  were  not  suflSciently  ballistic  it  might 
show  a  deflection  due  to  a  difference  in  the  rate  of 
variation  in  the  two  cases,  although  the  time-integral 
of  the  current  through  the  galvanometer  were  really 
zero.     The  inductance  is  given  by  the  equation 

L  =  Of^p (79) 

Theory  of       Writing   down   the  equations    of  currents   for  the   circuits 

Modified    ACDA,  CBDC,  putting  i  for  the  current  in  AE  and  FC,  z  for  the 

Method,     current  in  EF^  using  the  same  notation  as  before  for  the  other 

quantities,   and  integrating  over  the  time  interval  from  the 

instant  before  completion  of  the  battery  circuit  until  the  steady 

state  lias  been  attained,  we  find  by  (6) 

{P+Q)x  +Gt^^qu  +  Cp^x.      \ 

{R  +  S)x^(G  +  R  +  S)y=Su  +  L(y-'^i)\'    '     ^^ 

where  y,  f„  denote  the  steady  currents  in  the  battery  and  in 
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lie  branch  AC.    Solving  f or  y  nod  putting  y-*,= J,  P/^,  we 

{R->rS)(CfS~lF)i. 
'    S{G(R  +  il)  +  {G  +  Jt  +  S){P+Q))     ■    ■     ^    ' 
I  the  necceeary  and  suflicieiit  condition  that  there  sliould  CoDdition 


integral  flow  through  tlie  galvanometer  iB 


for  Zero 

Integnl 
Flow. 


a  already  stated. 


"P- 


lult  alr< 


idy  obtained  for  the  cai 


If  p=P  this  givee  the  n 
origiiiallv  cODBJdered  by  Miis\ 

It  ouglit  tu  be  noticed  heie  that  precisely  the  s. 
may  be  obtained  by  integrating,  in  the  same  way,  i 
interval  at  break  from  the  steady  stale  to  zero  current  in  eacu 
conductor,  so  that  the  test  may  be  repeated  at   breaking  the 

We  may  dow  inveetigate  the  moat  Bensitive  arraneement  of  u g^j 

the  bridge.     In  general  S  is  gireii  in  magnitude,  andji,  which  SDnaitive 

moat  of  course  be  less  than  P,  will  in  most  cases  he  some  con-  Arrange- 

veuient  resistance  dependiug  on  the  apparatus  available,  so  that  ment  of 

P  may  be  regarded  as  given.     Hence  ne  have  to  choose  the  Biidge. 
value  of  R  (and  that  of  Q  will  follow)  so  that  r  may  for  some 
chosen  value  of  p  be  a  maximum.     By  (81)  and  the  equation 

SS 


r(,R  +  6-)  +  S(P+li) 

where  E  is  the  electromotive  force  of  the  battery,  and  r  the 
resistance  of  the  battery  and  the  wires  connecting  it  to  A,  B,  we 
get  easily 

, {CifS-Le)E jjjj 

(*('+»)"'" ''('+s)){''"'+*  +  *''+*') 

The  numerator  of  this  expression  does  not  vary;  hence  calling 
the  denominator  D,  calculating  dPfdJi,  and  equating  to  zero,  we 

And  after  reduction 

„,_SFjB+S)lT±Q  run 

which  gives  tlie  best  value  (if  R  if  that  of  0  is  given. 


494 


Ander- 
son's 
Ballistic 
MethoiL 


MEASUREMENT  OF  INDUCTANCES 

If  however  there  is  a  choice  of  similar  galvanometer  bobbins  of 
different  resistances,  then  as  before  (p.  473)  we  must  substitate 

for  D  a  value  D'  =  D/*Jg,  calculate  dD'/dO,  and  equate  the 
result  also  to  zero.  This  gives  another  equation  for  G  and  B, 
viz 

G-^^^J^ (84) 

From  (83)  and  (84)  as  simultaneous  equations  the  values  of 
G  and  R  are  to  be  found. 

If  p  is  at  the  disposal  of  the  experimenter  and  can  be  varied 
by  small  steps,  the  best  arrangement  is  that  for  which  when  y 
is  almost  zero  a  given  small  change  in  p  gives  a  maximum 
change  in  y.  Hence  if  possible  we  have  to  arrange  so  that 
dy/dp  may  be  a  maximum  when  y  =  0.  The  conditions  for  this 
however  are  so  complicated  as  to  be  unserviceable. 

Professor  Anderson  *  has  also  given  the  following 
simple  ballistic  method  of  comparing  the  capacity  of  a 
condenser  with  an  inductance.  A  bridge  is  made  up 
as  before  of  four  conductors,  and  a  condenser  and 
galvanometer  are  arranged  as  in  Fig.  121,  so  that  by 


Fio.    121. 


means  of  mercury  cups  the  galvanometer  can  be  con- 
nected either  to  CD  by  the  cups  a,  b,  c,  d,  or  in  series 
with   the  condenser  in  the  branch  AB  by  the  cups 

♦  Phil.  Mag,  April,  1891. 
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c,  d,  «,/.  A  rocking  key  is  convenieBtly  made  to  effect 
either  of  these  connectioos  at  a  single  operation.  A 
coil  of  iDductance  X  is  placed  in  AO,  all  the  other 
bmnches  with  the  exception  of  the  galvanometer  are 
destitute  of  inductance. 

Balance  for  steady  currents  is  first  obtained  with  the 
galvanometer  in  CD.  Then  when  the  key  K  is  depressed 
or  raised  an  inductive  flow  of  integral  amount  if  passes 
through  the  galvanometer.  If  x,  is  the  steady  current 
in  D£,  the  value  of  y  is  (p.  481)  given  by 


■«('-^ 


'('-D' 


(85) 


The  deflection  ^,  produced  by  this  is  noted. 

By  means  of  the  rocking  key  the  galvanometer  is 
joined  in  series  with  the  condenser  between  the  points 
A  and  £,  so  that  the  plates  of  the  condenser  are  charged 
to  a  difference  of  potential  ±,(Q+S).  If  t7  be  the 
capacity  of  the  condenser  a  quantity  of  electricity 
Ci,  (Q  ■*■  S)  passes  through  the  galvanometer.  The 
resulting  deflection  0^  is  observed. 

We  have  then  by  the  theory  of  the  ballistic  galvano- 
meter and  (85) 

z..(c+«{<.(i+|).<i+f)}SHi|;.  (86) 

The  following  are  the  details  of  an  actunl  meaBurement  made  rraotical 

by  the  author  of  the  method.     A  coil  of  mean  radiua  aO'9  erne.  Example 
wound  with  278  turna  of  wire  in  a  groove  of  breadth  1'894  cms.  of 

and  depth  1116  cm.,  wasplaced  in^C.     The  galvanometer  was  Uethod 
an  ordioary  reflecting  inatrument  of  reBiBtaace  164'6  ohms,  with 
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its  period  iniide  ab  long  as  possible  hy  means  of  a  controlling 
magnet.  A  non-inductive  resistance  of  100  ohms  was  added  to 
tlie  coil,  and  jP  andii  were  each  10  ohms.  Balance  was  obtained 
bymaking^lSO'Sl  oiims.  The  mean  results  of  several  readings 
agreeing  well  together  were 

Deflection  due  to  Induction .        .        .        43*208  divirions. 
Deflection  duo  to  charge  of  condenser 

of  -&  microfarad        ....         46'185         „ 
Deflection  due  to  charge  of  condenser 

of -45  microfarad      ....        41-875        „ 

By  interpolation  itwasfound  from  tliese  results  that  a  condenser 
of  '4657    microfarad  capacity  would  just  give  a  deflection  of 

43-208  divisions.    Tlius  in  C.G.S.  units  • 

i=  4657  X  10-"  X  2  X  150-51  x  (329-6  +  150-51  +  lO)  x  10« 
=  0687x10^. 


MethoJ  To  determine  a  mutual  iaductance  the  method  is 
Applied    ygg^i  (^jj^jg .   One  coil,  C,,  of  the  mutually  influencirg 

pare  pair  is  joined  in  DB  as  before,  the  other,  G^,  has  its 
ludiictnnce  terminals  joined  to  a  pair  of  mercury  cups  g,  h,  which 

snd       are  arranged  so  that  a  rocking-key  can  put  the  ealvano- 
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meter  between  A  aad  B,  or  between  tbe  cups  g,  k,  so 
as  to  connect  tbe  terminals  of  the  coil. 

Balance  for  steady  cun-ents  having  been  obtained  as 
before,  the  terminals  of  the  galvanometer  are  connected 
to  g,  h,  and  tbe  battery  circuit  is  completed  or  broken. 
Calling  $g  tbe  deflection  produced  and  denoting  by 
Bj,  0^,  as  before,  tbe  deflections  obtained  by  operating 
with  the  coil  C,  as  already  described  (p.  495),  we  have 


Af=C{Q  +  S)ir^  +  Cf) 


sin  jg^ 


(87) 


■«(--><-S" 


sin  Jdg 


(88) 


The  inductive  electromotive  force  at  any  instant  in  the  coil  Theory  of 
C7,  ia  Mi,  hence  the  iotegral  electrumotive  force  ie  Mii.  Tlte  Method, 
wliole  quantity  of  electricity  which  flows  through  tlje  galvano- 
meter ia  thns  3fij/(r,  -f  6)  where  Tg  is  the  reaietance  of  the  coil 
Of  But  the  quantity  of  electricity  wliich  passes  when  the  throw 
0,i8 produced  ie  Gi,lQ+S).  Uenco  we  get  (87),  and  combining 
(87)  with  (86)  we  get  (88). 

As  an  example  Professor  Anderson  gives  the  following : —   I'recUeal 

S=S- 1003  ohm,  the  resistance  of  the  coil  C, ;  r,=  157-7  ohms,    Example 
=  164 -P  ohms ;  0=  1  microfarad,  6^  fl,  =  72  and  5  scale  divisions  o' Method. 
respectively.    Hence  roughly,  in  C.GS.  unita 

Jlf-.10Sx2O06x322'6xl4-4 

-9315864 

Professor  Niven  •  bas  shown  how  to  compare  the  uethod  by 
inductance  of  a  coil  with  the  capacity  of  a  condenser  ^'T'q  V' 
by  means  of  a  differential  galvanometer.  A  circuit  is  vanometer. 
made  up  as   shown  in   Fig.  123,  of  one  coil   of  the 

•  Phil.  Mag.  Sept.  1887. 


■  i^.i^ff^i^^jcM*^  iN^. . 
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differential  galvanometer,  the  coil  (of  inductance  X  and 
resistance  E{)  to  be  compared,  an  additional  resistance 
in  the  branch  AE  and  the  battery  j5.  A  corresponding 
circuit  is  arranged  with  the  other  coil  of  the  galvano- 
meter, a  non-inductive  resistance  R^  an  additional 
resistance  in  the  branch  AF,  and  the  battery  as  before, 
so  that  the  batterv  servos  both  circuits  as  shown  in  the 
Figure.  After  balance  for  steady  currents  has  been 
obtained  by  adjusting  the  additional  resistances,  the 


B 


Hllf-^ 


P 


^ 


-WWYVVVU 

R. 


Fio.  123. 


condenser  is  joined  across  the  two  branches  AJS,  AF, 
and  the  terminals  shifted  until  no  deflection  is  produced 
when  the  battery-key  is  depressed,  or  raiseJ,  the  circuits 
having  been  otherwise  completed  previously.  When 
this  is  the  case  the  following  condition  is  fulfilled 

Z  =  C  (7?;2  -  i?/«) (89) 

where  E\,  iJ'g,  are  the  resistances  from  A  to  P  and  Q 
respectively  (sec  Fig.  123). 

Theory  of  We  shall  siippoRe  the  coils  of  the  galvanometer  exactly  eqaal 
Method,  for  e(iual  currents  in  magnetic  effect  on  tlie  needle,  and  that 
eaoh  lias  the  same  resistance  G.  Clearly,  for  balance  wilh  steady 
currents,  the  resistance  of  each  circuit  must  be  the  name. 
Denoting  therefore  by  R  the  resistance  in  each  circuit,  exclusive 
of  the  battery  resistance,  r,  and  the  resistance  G  of  the  galvano- 
meter coil,  and  putting  E  for  the  electromotive  force  of  the 
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b&ttery,  we  have  for  t}ie  ateady  current  y  through  either  of  the 
galvanometer  coils  yiH  +  G)  +  2yr  "  E,  or 


fi  +  0  +  2r 


(90) 


Let  PQ  bo  the  jioints  nt  which  the  terminals  of  the  condenser 
ore  nltitJiod,  Ji\  denote  Iho  resiBlance  from  J  to  P,  R",,  tlint 
from  P  to  the  iieareet  galvanometer  terminal,  B'^  R"^  the 
resistances  from  A  to  Q,  and  from  Q  to  the  galvanometer,  r  the 
inductance  of  each  galvanometer  coii,  J/  their  mutual  inductance 
±-i  the  current  from  AUi  P,  ^  ■\-z  tliat  from  A  to  Q,  and  i  tlie 
current  from  Q  charging  the  condenHcr.  The  equations  of  cur- 
rents obfaincd  from  llie  twu  circuits  AKGEA,  AFGPA,  are 
(since  S^  +  H\  +  R'\  =  R-,  +  R',  +  R'\  =  K). 


a.  +  r)  .V  +  .l/y  +  (^  +  G  +  ,)i  +  r^  - 
Mi  +  rj^  +  ri  +  (A  +  a  +  T)g  + 


'-  E 


Integrating   these   from    before   inabe   to   the   steady   state, 
putting  y  for  the  steady  current,  and  subtracting  we  finti 


{R  +  G)  (r  -  j<)  +  /.y  -  {R\  +  R\)z  = 

But  the  liiial  charge  of  the  condenser  is  C{R\ 
denote  its  capacity,  so  that 

j=C{R^-R-dy. 

Substituting  in  the  last  ciiuatioD  we  get 

^C{,R'^-  R\*i-L 


Integral 
Flow 
iq\\   Producing 


-y-y 


H+    G 


'  iR+  G)  (R+0  +  ir) 


If  no  deflectio 
must  be  equal  to 
condition  is 


=  CIR\^  - 
n  (fiO). 


Hf"****^ 
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Most  With  regard  to  the  sensibility  of  the  arrangement  it  is  to  he 

Sensitive    observed  that  R^  is  given,  being  the  resistance  of  the  coil  to  be 

Arrange-    compared,  and  in  general  G  also  is  given,  so  that  all  that  can 

ment.      \)q  done  to  make  the  arrangement  sensitive  is  to  keep  down  the 

value  of  the  resistance  additional  to  R^, 

If  the  resistance  of  the  battery  is  negligible  and  the  galvano- 
meter bobbins  be  a  matter  of  choice,  the  best  arrangement  is  to 
make  the  additional  resistance  as  small  as  possible,  and  make 
G  =  R. 

If  the  galvanometer  coils  be  each  shunted  by  a  wire  of  resis- 
tance S  the  resistance  of  each  galvanometer  bobbin  will  become 
(tSI{G  +  S),  which  we  denote  by  G\  and  this,  if  the  inductance 
of  each  shunt  is  the  same,  takes  the  place  of  0  in  (92).  The 
integral  flow  through  the  coils  is  ther  *S>/(^  +  S)  for  one,  and 
Svl{G  -f-  S)  for  the  other.  Ilcnce  the  total  flow  affecting  the 
needle  is  S(x  -  y)l{G  +  aV),  or  (x  -  i/)  G'jG.     But  we  now  have 

Henco  in  order  that  (.r  -  y)  (/'/G  niiy  hi^  a  maximum,  we  nmst 
make  {R  +  (r)  {R  +  G''+  2r)ia'  a  uiinimum.  Differentiating 
with  respect  to  W  we  find  that  the  condition  for  a  minimum 
is 

r/'2  =  R{R-\-  2r) (94) 

Thus  if  the  galvanometer  have  a  high  resistance  so  that  the 
deflections  are  small,  an  improvement  can  be  effected  by  shunt- 
ing down  each  coil  of  the  instrument  to  an  effective  resistance 
given  by  this  equation. 

Anderson's  A  modification  of  Maxwell's  method  which  has  the 
Mi'thod.  advantage  of  being  a  Null  method,  and  therefore  of 
permitting  a  teleplione  to  be  used  instead  of  a  galvano- 
meter has  been  given  by  Prof.  A.  Andereon.*  The 
arrangement  of  resistances  is  the  same  as  before,  but 
the  condenser  instead  of  being  placed  between  A  and 
0  is  placed  between  A  and  a  point  E  on  CD  (Fig.  124). 
The  galvanometer  (or  telephone)  is  supposed  included 

•  Phil.  Maij.  April,  1891. 
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ID  the  part  ED  of  CD,  and  the  resistance,  g  say,  of  C£, 
is  varied  until  no  deflection  of  the  galvanometer  needle 
is  produced  by  making  or  breaking  the  battery  circuit 


FlO.  124. 


Let  the  regis  lance  of  SA  be  denoted  by  <r,  tlio  currents  clirougli 
tlie  galvanometer  (from  S  to  D^  and  to  the  condenser  hy  ^,  i,  so 
ttiat  the  current  from  E  to  C  iBi->.  TlinB  from  the  circuits 
AGDA,  CBDA,  by  integrnting  over  the  interval  of  varinlion,  nnd 
using  the  value  QyKP  +  Q)  fur  i,  the  steady  current  in  AC,  and 
CPit  fnr  the  final  charge  t  of  the  conderiser,  we  get  if  the 
Inductances  of  the  other  arnie  of  the  bridge  are  negligible 


(P+(2)i+(G+^)j.= 


-9-s_ 


yjP(h-\-q<i 


{R-{-^x^{RJrS+G-\-g)s^^{L-Cq{R-\-S+g)]+St 


Eliminating 


e  Bud 

f  [C{ff<24.?(9+.s)i-7,i 


(96) 


{H  +  S)[,G+g)  +  {,U-\-ii+Q  +  g){P^q)  ' 
The  value  of  y  is  zero  if  the  numerator  vanish,  that  ia  if 

L  =  C{RQ  +  ff(,G  +  ;^) (97) 

If  y=0  we  fall  back  on  Mazwcll's  sulution,  viz. 

L^CRq=CPS. (98) 


v^amtpi 
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Condition  TImt  this  is  tlie  necessary  condition  that  the  method  may  be 
for  Null  a  null  one  may  be  seen  in  the  following  manner.  Whatever  be 
Method,  the  conductor  between  J  and  ^  the  difference  of  potential  between 
A  and  E  is  P-t  '\'  g  (y-z)j  while  that  between  A  and  D  is 
Q{u-it  —  z).  If  there  is  no  difference  of  potential  between  S  and 
i;^y==0,  and  we  have /*i— ^i  =  Q(«  — i-i).  Integrating  from 
just  before  the  completion  of  the  circuit  to  any  instant  during 
the  interval  of  variation  we  find 

Fx-^z=^Q{u-x-z) (99) 

Also  from  the  branches  ECB^  DB  we  get  in  like  manner 

R{x  +  z)+gz-=-S{a-x-z)+  L{u-i'  z). 

But  by  (99)  the  last  equation  may  be  written 

Iix  +  (^  +  E)z-^{Px-gz)^S{u-x-z).     .     (100) 

Equation  (99)  multiplied  by  S  and  subtrarted  from  the  last 
0(iuation  mulLiplied  by  Q  gives,  since  PS=QRf 

{QR+£fiQ  +  S)}z-L(Px-gz)^0, 

and  since  Px^ijC  +  gz,  this  is 

C{qR  +  g{q  +  S)]z-Lz=0, 

L  =  C{qR+g{q  +  S)} 


Hence 


Most 
Sensitive 
Arrange- 
ment. 


....     (101) 

That,  conversely,  the  difference  of  potential  between  E  and  ]) 
is  zero  if  this  condition  is  fulfilled  can  be  seen  as  at  p.  460,  from 
the  consideration  that  otherwise  there  would  be  more  than  one 
solution  of  the  problem  of  flow  of  electricity  in  the  given  network 
between  A  and  B. 

Returning  to  (96)  putting  for  y  its  value 

EI{r  +  S{P  +  R)l{R  +  S)) 
we  write  the  equation  in  the  form 

P[C{Rq-\-g{q  +  S))-L-\ 


!/=E 


i^G+g+{R+S+G+g)^  {r{R+S)  j-S(P+Ji 


102) 


C0MPABI80N  OF  INDUCTANCE  AND  CAPACITY 

For  seiiBitiveDeaa  a  given  change  in  g  the  adjuBtable  rmistance 
must  produce  a  maximum  change  in  y  when  f  is  nearly  zero, 
that  is  dfldg^  must  be  a  maximum  when  v—O.  We  may  iiBglect 
in  all  practical  cases  r,  the  rueistaace  of  the  battery  eo  that  we 


But  Bince 

S  [P  +  Ii)~  E  {q  +  S)~  Ji 

tliia  equaljon  mny  ba  written 

df CE 


^{G  +  g}  +  R+S+G  +  g 


Hence  in  order  that  the  denominator  may  be  email  we  must 
take  R  and  g  small  and  F  large,  and  therefore  Q  also  large. 

A  method  of  compariDg  a  coefficient  of  mutual  indue-  i 
tioQ  with  the  capacity  of  a  condenser  has  been  given  by 
Prof.    Carey   Foster.*     Il   ia   based   on   the  following 


Cancit; : 

Foster'! 
Method. 


considerations.  Let  the  two  coils  C^,  C^  the  mutual 
indactauce  for  which  is  required  be  given  in  position 
as  in  Fig.  125,  and  be  joined,  one,  £7,,  through  a  battery, 
a  coil  of  resistance  Bi,  a  make  and  break  key  K,  and 
the  other,  G^,  as  a  secondary  circuit  through  a  galvano- 
•  PMI.  Mag.  Feb.  1887. 
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meter  0.  Then  if  R^  be  the  lesistaDce  of  tbe  eecondaiy 
circuit,  M  the  mutual  ioductance  of  tbe  two  coila,  the 
whole  quantity  of  electricity  which  flows  through  tbe 
secondary  when  a  steady  current  of  strength  7  is  pro- 
duced or  annulled  in  the  primary  is  MyjJi^ 

Again  if  the  resistance  coil  in  the  circuit  of  (7,  have 
its  terminals  connected  to  a  condenser  of  capacity  C, 
(Fig.  126)  and  the  primary  circuit  be  made  or  broken 
the  quantity  of  electricity  which  traverses  the  galvano- 
meter 6  is  CBij.  Thus  if  the  same  deflection  as  before 
is  obtained  we  have 

M=CR^Bt (104) 


If  however  deflections  are  obtained  indicating  currents 
Yi>  1v  ''^  ^^  ^""^  cases,  then 

M=  CB^B^'^ (105) 

Final  Now  let  a  combination  of  these  two  arrangements  be 
^^f^  made  as  shown  in  Fig.  127,  including  a  resistance  box 
in  the  secondary  circuit  to  enable  the  resistance  R^  of 
that  circuit  between  the  points  J  and  ^,  to  be  varied 
at  pleasure.  Then  let  the  resistances  R^  (in  the  primary 
between  the  terminals  of  the  condenser),  and  R^  be 
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varied  until  on  making  or  breaking  the  battery  circuit 
no  deflection  is  produced.  When  this  ia  the  case  the 
integral  flow  through  the  galvanometer  due  to  the 
charging  of  the  condenser  (tliat  is  tlie  charge  of  the 
condenser)  is  exactly  equal  and  opposite  to  that  due  to 
the  induction  current  in  the  secondary  circuit.  Thus 
noticing  that  the  inductance  in  C^  cannot  aScct  the 
integral  flow  through   it  we  see   that  CR^y  =  AfyjR^ 


M=CR^R^ 


(106) 


We  can  easily  find  the  most 
experinieDt.  In  tlio  first  place  it 
Hiice  (^,  Hsy)  otiier  than  R^  in  the  primary  circuit  dcpemia  on 
tlie  primary  coil  and  tlio  battery  and  is  to  bo  tnlten  as  lizei).  We 
alinll  regard  thegBlvanometer  bobbin  (I)iiR  f,''iven.  (2)(iaa  matter 
of  clioice  from  similar  bobbicB  of  different  roaistunces. 

Let  uH  suppose  that  the  potential  at  A  is  nut  equal  to  tliot 
at  E.  Then  putting  n,  i  for  tlie  currents  in  llie  primary  and 
secondary,  ji  far  the  current  through  the  galvanometer,  r  for 
the  induL-tance  and  G  for  the  resistance  of  the  galvaQomcler 
bobbin,  W8  got  from  the  circuit  AC^EA  (Fig,  127)  the  eijualion 
Li  +  Mu  +  ^jf  +  ry  +  (7^=0.  This  gives  the  integral  equation 
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Further  we  have  for  the  total  charge  of  the  condenser 

Solving  fory  from  these  we  find 

or  since  y=E/(Ri  +  lt\)  where  E  is  the  electromotive  force  of 
the  battery 

y=E 93\A^-JL (107) 

which  gives  the  same  condition  as  before  that  y  may  be  zero. 

In  order  thaty  may  be  a  maximum  the  value  of  the  denomi- 
nator must  be  a  minimum.  Calling  it  D,  and  noting  that 
R.^  i?2  o^b'  v^ry,  and  are  connected  by  the  relation  RiR^=eM/C 
where  ^  is  a  small  quantity  we  find 

Eliminating  dR^jdRi  we  get  as  the  required  condition  of 
maximum  sensitiveness  with  a  given  galvanometer 


R^G 

R,  "  h\ 


(108) 


If  the  galvanometer  bobbin  is  also  at  our  disposal  wo  have 
instead  of  the  value  of  D  found  above  to  use 

L'=DI  ^G^{R^+R\){  s^G+Rj  >fff). 

This  gives  in  addition  to  (108) 


dl/ 

dG 


G  =  R, 


(109) 
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Thus  we  have  in  the  Utter  cam  MtbecondiUons  for  maximum 
senaibilitv 

R^=R^~G (110) 

If  it  can  be  arranged  to  moiDtain  the  two  points  J,  E  Klways  Condition 
at  the  same  poteotial,  we  may  use   a   (eleiitione   inalead   of  a        that 

galvanometer  aa  obseiving  inatniment.    To  find  the  neceasary  Method 

condition  consider  the  aecondsry  circuit  AC^EA.    Since  there  ie  .I'l^^.ft, 
no  current  between  A  and  E  we  have  "•"'• 

Lx  +  Mu  +  Bti-O. 

But  if  i  be  the  current  paiaing  the  condenser  at  this  instnut 
we  must  have  (Fig.  127) 

and  BO  —  i  ia  the  current  vthich  charges  the  condenser,    Tliis 


so  tliat  the  former  equation  becomes 

(V-i-)i«  +  Zi:  +  ffji-0, 

Tlie  charge  of  the  coDdenaer  is  then  CB^i,  ao  tliat 

i-{(if-i)i+M. 


-h 


(M-L)i-[CBiB,-L)i. 

But  in  any  caae  in  which  there  haa  been  no  integral  flow 
through  the  galvanoroeler  during  the  riaing  of  the  current  from 
zero  to  its  ateady  value  we  have  seen  that  CB,Rj=M.  'ihua 
the  equation  just  found  becomes 

(if-i)(«-i)=0, 

which  ssaerts  that  either  M^L,  or  i=i.  The  latter  is  only  true 
when  the  current  m  in  ttie  battery  has  attained  its  ateady  value  y. 
If  however  M^L  it  will  be  poaaihie  to  make  the  difference  of 
potential  between  A  and  E  always  zero  and  to  employ  ti 
telephone. 
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The  following:  results  obtained  in  Prof.  Carey  Fo8ter*8  labora- 
tory by  Mr.  F.  Womack  illustrate  the  method.  A  sraall 
induction  coil  was  used  with  iixed  primary  and  coaxial  secondary 
capable  of  being  moved  in  the  direction  of  the  azia  so  as  to 
alter  tlie  mutual  inductance  of  the  coils.  The  dimensions  etc. 
of  the  coils  were  : — Primary^  length  11*6  cms,,  mean  radius 
2  cmy.,  wire  1*65  ohms  of  No.  20  B.W.G.  Secondary^  length 
10  4  cms.,  inside  radius  2*55  cms.,  outside  radius  3*53  cms.,  wire 
194  ohms  of  No.  30  B.W.G.  Two  Grove's  cells  were  used  and 
a  condenser  of  4  926  microfarads  capacity,  with  a  galvanometer 
of  about  185  ohms  resistance. 


Experi- 
mental 
Results. 


^. 

ReA.  of  Secondary 
+  Res,  from  Box, 

/?i7?j=.Af/C. 

15  ohms. 

14      „ 

13      „ 

12       „ 

11       » 
10      „ 

9       ., 

7       „ 
6      „ 

411  ohms, 
441       „ 
476       „ 
516       „ 
501       „ 
617       „ 
6«4       „ 
770       „ 
882       „ 
1029       „ 

< 

6165  X  10^8 
6174 

6188 

6192 

6171 

6170 

0156 

6160                            1 

6174 

6174 

Mean  6172  4X1018 

Thus  in  C.G.S.  units 

J/=4-926  X  10-1*  X  6172  x  1018=3*0403  x  IC. 

The  total  resistance  in  the  battery  circuit  was  about 
1-65+-6+/?!,  or  7?'i  =  2*25.  Thus  for  greatest  sensibility 
ii^jj//^!  =  (t//?'i  =  135/2  25  =  60. 

Some  very  concordant  results  were  also  obtained  with  a  7 
inch  spark  induction  coil.  The  resistance  of  the  primary  was  -278 
ohms  ;  of  the  secondary  7394  ohms.  One  Grove's  cell  was  nsed 
witli  tlie  same  condenser  as  before  and  a  galvanometer  of  resist- 
ance 13o6  ohms. 
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B, 

fl944  uh 

i?,fl. 

•    2Tolit»8. 

iH.        1        2-415  xlO=»C.(!.R.       ' 

!    '^8     ,. 

8640      , 

f        2-419 

1    -i'J     ,. 

6334      , 

2'4n                             ; 

•     30      „ 

K044     , 

i        S-413                             1 

i  31    » 

7784     , 

1        2413 

1     32      „ 

i        7544     , 

1        2-414 

Mciin  8-415  X  lO^^  C.G.S. 


.V  =  4-92r>  X  10-14  X  2-415  x  10=»  =  11896  x  10^, 
in  C.G.S.  iinilH. 


CHAPTER  IX 
UNITS  AND  DIMENSIONS 

In  Volume  I.,  Chapter  III.,  a  short  account  is  given  of 
the  Theory  of  Dimensions,  with  a  discussion  of  Funda- 
mental and  Derived  Units  as  far  as  ordinary  dynamical 
and  electrostatic  quantities  are  concerned.  In  the 
present  chapter  the  subject  of  electric  units  is  dealt 
with  from  a  somewhat  diflFerent  point  of  view,  and  we 
therefore  begin  with  electrostatic  units,  repeating,  with 
modifications,  a  few  paragi*aphs  from  the  former  chapter, 
in  order  that  the  discussion  of  electric  and  magnetic 
units  here  given  may  from  that  point  of  view  be 
complete.  For  distinction  here  we  shall,  as  a  rule,  use 
in  the  case  of  those  quantities  which  appear  in  both 
the  electrostatic  and  electromagnetic  systems  of  units 
small  letters  for  quantities  taken  in  electrostatic  measure, 
and  the  corresponding  capitals  of  these  letters  for  the 
same  quantities  taken  in  electromagnetic  measure. 

DERIVED  ELECTRICAL  UNITS. 
I. — Electrostatic  System. 

Quantity       Quantity   of    Electricity   [j].      In   the   electrostatic 

uidtv^     system  of  units  which  is  convenient  when  electrostatic 

results,  independently  of  their  bearing  on  electromag- 
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netic  pbenomeQa,  are  required,  the  units  of  all  the  otber 
quaDtities  are  founded  on  the  following  definition  of 
unit  quantity  of  electricity.  U7iit  quantity  of  dcctricity 
18  thai  quantity  ■which,  concentrated  at  a  point  at  unit 
disfance/rom  an  equal  and  similaT  quantity,  also  ameen- 
trated  at  a  j>oi>it,  is  repelled  with  unit  force  when  the 
medium  across  JcJiich  the  electric  action  is  traitsmitted  is 
a  certain  standard  inmilating  medium.  An  ideal  vacuum 
is  sometimes  taken  as  standard,  but  we  shall  suppose 
at  present  that  the  medium  is  air  at  temp.  0°  C.  and  at 
standard  atmospheric  pressure.  We  shall  call  this 
simply  air. 

This  definition  is  precisely  similar  to  the  definition 
(p.  516  above)  of  unit  ma^etic  pole  which  forms  the 
basis  of  another  system  of  units  called  the  electromag- 
netic system,  of  much  wider  and  more  important  appli- 
cation than  the  electrostatic.  Hence  by  Coulomb's  law 
that  (the  numerical  values  of)  electric  attractions  and 
repulsions  are  directly  as  the  products  of  the  (numerics 
for  the)  attracting  and  repelling  quantities,  and  inversely 
as  tbe  second  power  of  the  (numeric  for  the)  distance 
between  them,  if  a  quantity  of  positive  electricity  ex- 
pressed by  {  be  placed  at  a  point  distant  Z  units  from 
an  equal  quantity  of  electricity,  then  the  medium  being 
air,  the   numeric   F  for   tbe   force  between   them   is 

''"■'■ 

If  the  medium  across  which  the  electric  action  is 
transmitted  be  some  other  medium  than  air,  the  force 
between  the  charges  is  numerically  q^jKL^  where  K  is 
the  numerical  measure  of  a  quantity  called  the  electric 
inductive  capacity,  or  usually  tbe  specific  inductive  capa- 
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city  of  the  medium.  This  quantity  is  precisely  analo- 
gous to  the  conductivity  of  a  substance  for  heat*  and 
to  magnetic  permeability  (see  p.  517  below).  In  the 
ordinary  electrostatic  system  of  units  it  is  defined  (as 
at  p.  514)  so  as  to  have  a  dimensional  formula  1,  that 
is,  to  be  a  mere  numeric. 

But  we  might  proceed  otherwise  and  regard  ^  as  a 
quantity  of  undetermined  dimensions  as  regards  the 
luctive  fundamental  units,  but  such  that  ^jKL^  has  the  dimen- 
sions of  a  force.  We  may  then,  in  the  absence  of 
special  reasons  for  preferring  one  dimensional  formula 
for  K  to  another,  assign  its  dimensions  according  to  any 
convenient  hypothesis.  One  such  hypothesis  is  that 
which  forms  the  basis  of  the  ordinary  electrostatic 
system,  namely,  that  K  is,  as  regards  the  fundamental 
units,  of  zero  dimensions,  that  is,  has  a  dimensional 
formula  [1].  But  in  the  ordinary  electromagnetic 
system  of  units,  which  has  quite  a  different  derivation 
from  the  electrostatic,  the  dimensional  formula  of  JTis 
[Z~'-T^J,  and  the  numerical  value  of  K  depends  on  the 
choice  made  of  fundamental  units. 

We  shall  in  what  follows  suppose  the  dimensions  of 
K  undetermined,  and  therefore  allow  the  symbol  K  ex- 
pressing it  to  appear  in  the  dimensional  formulas  of  the 
other  quantities.  We  shall  thus  obtain  a  more  general 
electrostatic  system  in  which  the  absolute  dimensions 
of  the  quantities  are  not  settled.  From  this  the  ordinary 
electrostatic  system  is  obtained  by  simply  deleting  K,^ 

♦  See  Vol.  I.  Chap.  I.  Sect.  V. 

t  This  method  of  proceeding  is  advocated,  and  its  advantages  pointed 
out,  by  Prof.  A.  W.  Uiicker,  F.R.S.,  in  a  pai)er  on  the  "Suppressed 
Dimensions  of  Physical  Quantities,"  Phil,  Mag.,  Feb.  1889. 
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The  dimenaional  formula  of  quantity  of  electricity  is 
accordingly  [FUKi]  or  [M* Li  ?-'  A**]. 

Ekdnc  Surface  Density  [cr].  The  density  of  an  Eleciric 
electric  charge  on  a  surface  is  measured  by  the  quantity  Dcmitj. 
of  eleclricity  per  unit  of  area.     Therefore  [c]  \a  [ji"'] 

or[^*z-ir-i^i]. 

Electric  Force  and  Intamti/  of  Electric  Field  [/].  ^ectric 
The  electric  force  at  any  point  in  an  electric  field,  or 
the  intensity  of  the  field  at  that  point,  is  the  force  with 
which  a  unit  of  positive  electricity  would  be  acted  on  If 
placed  at  the  point.  Hence  if  the  numeric  for  the 
quantity  of  electricity  at  a  point  F  be  q,  and  that  of  the 
electric  force  at  that  point  be  /,  the  numeric  F  for  the 
force  on  the  electricity  ia  qf,  and  we  have  the  equation 
f^Fq-\    Therefore  [/]  is  [Fq-^]  or  [Mi  L-i  T-' K-i]. 

Electric  Potential  \y\  The  difference  of  electric  Electric 
potential  between  two  points  is  measured  by  the  work  i^ot^"'"!- 
which  would  be  done  if  a  unit  of  positive  electricity 
were  placed  at  the  point  of  higher  potential  and  made 
to  pass  by  electric  force  to  the  point  of  lower  potential. 
Hence,  in  transferring  q  units  of  electricity  through  a 
difiference  of  potential  expressed  numerically  by  v,  an 
amount  of  work  is  done  for  which  the  numeric  W  is 
equal  to  ^.  We  have  therefore  v  ~  Wq~^,  and  hence 
M  is  [  irg-i]  or  [#»  Z*  r-'  K-i\ 

Capacity  of  a  Conductor    [r].     The    capacity    of  an    Electro. 
insulates!  conductor  is   the   quantity  of  electricity  re-  Ca'psdV 
quired   to  charge  the  conductcr  to  unit  potential,  all 
other  conductors  in  the  field  being  supposed  at  zero 
potential.  Hence,  denoting  the  numeric  for  the  capacity 
of  a  given  conductor  by  e,  those   for  its  charge   and 
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potential  by  q  and  v,  we  have  c  -  gv'^,  and  for  [c] 
therefore  [qv'^]  is  [^AT].  The  unit  of  capacity  has 
therefore  the  same  dimensions  as  the  unit  of  length 
provided  [A']  =  I ;  and  the  capacity  of  a  conductor  is 
then  properly  expressed  as  so  many  centimetres. 

The  electrostatic  capacity  of  a  conducting  sphere  is 
in  oi'diniLry  electrostatic  units  numerically  equal  to  the 
radius  of  the  sphere.  A  conducting  sphere  of  1  cm. 
radius  has  therefore  1  C.G.S.  unit  of  capacity. 
Spoeifie  Specijic  Inductive  Capacity  \_K\  The  specific  induc- 
Capacity,  tive  capacity  of  a  dielectric  has  already  been  virtually 
defined  above,  but  it  is  usual  to  define  it  as  the  ratio 
of  the  capacity  of  a  condenser,  the  space  between  the 
plates  of  which  is  filled  with  the  dielectric,  to  the  capa- 
city of  a  precisely  similar  condenser  with  air  as  di- 
electric; or,  according  to  Maxwell's*  Theory  of  Electric 
Displacement,  it  is  defined  as  the  ratio  of  the  electric 
displacement  produced  in  the  dielectric  to  the  electric 
displacement  produced  in  air  by  the  same  electric  force. 
Thus  in  the  ordinary  electrostatic  system  of  units  its 
dimensions  are  taken  as  zero,  that  is,  it  is  simply  a 
numerical  coefficient  which  does  not  change  with  the 
units.  Hence  in  the  ordinary  electrostatic  system 
[A-]  -  1. 

This  definition  is  quite  consistient  with  the  former 
as  by  assigning  to  each  medium  according  to  the  former 
definition  its  own  value  of  K.  the  capacities  of  con* 
densers  in  which  they  are  used  as  dielectrics  have  the 
ratios  to  one  anotlter  given  by  the  second.     Thus  if  K 

'  El.  and  Hag.,  Vol,  I.,  2nd  editioii,  p.  164. 
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be  taken  as  the  expression  of  a  physical  property  of  the 
medium,  which  when  fully  known  would  in  a  natural 
maoner  fix  the  dimensions  of  K,  it  will  be  only  uecea- 
sory  to  multiply  alt  the  values  of  K  obtained  on  an 
arbitrary  supposition  (such  as,  for  example,  that  the 
value  for  air  is  unity)  by  the  same  factor  depending  on 
the  units  adopted.  This,  in  fact,  is  what  is  done  when 
K  is  taken  in  ordinary  electromagoetic  units. 

Electric  CurrerU  fvl.     An  electric  current  in  a  con-    Electric 
1       .  T  1       .  ,  .  ,  Curreut 

ducting  wire  is  measured  by  the  quantity  which  passes 

across  a  given  cross-section  per  unit  of  time.  If  ^  be 
the  numeric  for  the  quantity  which  has  passed  in  a  time 
for  which  the  numeric  is  T,  then  denoting  the  numeric 
for  the  current  by  y,  we  have  7  =  gIT,  and  [7]  ia  [j^"'] 
or  [JIfl  JJ  T-^  A^]. 

Itesiitanee  [r].  By  Ohm's  law  the  refdstance  of  a  Be*"*- 
conductor  ia  expressed  by  the  ratio  of  the  numeric  v 
for  the  difference  of  potential  between  its  extremities 
to  the  numeric  7  for  the  curreut  flowing  through  it. 
We  have  therefore  r  =*  vjy,  and  [r]  is  [V7~']  or 
[£-»  TK-^l 

Condiiciance  (formerly  Oonduclivity).  The  dimensional  Cunduct- 
formula  of  conductance  is  plainly  [ZI"-'  K].  Hence  in  *""*■ 
the  ordinary  electrostatic  system  its  dimensional  formula 
ia  [£?"''],  which  is  that  of  velocity.  Hence  a  conduct- 
ance in  ordinary  electrostatic  C.G.S.  units  is  properly 
expressed  in  centimetres  per  second.  A  physical  illus- 
tration of  this  fact,  due  to  Sir  William  Thomson,  is 
given  in  Vol.  I.  p.  205. 

L  L  2 


UNITS  AND  DIMBNSI0K3 


II.— Electro  MAO  NETio  System. 


m.'*°*eU  -^"ff'if'ic  Pole  or  Quantity  of  Maynetim,  [m] ;  Surface 
SyiiUni  Dcnsily  of  Magnetism  [<r']  ;  Magnetic  Force  or  Magnetic 
of  Unlta.   p^^^  Intensity  [/] ;  Mayiviie  Potential  [  V\ 

The  electromagnetic  system  of  units  ia  based  on  the 
unit  magnetic  pole  as  defined  above  (p.  2),  This 
definition  is  exactly  the  same  as  that  of  unit  qtiantity 
of  electricity  on  which  the  electrostatic  system  is 
founded  ;  and  thercfure  the  purely  magnetic  quantities 
here  mentioned,  which  bear  the  same  relations  to  the 
unit  quantity  of  magnetism  that  the  corresponding 
electric  quantities  bear  to  the  chosen  unit  quantity  of 
eleclricity,  have,  wiih  the  substitution  of  the  magnetic 
analogue  to  K,  in  the  electromagnetic  system  the  same 
dimensional  formulas  as  those  just  found  for  the  latter 
quantities  in  the  electrostatic  system. 

Observations  precisely  similar  to  those  made  above 
reganling  specific  inductive  capacity  apply  here  regard- 
ing its  analogue,  magnetic  inductive  capacity,  or,  aa  it 
is  frequently  called,  magnetic  permeability.  The  force 
between  two  poles,  each  of  strength  m  at  distance  L,  in 
a  medium  of  magnetic  inductive  capacity  n,  is  numeric- 
ally w^^/,ii^  and  hence  [m]  =  [M^  /J  T-^  /.I].  In  the 
ordinary  electromagnetic  system  fj.  is  defined  (see  p.  517 
■  below)  so  as  to  be  a  mere  numeric.  We  shall  not  here 
make  this  assumption,  but  allow  /i  to  appear  in  the 
formulas,  and  its  dimensions  may  be  after vards 
assigned. 

By  simple  deletion  of  /x  from  the  dimensional  for- 
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mulas  they  becomo  those  for  the  ordinary  electromag- 
netic system  in  which  [/i]  =  1, 

Magnetic  Moment  [Af].    The  numeric  M,  for  the  mag-  y**"*'!" 
netic  moment  of  a  uniformly  magnetized  bar-magnet,  is 
the  product  of  tho  numerics  for  the  strength  of  either 
pole  and  the  length  of  the  magnet.     Hence  we  have 

[Af]  =  [,w"*zi  r-i  /!*] .  [Z]  =  [i/tzi  r-'  /**]. 

Intensity  of  Magnetization  [v].  The  intensity  of  mag-  Inteniity 
netizatton  of  any  portion  of  a  magnet  is  measured  by  uBtLiaUoD, 
the  magnetic  moment  of  that  portion  per  unit  of  volume. 
Hence,  if  v  denote  the  numeric  for  the  intensity  of 
magnetization  of  a  uniformly  mi^etized  magnet,  the 
numerics  for  the  magnetic  moment  and  volume  of  which 
aie  M  and  AL^,  we  have 

»-^,andM.[Afii-lr'Vt]. 

It  is  plain  that  the  intensity  of  magnetization  of  a 
uaiformly  and  longitudinally  magnetized  bar  is  equal 
to  the  surface  density  of  the  magnetic  distribution  over 
the  ends  of  the  bar,  and  therefore  intensity  of  magneti- 
zation has  the  same  dimensional  formula  as  magnetic 
surface  density. 

Magnetic  Fermeability  [n].  The  magnetic  perme-  Mignetio 
ability  of  an  inductively  magnetized  substance,  or  its  ftbitity! 
magnetic  inductive  capacity,  is,  as  has  already  been 
stated,  the  analogue  in  magnetism  of  speciGc  inductive 
capacity  of  a  dielectric  in  electricity,  and  of  the  con- 
ductivity of  a  body  for  heat  in  heat  conduction.  The 
part  which  it  plays  in  magnetic  theory  is  discussed  in 
Chapter   I,   above.      In   the   ordinary  electromagnetic 
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ts  it  is  iiBUally  defined  ae 
ability  and  ^he  mngnetic  force  which  would  be  exerted  on  a  unit 
y^?P'  pole  placed  in  a  narrow  crevasse,  cut  in  tlie  substance 
so  that  its  walls  are  at  right  angles  to  the  direction  of 
magnetization,  to  the  force  whicli  it  would  experience 
if  placed  in  a  narrow  crevasse,  the  walls  of  which  are 
pnrallel  to  the  direction  of  magnetization.  This  mode 
of  detining  magnetic  permeability  clearly  makes  it  in 
the  ordinary  magnetic  system  a  mere  numeric,  that  is, 
its  dimensional  formula  [/i.]  =  1. 

The  more  general  view  of  the  meaning  of  magnetic 
permeability  given  on  p.  516  is  not  inconsistent  with 
this  more  special  definition,  as  the  latter  simply  amounts 
to  assuming  the  permeability  of  air  to  be  unity.  If,  as 
may  be  the  case,  permeability  is  more  properly  measured 
by  some  property  of  the  medium,  which  will  assign  to 
the  quantity  definite  dimensions,  the  permeabilities  of 
different  substances  in  the  ordinary  electro-magnetic 
system  will  simply  have  to  be  multiplied  by  a  common 
factor,  depending  on  the  fundamenUil  units  adopted. 

Magnetic  Smw.ptihiliti/.  Tliis  quantity  is  usually 
denoted  by  k,  and  in  the  ordinary  electromagnetic  system 
is  connected  with  fi  by  the  relation  /*  =  1  f  iirk.  Its 
dimensional  formula  is  therefore  also  1  in  the  ordinary 
electromagnetic  system,  that  is,  magnetic  susceptibility 
is  in  that  system  a  mere  numeric. 

Current  Strength  [F]  By  the  theory  of  electromag- 
netic action  stated  above  in  p.  143,  and  the  definition 
of  unit  current  (3),  p.  li-t,  we  have,  for  any  actual  case 
of  a  magnetic  p^le  pla?e'I  at  the  centre  of  a  circle  of 
wire  carrying  a  curient,  the  equation  V  =  FZ/2irm, 
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where  F,  L,  m,  and  T  are  the  numerics  respectively  for    Dimen- 
the  force  acting  on  the  pole,  the  radius  of  tlie  circle,  Eiectricd 
the  strength  of  the  polo,  and  the  strength  of  the  current.  Qi^it'"**- 
Hence  [F]  =  [FLm-'']  =  [.VU*  T"'  /."»]. 

Quantity  of  Electricity  [Q].  The  numeric  Q  for  the 
(juantity  of  electricity  conveyed  in  T  seconds  by  a 
cuirent  tlie  numeric  for  the  strength  of  wliicli  is  F,  is 
equal  to  rr.     Hence  [Q]  =  [VT]  =  [M*  />  ;*-'].• 

Electric  Potential,  r-r  Electromotive  Force  [K].  As 
above  (p.  oiy),  but  using  in  this  case  the  symbol  Ffor 
a  numerical  diflferencc  of  potential,  we  get  W  =  VQ. 
Thus  we  have  [K]  =  [J/lZl  T-^  ^t]. 

Electrostatic  Capacity  \C\.  Using  for  a  numerical 
capacity  in  electromagnetic  units  the  symbol  C,  we  find, 
by  the  same  process  as  in  p.  513,  the  equation  0=  Q/V, 

Mcsistance  [R].     Using  here  2i  to  denote  a  numerical   Hlnstra- 
resistance,  we  get  as  formerly  Ji  =  VjG,  and  therefore  Reg«t«nM 

Thus  if  [^]  =  1,  the  dimensional  formula  for  resist-  Volocitj. 
ance  is  the  same  as  that  for  velocity,  and  therefore  a 
resistance  in  ordinary  electromagnetic  units  is  properly 
expressed  as  a  velocity  is,  in  units  of  length  per  unit  of 
time,  and  accordingly,  in  C.G.S.  units,  as  so  many  centi- 
metres per  second.    This  fact  is  directly  shown  by  the 

*  We  nii^bt  pats  in  the  elettro&tntic  system  from  the  dimensionn) 
formiils  rf  Quit  cunvnt  to  that  of  unit  quantity  of  lunguttum,  pre- 
ciwly  as  we  pus  hero  in  the  eltctromagncti'i  system  from  the  dinien- 
sioiinl  rormtiU  of  nnit  quantity  of  magnetism  to  that  of  unit  cuirent, 
and  we  sbouM  Rnil  for  tha  dimensional  Tormula  sought  that  here  ob- 
tained {M^L^  K'^y,  as  might  be  inferred  at  onoe.  From  this  the 
foTiniLtag  in  thi'  clEClrostatic  eyEtem  for  nil  tlic  otiier  magnetic  ijnaiili- 
ties  might  be  fouiiiJ. 
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following  illustration,  due  to  Sir  William  Thomson. 
Let  tlie  rails  of  tlie  ideal  machine,  dcsciibed  in  p.  192, 
be  supposed  to  run  horizontally  at  right  angles  to  the 
magnetic  meridian,  and  let  their  plane  be  vertical.  Let 
a  tangent  galvanometer  be  included  in  the  wire  connect- 
ing the  rails.  The  slider  \\'hen  moved  along  the  rai's 
will  cut  the  lines  of  the  earth's  horizontal  force,  the 
intensity  of  which  in  electromagnetic  measure  we  have 
denoted  by  H.  If  the  slider  have  a  length  L,  and  be 
moved  with  a  velocity  v,  the  electromotive  force  de- 
veloped will  be  IILv.  If  R  be  the  total  resistance  iu 
circuit,  7  the  current  flowing,  r  the  mean  radius  of  the 
galvanometer  coil,  and  L'  the  length  of  wire  in  the 
coil,  we  have  7  =  Hr^jL'  tan  6.  But  by  Ohm's  law 
7  =  ULvjR.     Hence  HLvjR  =  Hr'-jL'  tan  6,  or 

LL-v 
■""7-*iantf" 

Now  we  may  suppose  the  radius  r  of  the  coil  so  taken 
that  1^  =  LL',  and  that  the  slider  is  moved  at  such  a 
speed,  V,  that  the  de6ection  of  the  needle  is  45°.  Under 
these  conditions  we  get  R  =  v.  The  resistance  R  of  the 
circuit  is  therefore  measured  in  electromagnetic  units  by 
the  velocity  with  which  the  slider  must  be  moved,  so 
that  the  deflection  of  the  needle  of  the  tangent  galvan- 
ometer may  be  45°. 
Sel(-lii-  Cocffidcnt  of  Sclf-IndMiioii  {or  St/f-Tiiditctance).  De- 
auctance.  noting  by  L  (instead  of  L  to  avoid  confusion  with  the 
Z  of  the  unit  of  length)  the  inductance  of  a  circuit, 
the  current  in  which  is  F,  we  have  \_drjdt  for  the 
electromotive   force  of  SL'lf-induction.     Hence   \_drjdt 
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has  the   same   dimensional    formula   as  electromotive 
force,  that  is  [Lri"-']  =  [M*L'  f- V"'].  and  therefore 

[L]  =  [i>*]- 

Mvtual  Iiuluctance.  If  JLTbe  mutual  inductance  be- 
tween two  circuits,  F  the  cunent  in  one  of  them,  then 
the  electromotive  force  in  the  other  circuit  due  to 
mutual  induction  is  MdTjdt.  Heuce  by  the  same  pro- 
cesfl  as  before  we  get  [J/]  =  [L[t\. 

A  self-  or  mutual  inductance  is  therefore  in  ordinary 
electromngnetic  measure  in  dimensions  simply  a  length, 
and  iu  CG.S.  units  is  properly  expressed  as  so  many 
centimetres. 

But  if  resistance  is  taken  in  terms  of  the  true  ohm, 
which  is  10^  cms.  (or  nearly  one  earth-quadrant)  per 
eecoad,  the  corresponding  unit  of  induction  is  10^  cms. 
If  the  legal  or  auy  other  ohm  is  used,  the  unit  of  in- 
duction is  that  length  which  replaces  10^  cms.  in  the 
definition  of  the  ohm. 

For  the  uuit  of  inductance  defined  by  any  ohm,  Profs. 
Ayrton  and  Perry  have  proposed  the  name  secohm.  The 
Paris  Congress  has  however  adopted  the  name  quadrant. 
Plainly  this  can  only  in  strictness  be  applied  in  connec- 
tion with  the  true  ohm. 

We  have  now  investigated  the  dimensional  formulas 
of  the  absolute  unit.')  of  ai!  the  principal  electric  and 
magnetic  quantities  iu  the  electrostatic  system,  or  in 
the  electromagnetic  system,  according  as  each  quantity 
is  generally  measured  in  practice.  Each  may,  however, 
be  expressed  either  in  electrostatic  or  in  electromagnetic 
units,  and  we  give  the  following  table  of  dimensional 
formulas  for  all  the  quantities  iu  both  systems. 
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imen- 


In  Tables  II.  and  III.  K  and  /a  have  been  intro- 
duced into  the  formulas  as  stated  above,  pp.  512,  51C. 
The  ordinary  electrostatic  and  electromagnetic  systems 
are  obtained  by  supposing  JTand  /i  each  unity. 

One  advantage  of  thus  exhibiting  the  dimensions  is 
that  it  enables  electrostatic  and  electromagnetic  quan- 


A'^and  tidies  to  be  regarded  as  of  the  same  absolute  dimen- 
sions, since  K  and  /a,  not  being  fixed  as  to  dimensions, 
can,  unless  restricted  by  definition,  have  dimensions 
assigned  to  them  which  fulfil  this  condition.  For 
example,  as  suggested  by  Professor  G.  F.  Fitzgerald,* 
each  may  be  taken  as  having  the  dimensions  [TZ""^]. 
Another  advantage  is  that  problems,  in  which  passage 
,  from  one  set  of  units  to  the  other  is  involved,  are  solved 

with  greater  ease   from  first  principles  (see  Professor 
Rlicker's  paper,  loc,  cit.). 


Table  of 

FUNDAMENTAL   UNITS. 

Dimon- 
ional  For- 
mulas. 

r,       *'x                                          Dimensional 
Q"»"^"y-                                        Fomnila. 

Length                                     [L] 

Mass                                      [M] 

Time                                      [T] 

DERIVED   UNITS. 

/.  Dynamical  Units. 

Velocity  [L  T'^] 

Acceleration  [Z  T'^] 

Force  [J/ZJ-^] 

Work     )  [J/Z^r-sj 

Energy  J 

*  Phil.  Mag.,  April  1889. 
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!. — Col.  A  below  with  K  deleted  gives  tlie  oidioary  electro- 

armulas,  Col.  B  with  jl  deleted  gives  the  ordinary  electro- 
ic  formulas. 

//.  Electric  Units. 

A.  B. 

In  ti-rma  of  In  terms  of 

J  of  Electricity  [3fi  T,' '?-' Ki  ]     [Jfi/,l^i] 

DcDsity  of  Electricity  1     ,,i,  j,-,  ;■. , xn  [MiL-lu-n 
Displacement  i    ^  ■'  ^  ■' 

Force,  or  I  UII  L-tf-'K-i]  [Mm  T-' fli] 

y  of  Electric  Field )  '■  ■'  '■  ' 

Potential       1  [Ml V  T-' K->]  [it'll  T-'i^} 

notive  Force }  i  \.  i^i 

itatic  Capacity  [AT]  [i-'P/i"'] 

Iiidoctive  Capacity  [LIC]  [£-' T/i-'] 

Strength  [Ml  LI  T-'KI]  [Ml  LI  T->  ^-»] 

ice  [L-'TK'I]  [LT-'fl-l] 

III.  Ma'jiviic  Units. 

y  of  Magnetism,  or  I  [MILIK-I]  [MIHT-'iJ] 

Density  of  MagneUsm       [.«'  L-l  K-l]         [Ml  i"'  T"'  ,il] 
ic  Moment  [Ml  L' K-l]  [Ml  LIT-' /if] 

y  of  Magnetimlion  [Ml  L-l  k'-l]        [Ml  L-l  T-'  ^] 

'" '!'";°' "   . \  [.ViilT-'A-l]  [MIL-IT-'f,-l] 

y  of  Magnetic  Field  J  ^                        ■"  '■                    '^    ' 

ic  Potential  [MILIT-'KI]  [Ml LI  T-' i^-i] 

0  Permeability    1  [L-'-T'K-^                      W 

c  Susceptibility  \  ^                   '                      ^  ■* 

snt  of  Self-Iiiiiuction  i     rr-i'rvi'-n 

mtof  Mutual  Induction}    '■''     ^"-    '  l''''' 


624  UNITS  AND  DIMENSIONS 

Use  of  As  an  example  of  the  use  of  dimensional  formulas 
sioual  we  may  find  the  multiplier  for  the  reduction  of  numerics 
Formulas,  f^j.  magnetic  field  intensities  given  in  tenns  of  British 
foot-grain-second  units  to  the  corresponding  numerics 
in  terms  of  C.G.S.  electromagnetic  units.  Let  II  be  the 
numerical  intensity  in  terms  of  British  units,  H'  the 
numerical  intensity  in  C.G.S.  units.  We  have,  by 
equation  (4). 

Since  1  gramme  =  15*43235  grains,  and  1  centimetre 
=  1/30-47945  foot,  we  have 

rj/iz-i  T-n  =  ( ^ ^  = ? 

*-  ■'      U5-43235  X  30-47945/        21-688 

The  earth's  horizontal  force  is  given  as  392  in  British 
units  at  Greenwich  for  1883.     We  get  therefore 

E'  =  3-92  2^.^  =  -18075,  in  C.G.S.  units. 

Units  adopted  in  Practice, 

Practical  In  practical  work  the  resistances  and  electromotive 
forces  occurring  to  be  measured  are  usually  so  great 
that  if  the  absolute  electromagnetic  C.G.S.  units  were 
used,  the  resulting  numerics  would  be  inconveniently 
large ;  while,  on  the  other  hand,  capacities  are  generally 
so  small  that  their  numerics  in  C.G.S.  units  would  be 
only  very  small  fractions.  Accordingly  certain  multiples 
of  the  C.G.S.  units  of  resistance  and  electromotive  force, 
and  a  submultiple  of  that  of  capacity  have  been  chosen 
for  use  in  practice.     The  derivation  of  the  first  two,  the 
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ohm  and  the  volt,  together  with  the  practical  units  of 
current  and  quantity,  the  ampere  and  the  coulomb,  may 
be  illustrated  as  followa : — " 

Let  the  rails  of  the  ideal  magneto-electric  machine,  Dori™iion 
described  at  p.  192  above,  be  im^ined  placed  in  a  Pnwtiol 
uniform  magnetic  field  of  unit  intensity.  Also  let  the  Vmtt. 
rails  be  connected  by  means  of  a  wire  so  that  a  complete 
conducting  circuit  is  formed.  Suppose  the  rails,  slider, 
and  wire  to  be  all  made  of  the  same  material,  and  the 
length  and  cross-sectional  area  of  the  wire  to  be  such 
that  its  resistance  is  very  great  in  comparison  with  that 
of  the  rest  of  the  circuit,  so  that,  when  the  slider  is 
moved  with  any  given  velocity,  the  resistance  in  the 
circuit  remains  practically  constant.  When  the  slider 
is  moved  along  the  rails  it  cuts  across  the  liues  of  force, 
and  so  long  as  it  moves  with  uniform  velocity  a  constant 
difference  of  potential  will  bo  maintained  between  its 
two  ends  by  induction,  and  a  uniform  current  will  flow 
in  the  wire  from  the  rail  which  is  at  the  higher  potential 
to  that  which  is  at  the  lower.  If  the  direction  of  the 
lines  of  force  be  the  same  as  the  direction  of  the  vertical 
component  of  the  earth's  magnetic  force  in  the  northern 
hemisphere,  so  that  a  north-tending  pole  placed  in  the 
field  would  be  moved  downwards,  and  if  the  rails  run 
south  and  north,  the  current,  when  the  slider  is  moved 
northwards,  will  flow  from  the  east  rail  to  the  west 
through  the  slider,  and  from  the  west  rail  to  the  east 

*  SfieciRoittioDSof  the  Practlcnl  UDitsfor  ane  in  Electrical  Iniliutri^a, 
4c.,  Iiare  been  iiJopted  within  the  last  yeiir  by  ft  Committee  aj'pointod 
by  Ihe  Hoard  of  Trade.  The  recommanJations  of  the  Committee  will 
be  fi'iind  in  sn  Appendix  at  the  end  of  this  Tolanie. 
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C.O.S. 

unit  of 
Difference 

of 
PotentiaL 


Practical 
Unit  of 

Electro- 
motive 
Force: 

The  Volt. 


through  the  wire.  If  the  velocity  of  the  slider  be 
increased,  the  difference  of  potential  between  the  rails, 
or,  as  it  is  otherwise  called,  the  electromotive  force 
producing  the  current,  will  be  increased  in  the  same 
ratio;  and  therefore  by  Ohm's  law  so  also  will  the 
current. 

For  a  slider  arranged  as  we  have  imagined,  and  made 
to  move  across  the  lines  of  force  of  a  magnetic  field,  the 
difference  of  potential  produced  varies  directly  as  the 
field  intensity,  as  the  length  of  the  slider,  and  as  the 
velocity  with  which  the  slider  cuts  across  the  lines  ol 
force.  The  difference  of  potential  produced  therefore 
varies  as  the  product  of  these  three  quantities;  and 
when  each  of  these  is  unity,  the  difference  of  potential 
is  taken  as  unity  also.  We  may  write  therefore 
V  =  I Lv,  where  /  is  the  field  intensity,  L  the  length 
of  the  slider,  and  v  its  velocity.  Hence  if  the  intensity 
of  the  field  we  have  imagined  be  1  C.G.S.  unit,  the 
distance  between  the  rails  1  cm.,  and  the  velocity  of  the 
slider  1  cm.  per  second,  the  difference  of  potential  pro- 
duced will  be  1  C.G.S.  unit. 

This  difference  of  potential  is  so  small  as  to  be  incon- 
venient for  use  as  a  practical  unit,  and  instead  of  it  the 
difference  of  potential  which  would  be  produced  if, 
everything  else  remaining  the  same,  the  slider  had  a 
velocity  of  100,000,000  cms.  per  second,  is  taken  as  the 
practical  unit  of  electromotive  force,  and  is  called  one 
volt.  It  is  a  little  less  than  the  difference  of  potential 
which  exists  between  the  two  insulated  poles  of  a 
Daniell's  cell. 

We  have  imagined  the  rails  to  be  connected  by  a  wire 
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of  very  great  resistance  in  comparison  with  that  of  the  Derivstion 
rest  of  the  circuit,  and  have  supposed  the  length  of  this     Unit'of 
wire  to  have  remained  constant.     But  from  what  we     Kebiat- 
have  aeen  above,  the  effect  of  increasing  the  length  of 
the  wire,  the  speed   of  the  sUder   remaining  the  same, 
would  be  to  diminish  the  current  in  the  ratio  in  which 
the  resistance  is  increased,  and  a  correspondingly  greater 
apeed  of  the  slider  would  be  necessary  to  maintain  the 
current  at  the  same  strength.     We  may  therefore  take 
the  speed  of  the  slider  as  measuring  the  resistance  of 
the  wire.   Now  suppose  that  when  the  slider  1  cm.  long 
was  moving  at  the  rate  of  1  cm.  per  second,  the  current 
in  the  wire  was  I  COS.  unit ;  the  resistance  of  the  wire 
was  then  1  CG.S.  unit  of  resistance.     Unit  resistance   Practical 
therefore  corresponds  to  a  velocity  of  1  cm.  per  second.     R°j*rt. 
This  resistance,  however,  is  too  small  to  be  practically      »««>  = 
useful,  and  a  resistance  1,000,000,000  times  as  great, 
that  is,  the  resistance  of  a  wire,  to  maintain  I  C,G.S. 
unit  of  cuiTent  in  which  it  would  he  necessary  that  the 
alider  should  move  with  a  velocity  of   1,000,000,000 
ms.  (approximately  the  length  of  a  quadrant  of  the 
earth  from  the  equator  to  either  pole)  per  second,  is 
taken   as  the  practical  unit  of  resistance,  and  called 
one  ohm. 

Some  account  of  experimenta  which  have  been  made      Ohm 
for  the  realization  of  the  ohm  is  given  in  Chapter  IX.,    '^'S:'^ 
and  it  will  be  seen  from  the  results  that  the  ohm  is    ance  of 
approximately  equal  to  the  resistance  of  a  column  of  Memirvt 
pure  mercury  IOG'3  cms.  long,  and  129  mm.  in  cross- 
section,  when  the  temperature  is  that  of  melting  ice. 
At  present  this  number   is  that  generally  used ;  but 
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when  a  sufficient  number  of  exact  determinations  of  the 
ohm  have  been  obtained,  a  more  accurate  value  will  no 
doubt  be  legalised  as  the  standard  of  reference. 

Dtriration  It  is  obvious  from  equation  (1)  that  if  Fand  jB,  each 
Amwre  i^ii^i^^Hy  One  unit,  be  increased  in  the  same  ratio,  G  will 
remain  one  unit  of  current;  but  that  if  Fbe,  for  ex- 
ample, 10^  C.G.S.  units  of  potential,  or  one  volt,  and  R 
be  a  resistance  of  10®  cms.  per  second,  or  one  ohm,  C 
will  be  one-tenth  of  one  C.G.S.  unit  of  current.  A 
current  of  this  strength — that  is,  the  current  flowing  in 
a  wire  of  resistance  one  ohm,  between  the  two  ends  of 
which  a  ditference  of  potential  of  one  volt  is  main- 
tained,— has  been  adopted  as  the  practical  unit  of 
current,  an<l  called  one  ampere.  Hence  it  is  to  be  re- 
membered one  ampere  is  one  tenth  of  one  COS.  unit 
of  current. 

Derivation  Tlie  amount  of  electricity  conveyed  in  one  second  by 
of  the  ^  current  of  one  ampere  is  called  one  coulomb.  This 
unit,  altliongh  not  quite  so  frequently  required  as  the 
others,  is  very  useful,  as,  for  instance,  for  expressing  the 
quantities  of  electricity  which  a  secondary  cell  is  capable 
of  yielding  in  various  circumstances.  For  example,  in 
comparing  different  cells  with  one  another,  their  capa- 
cities, or  the  total  quantities  of  electricity  they  are 
capable  of  yielding  when  fully  charged,  are  very  con- 
veniently reckoned  in  coulombs  per  square  centimetre 
of  the  area  across  which  the  electrolytic  action  in  each 
takes  place. 

The  magneto-electric  machine  we  have  imagined 
yields  very  simply  the  relation  between  the  work  done 
in  maintaining  a  current,  the  strength  of  the  current, 
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and  the  electromotive  force  producing  it*  Althougli  & 
slight  digression,  ire  give  this  discussion  here  to  help  to 
illustrate  how  electromotive  force  nnd  current  together, 
when  measured  in  absolute  electromagnetic  units,  give 
the  corresponding  electrical  activity  in  absolute  dy- 
namical units,  and  for  the  sake  of  the  practical  units  of 
electrical  activity  and  work. 

We  have  seen  above  fp.  118)  that  every  element  of  a   Activity 
,     .  .  /■  ^-     n  I,     ■     ill  Circuit 

conductor,  carrying  a  current  m  a  magnetic  field,  is  of  Electro- 
acted  on  by  a  force  tending  to  move  it  in  a  direction  at   '"^'iP'fi'''^ 

QeDcnitor. 
right  angles  to  the  plane  through  the  element,  and  the 

direction  of  the  resultant  magnetic  force  at  the  element, 
and  have  derived  from  the  expression  for  the  magnitude 
of  the  force  a  definition  (p.  143)  of  unit  current  in 
the  electromagnetic  system.  From  these  coniidorations 
it  follows  that  a  conductor  in  a  uniform  magnetic  field, 
and  carrying  a  unit  current  which  flows  at  right  angles 
to  the  lines  of  force,  is  acted  on  at  every  point  by  a 
force  tending  to  move  it  in  a  direction  at  right  angles  to 
its  length,  and  the  magnitude  of  this  force  for  unit 
length  of  conductor,  and  unit  field,  is  by  the  definition 
of  unit  current  equal  to  unity. 

Applying  this  to  our  slider,  in  which  we  may  suppose 
a  current  of  amount  y  to  be  kept  flowing,  say,  from  a 
battery  in  the  circuit,  let  L  be  the  length  of  the  slider, 
V  its  velocity,  and  /  the  intensity  of  the  field ;  we  have 

•  PriLitically  the  lame  conaidenttiona  formed  the  basis  of  Sit  Wiltiam 
Thomsoii'M  faiiioua  iMpera  "  On  the  Mrcluiiiiiml  Theory  of  Elfctrolyaia," 
and  "Od  Aplilicatioiia  of  the  rri(ioi|.le  of  Methiiiiicnl  Effect  to  the 
Afeasareinent  of  Electromotive  Forces  and  of  (Jalvnnic  ReRiiitances  in 
Absolute  MeuBiire,"  Phil.  Mag.  Dee.  1851,  or  l:i:priiU  of  Math,  ami 
Phy:  Paper',  Vol.  I. 

VOL.   II.  M  M 
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for  the  force  on  the  moviDg  conductor  the  value  11^. 
Hence  the  rate  at  which  work  is  done  by  the  electro- 
ni:igne(ic  action  between  the  current  and  the  field  is 
IL^dxjdl  or  IL^,  and  this  must  be  equal  to  the  rate 
at  which  work  would  be  done  in  generating  by  motion 
of  the  slider  a  current  of  amount  f.  But  as  we  have 
■  seen  above,  ILv  is  the  electromotive  force  produced  by 
the  motion  of  the  slider.  Calling  thia  now  E,  the 
symbol  usually  employed  to  denote  electromotive  force, 
we  have  Ey  as  the  electrical  activity,  that  is,  the  total 
rate  at  which  electrical  energy  is  given  out  in  all  forms  ' 
in  the  circuit. 

By  Ohm's  law  this  value  for  the  electrical  activity 
may,  when  the  work  done  is  wholly  spent  in  producing 
heit,  be  put  into  either  of  the  two  other  forms,  namely, 
£^IR,  or  y'R.  In  the  latter  of  these  forms  the  law  was 
discovered  by  Joule,  who  measured  the  amount  of  heat 
generated  in  wires  of  different  resistances  by  currents 
flowing  through  them.  This  law  holds  for  every  electric 
circuit  whether  of  dynamo,  battery,  or  thermoelectric 
arrangement, 
[tiritios  We  have,  in  what  has  gone  before,  supposed  the  slider 
t  Pnrts  *'*  bave  no  resistance  comparable  with  tlie  whole  resist- 
Circtiit.  ance  in  the  circuit.  If  it  have  a  resistance  t,  and  E  | 
be  the  remainder  of  the  resistance  in  circuit,  the  actual 
difference  of  potential  between  its  two  ends  will  not  be 
ILv  or  EM-i^  E .  Rl{R  +  r)  (Vol.  I.,  p.  146).  The  rate 
per  unit  of  time  at  which  work  is  given  out  in  the  circuit 
is  however  still  E-/,  of  which  thepart  Ef  .ri{R  +  r) 
is  given  out  in  the  slider,  and  the  remainder, 
Ey.RKIl   \-  r),  in   the  remainder  of  the  circuit.     In 
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short,  if  K  be  the  actual  difference  of  potential,  as 
measured  by  an  electrometer,  between  tAo  points  in  a 
wire  connecting  the  terminals  of  a  battery  or  dynamo, 
and  7  be  the  current  flowing  in  the  wire,  the  rate  at 
which  energy  is  given  out  is  Fy,  or  if  J!  be  the  resist- 
ance of  the  wire  between  the  two  points,  7'^. 

The  activity  in  the  part  of  the  circuit  considered  is 
always  Vy,  but  this  may  be  greater  than  7-^,  in  which 
case  work  is  done  otherwise  than  in  heating  the  con- 
ductor. 'f^R  is  then  the  part  of  the  activity  employed 
in  generating  heat. 

One  of  the  great  advantages  of  the  system  of  units  AdvsntHgs 
briefly  sketched  here,  is  that  it  states  the  value  of  the  qq% 
rate  at  which  work  is  given  out  in  the  circuit,  without  Syaiemof 
its  being  necessary  to  introduce  any  coefficient  such  as 
would  have  been  necessary  if  the  units  had  been  arbi- 
trarily chosen.  When  the  quantities  are  measured  in 
C.G.S.  units,  the  value  of  Er^  is  given  in  centimetre- 
dynes,  or  in  ergs,  per  second.  Results  thus  expressed 
may  be  reduced  to  hfvsc-pcnrcr  by  dividing  by  the 
number  7'46  x  10*;  or  if  £!  is  measured  in  volts,  and 
7  in  amperes,  £y  may  be  reduced  to  horse-power  by 
dividing  by  74fi.  Thus,  if  90  volts  be  maintained 
between  the  terminals  of  a  pair  of  incandescent  lamps 
joined  in  series,  and  a  current  of  13  ampere  flows 
through  these  lamps,  the  rate  at  which  energy  is  given 
out  in  the  lamps  is  approximately  'lo?  horse-power. 
If  the  rate  at  which  work  is  done  in  maintaining  a 
current  of  one  ampere  through  a  resistance  of  one  ohm 
were  taken  an  the  practical  unit  of  rate  cf  working,  or 
activUy,  and  £  reckoned  in  volts  and  7  in  amperes,  the 
M  M   2 
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rate  at  wfaicli  electrical  eaei^y  is  given  out  in  the  circuit 

would  be  measured  simply  by  E^ ;  and  calculations  of 

Wall  or    electrical  work  would  be  much  Bimplified,     This  was 

EVeotrical  proposed  by  Sir  William  Siemens  {Brit.  Assoc.  Address. 

Act[vity.  1882),  who  suggested  that  the  name  watt  should  be 
given  to  this  uuit  rate  of  working.  The  rate  at  which 
energy  is  given  out  in  the  lamps  of  the  above  example 
is  90  X  13  —  117  watts.  A  watt  is  therefore  equivalent 
to  10"  ergs  per  second. 

Kilowntt,  The  Electrical  Congress  held  at  Paris  in  August  1889 
lias  adopted  tlie  watt  as  the  practical  electrical  unit  of 
work,  and  the  term  kiloicalt,  proposed  by  Mr.  W.  H, 
Preece  to  designate  an  activity  of  1000  watts  or  10"* 
ergs  per  second.  It  is  intended  that  the  latter  unit 
alioulJ  be  used  instead  of  the  horse-power.  An  activity 
given  in  kilowatts  can  be  reduced  to  horse-power  by 
dividing  by  TiG,  or  roughly  by  multiplying  by  4  and 
dividing  by  3. 

Joule  or        Sir  William  Siemens  also  proposed  to  call  the  work 

Elooirical  done  in  one  secomi,  when  the  rate  of  working  is  one 
Wurk.  watt,  onejoitk:  Thus  the  work  done  in  one  second  in 
maintaining  a  current  of  one  ampere  through  one  ohm, 
or  the  work  obtained  by  letting  down  one  coulomb  of 
electricity  through  a  difference  of  potential  of  one  volt, 
is  onejW/t'.  k  joule  is  therefore  equivalent  to  10'  ergs, 
and  the  work  done  in  one  second  in  the  above  example 
is  117  Joules. 

The  Electrical  Cimgress  of  August  1889  also  adopted 
the  joule  as  the  practical  unit  of  electrical  work. 

The  practical  unit  of  electrostatic  capacity  is  called 
the  furad,  and  may  be  defined  as  the  capacity  of  a 
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condenser  which,  when  charged   by  an  electromotive    Pra^tienl 
force  of  one  volt,  has  a  charge  of  one  coulomb.     If  0  Caj»citj- : 
be  the  numerical  capacity  of  such  a  condenser  in  C.G.S.     _'^H 
electromagnetic  units  of  capacity,  we  have  C=  lO'VlO* 
=  10"* ;  or  one  farad  is  equivalent  to  lO"®  C.G.S. 

In  some  cases,  when  the  quantities  to  be  expressed 
are  very  large,  units  one  million  times  greater  than  the 
chosen  practical  units  are  employed.  These  are  denoted 
by  the  names  of  the  corresponding  practical  units  with 
tntga  (great)  prefixed.  On  the  other  hand,  for  the  ex- 
pression of  very  small  quantities,  units  one  million  times 
smaller  than  the  practical  units  are  sometimes  used, and 
are  denoted  by  the  corresponding  names  of  the  practical 
unit;<t  with  inicro  (small)  prefixed. 

Such  units  are  however  rarely  employed,  with  the  Mrcobm 
exception  of  the  megohm,  used  for  expressions  of  resist-  '"fj^aj'"' 
ances  of  insulating  substances,  and  the  mtcTofarad, 
which  is  really  the  most  convenient  unit  for  expressions 
of  capacities.  A  megohm  may  be  stated  as  IC  centi- 
metres per  second ;  one  C.G.S.  unit  of  capacity  is  equi- 
valent to  10'*  microfarads. 

The  practical  units  which  have  been  adopted  may  be    Praciind 
considered  as  belonging  to  an  absolute  system,  based  on  aB^^d*^ 
a  unit  of  length  equivalent  to  one  thousand  million    Absolute 
(10*)  centimetres  (approximately  the   length  of   one 
quadrant  of  the  earth's  polar  circumference),  a  unit  of 
mass  equivalent  to  one  one-hundred-millionth  of  a  milli- 
gramme, or  10""  gramme,  and  the  second  as  unit  of 
time.     The   verification  of  this  in  the  different  cases 
will    furnish    examples    of   the    use    of  dimensional 
formulas. 
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For  example,  let  us  And  what  the  expressions  of 
resistances  and  electromotive  forces  in  C.G.S.  units 
become  when  these  new  units  of  length  and  mass  are 
substituted  for  the  centimetre  and  the  gramme.  Let  S 
be  the  numeric  of  a  resistance  in  C.G.S.  units,  and  Ji' 
its  numeric  in  terms  of  the  new  units.  We  have, 
using  the  proper  change- ratio, 

iJ'  -  R[f.T-']  -Sy~. 

since  the  unit  of  time  remains  unchanged.  One  ohm 
is  therefore  equivalent  to  10*  C.G.S.  units  of  resist- 
ance, that  is,  10^  centimetres  per  second. 

Again  let  V  be  the  expression  of  an  electromotive 
force  in  C.G.S.  electromagnetic  units,  E"  its  expression 
in  terms  of  the  new  units.  The  dimensional  formula 
for  electromotive  force  is  [J/"*Z'  J""'],  We  have  there- 
fore 

E"  =  E[MiLiT-^]. 

We   have   only   to  consider   what  [M*i']  becomes. 

This  is  plainly  (I/IO"")'  x  (1/10»)»  or  l/10^     Hence 


r^  E  > 


11)^' 


that  is,  one  volt  is  equivalent  to  10*  C.C3.S.  units  of 
electromotive  force. 

The  following  table  gives  the  numerics  for  the  various 
practical  units  in  terms  of  C.G.S.  units : — 


Name  of 

Quantity. 

Resistance 
Electromotive  Force 
Current  Strength 
Quantity  of  Electricity 

Electroatatic  Capacity 


DIMEKSIOVS 

Pncttol 
Unit. 
Ohm 
Volt 
Ampere 
Coulomb 
(Farad 
I  Microfarad 


10* 

108 

io-» 
io-» 

10-* 
10-is 


We  have  seen  above  that  if  Q,  Q'  be  the  numerics 
for  two  quantities,  the  dimensional  formula  of  ^/Q  is 
[6']/[&]<  ^t^d  ^bis  of  course  applies  to  the  expressions 
of  the  same  quantity  in  two  different  systems  of  units. 
Thus  if  J  denote  the  numerical  expression  of  a  quantity 
of  electricity  in  electrostatic  units,  and  Q  that  of  the 
same  quantity  in  electromagnetic  units,  the  same  funda- 
mental units  being  employed  in  both  cases,  the  dimen- 
sional formula  of  qlQ  is  [?]/[§].  But  from  the  table 
(p.  523)  we  have  [5]  =  [MHi  T^'']  and  [Q]  =  [AULi]. 
The  dimensional  formula  of  g/Q  is  thus  the  same  as 
that  of  velocity,  that  is  to  say  g/Q  is  equal  to  a  Cfrtain 
definite  velocity,  the  numerical  expression  of  which 
depends  on  the  fundamental  units  of  length  and  time 
employed.  In  other  words  the  number  of  electrostatic 
units  of  electricity  which  is  equivalent  to  one  cleUro- 
magnetic  unit  is  numerically  equal  to  this  velocity. 

The  same  velocity  is  derivable  from  the  ratios  of  the 
numerical  values  of  any  of  the  other  electrical  or  mc^- 
netic  quantities  in  the  two  systems  of  units.  For 
instance,  if  e  be  the  numerical  value  of  an  electromotive 
force  in  electrostatic  units,  and  E  that  of  the  same 
electromotive  force  in  electromagnetic  units,  we  have 


Ratio  of 
Electro- 
magnetic 
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for  the  dimensional  formula  of  cjE  the  value  [«]/[-F|' 
=  [M^D][M^D  r-i]  =  [Z-i  T].  The  ratio  ejE  has 
thus  the  dimensional  formula  of  the  reciprocal  of  a 
velocity,  and  therefore  Eje,  or  which  is  the  Eame,  the 
number  of  electromagnetic  units  equivalent  to  one 
electrostatic  unit  of  electromotive  force,  is  properly 
expressed  as  a  certain  definite  velocity.  It  is  easy  to 
see  that  this  velocity  is  identical  with  the  former.  For 
if  q  and  Q  be  the  numerical  values  in  the  two  systems 
of  a  certain  quantity  of  electricity,  then  since  e  and  E 
denote  the  same  electromotive  force,  the  work  eq  must 
be  numerically  equal  to  the  work  EQ,  We  get  there- 
fore Ejc  —  qjQ,  that  is,  the  two  velocities  are  the 
same. 

By  taking  the  more  general  dimensional  formulas 
given  in  the  table  (p.  523)  we  find  that 

when  [(/],  [(?]  refer  to  the  ordinary  systems.  Hence 
the  product  K~^  jjl'^  has  the  dimensions  of  a  velocity 
It  is  in  fact  the  velocity  qjQ  above  referred  to.* 

Denoting  this  velocity  by  ^',f  we  get  for  the  various 
quantities  the  following  relations.  The  numerator  of 
the  ratio  on  the  left  of  each  equation  denotes  the 
numeric  d  the  quantity  in  electrostatic  units,  the  de- 
nominator the  numeric  of  the  same  quantity  in  electro- 
magnetic units. 

*  See  p.  206  above  ;  also  Chap.  X.  below. 

t  For   il  lust  rat  ions  of  the  physical   meaning  of  v  see   Chap.    X. 
below. 


UNITS  AND  DIMENSIOKS 
A  given  Quantity  of  Electricity  g/Q  =  v 

„       Current  7/r  — 11 

„      Electromotive  Force  e/S  =  Ijv 

„      Electrostatic  Capacity  cjC  =  v^ 

„       Resistance  rjR  =  l/v- 

Therefore  if  q  and  Q,  e  and  E,  or  the  numerics  for 
any  other  given  quantity,  be  determined  in  the  two 
systems  of  units,  the  value  of  v  can  be  at  once  obtained. 
Experiments  of  this  kind,  some  of  which  are  described 
in  Chapter  X.  below,  have  been  made  by  Maxwell,  Sir 
W.  Thomson,  Weber,  Ayrton  and  Perry,  J,  J,  Thomson, 
H.  A.  Rowland,  E.  B.  Rosa,  and  others,  with  the  result 
that  c  =  3  X  10'"  centimetres  per  second  approximately, 
or  very  nearly  the  velocity  of  light  in  air  as  deduced 
from  experiments  made  by  the  methods  uf  Foucault 
and  Fizeau.  According  to  Maxwell's  Electromagnetic 
Theory  of  Light  {Electricity  and  Maffnetism,  Vol,  II., 
Chap.  XX.)  this  relation  should  hold,  and  thus  the 
theory  is  so  far  confirmed. 

In  the  present  chapter  we  have  considered  only  the 
sciilar  magnitudes  of  electric  and  magnt  tic  quantities. 
For  an  instructive  discussion  of  the  Theory  of  Dimen- 
sions from  a  vector  point  of  view  the  reader  may  refer 
to  a  paper  by  Mr.  W.  Williams,  Fkil.  Mag.  Sept.  1802. 


CHAPTER  X 

* 

ABSOLUTE  MEASUREMENT  OF  RESISTANCE 

Import-  In  order  that  all  the  results  of  electrical  experiments 
Realized  ^^^y  bc  expressed  in  absolute  units,  realized  absolute 
Staiidards  ^xmXA  of   resistance   must  be   available.     An   electric 

of  Resist- 
ance,     curi'ent   can    be   measured    at    any  time    in   absohite 

units,  as  we  have  seen,  by  means  of  a  proper  standard 
galvanometer  or  current  balance.  When  the  absolute 
value,  R,  of  the  resistance  of  a  coil  of  wire  is  known, 
a  difference  of  potential  expressed  by  any  chosen 
number  of  absolute  imits  can  be  produced  by  causing  a 
current  of  tlie  proper  strength,  7,  to  flow  through  the 
wire.  If  the  wire  is  not  the  seat  of  any  electromotive 
force,  the  difference  of  potential  between  two  points  in 
the  wire,  close  to  the  ends,  is  yR.  By  this  mode  of 
realizing  differences  of  potential  the  electromotive 
forces  of  voltaic  cells  have  been  determined ;  and  such 
cells  can  be  used  in  their  turn  as  practical  standards  for 
the  comparison  of  diflferences  of  potential.  A  realized 
standard  of  resistance  is  thus  of  fundamental  import- 
ance in  absolute  electrical  measurement. 
Absolute  Various  methods  for  the  absolute  nieasurement  of 
m^?oV  resistances  have  been  devised,  and  a  few  of  these  most 
Resist-  suited  to  give  exact  results  have  been  carried  out  with 
great  care   and  experimental  skill  by  several  cxperi- 
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meDtera.  We  give  here  a  general  account  of  these  in- 
vestigations, going  however  into  full  detail  regarding 
only  one  or  two  of  the  more  recent,  and,  on  account  of 
the  accumulation  of  experience,  presumably  the  more 
exact  of  them. 

The  methods  may  be  claased  in  three  divisions : —  Methods 
I.  Those  in  wliich  electromagnetic  induction,  of  which 
the  amount  can  be  calculated,  is  employed  to  generate 
a  current  in  the  conductor  the  resistance  of  which  is  to 
be  determined.  The  strength  of  this  current  depends 
on  this  resistance,  and  is  measured  directly  or  indirectly 
so  that  it  enables  the  resistance  to  be  found.  II,  Those 
.based  on  Lorenz's  method,  in  which  a  continuous  dif- 
ference of  potential  between  the  terminals  of  the  given 
conductor  is  produced  by  electromagnetic  induction,  and 
is  balanced  by  a  difference  of  potential  independently 
produced  by  a  current  7  flowing  in  the  conductor. 
III.  Joule's  method,  in  which  the  rate,  '^JR,  of  genera- 
tion of  heat  produced  by  a  measured  current  7  in  the 
conductor  is  determined,  and  the  resistance  deduced  by 
dividing  by  7*, 

The  first  method  of  type  I.  which  we  describe  is  that  Kirch, 
due  to  Kirchhoff.*  Two  coils,  Cj,  C,,  between  which  ^^^^^ 
there  is  a  mutual  inductance,  M,  are  joined  up,  as  shown 
diagrammatically  in  Fig.  128,  with  a  battery  and  gal- 
vanometer, and  the  resistance  B  to  be  determined.  The 
steaily  current  deflection  of  the  needle  is  first  observed. 
(7j  is  then  removed  from  the  position  in  which  the 
mutual  inductance  is  M,  to  one  in  which  the  mutual 
inductance  is  zero,  and  the  first  throw  of  the  galvano- 
•  Fogg.  ^nn.  7S,  (1849). 
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meter  is  noteil  (together  with  the  succeeding  elongatious 
to  enable  a  correction  for  damping  to  be  applied).  If 
X  be  the  total  induction-flow  through  the  galvanometer, 
X  the  steady  current  in  6r,  and  the  resistances  P,  Q^  of 
AC^B,  BC^,  respectively,  be  each  great  in  comparison 
with  i2,  then  we  have  very  approximately 


X 


(1) 


If  the  galvanometer  deflections  for  steady  currents 
follow  the  tangent  law,  and  6^  be  the  deflection  produced 
by  the  steady  current,  6^  the  induction  throw,  corrected 


^tmwmt- 


B 


Fkj.   128. 


for  damping  and  torsion  of  the  fibre  if  it  exists,  and  T 
the  complete  period  of  oscillation  of  the  needle, 


u\ 


X 


IT  ton  0^ 


so  that 


R  =  M 


T  sinje^a 
TT  tan  0y^ 


If  two  different  galvanometers  are  used,  one  of  constant 
Gi  to  measure  the  steady  current,  and  a  ballistic  galvano- 
meter of  constant  G^  to  measure  the  transient  current. 
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and  H,  H',  be  the  values  of  the  earth's  horizontal 
componenls  at  th^ir  respective  needles,  then  instead  of 
(2)  we  have 

,  H    ffj  7rtanJ»i 


=  3/ 


H'  G.  Z'sb-Jtf, 


C2') 


To  prijve  equation  (1)  let  h,  i,  be  the  cuirent  in  the  battery  Tiicory  of 
ind  in  tlie  Rftlviinomoter  at  any  inBtinl  during  the  change  of  ?'^,''" 
:ho  inductance,   and    i,,   ij,  tlio   self-induclancea    of  tlie   two     J',™_*, 


L,«  +  Mi+  (.P  +  Jt)ii  -  Si  =  E\ 
Lfi  +  Afi  +  lQ  +  S)J--Bi=-Oi 

where  Eia  the  elictromotive  force  of  (lie  hatlerj-. 

Integrating  Iheso  equatioiiH  over   tiie  (very  ulior 
of  change  ot  the  mutual  inductance  from  J/  to  0,  >: 

-  M^,  +  (P  +  J?)u 

-  Mi.  +  (Q+  H)i 
But  wheu  tlie  currents  are  steady  tlic  BCcontI  of  (3}  is 

(<2  +  JQi,    -  Ri,  =  0. 

Eliminating  u  bi>tween  tlie  two  equations  of  (4),  and  putting 
«•  =  i'lCQ  +  R)lR,  aa  given  by  the  last  equation,  we  find  id^tor 
redaction 

*.      H  (F  Jr  Rj  {q  +  H)  -  Ji^ 


-^"    '  + 


(P  +  R)  (?"4  Ji) 


+  Ac. 


(5) 


If  P,  Q,  be  each  great  in  coinpnrisan  wiih  R,  tldH  gives  (I). 

Eauation  (2)  follows  \ty  the  theory  of  the  ballistic  galvanometer. 

This   investigation    is    practically   Mnxwell's   version  of  the 

Crocess  followed  origin.illy  by  Kirchhoff.  The  result  may 
_  oweverbo  obtained  sotnewliat  more  directly  as  follows.  When  M 
is  annulled  an  integral  electromotive  force  of  amount  J/i,  acts 
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in  C2,  and  another  of  amount  MJ'i  in  6|.  The  induction-flow  due 
to  each  throiigli  tlie  galvanometer  has  the  same  direction,  since 
on  account  of  the  opposite  signs  of  the  inductions  through  (7|, 
^2)  the  currents  induced  in  them  are  in  opposite  directions  round 
these  coils.    The  flow  through  the  galvanometer  due  to  JfM»  is 


Mii 


Q  + 


PR 


P  +  R 


«  + 


^M{P  +  R){Q^R) 
PR  R  Q{P  +  R)-^  PR 

P  -i-  R 


JTt 


That  due  to  J/i,  is 


R 


3f 


R^ 


P  + 


QR    q^  R     R  nq  +  R)  +  qR 


^9 


q  +  R 


liowland'a 

and  Glaze- 

hrook's 

Kxperi- 

iiu'uta. 


CJlaze- 
brook's 
Kxperi- 
mcnts. 


Adding  these  we  get  for  tlie  total  flow  through  the  galvano- 
meter 

_  ^  (P  +  R){Q  +  R)  +  R"  . 

ii  (P  -h  A)  (^  +  i^)  -  Jt^  '• 

wliich  agrees  with  (6). 

Determinations  by  this  method  liave  been  mide  by  Rowland 
at  Baltimore  and  Glazebrook  at  Cambridge.  In  both  sets  of  ex- 
periments the  arrangement  of  coils  was  not  disturbed  ;  but  the 
induction-flow  was  produced  by  the  simple  expedient  of  revers- 
ing tlie  current  in  tbe  coil  Ci.  Rowland  used  a  special  ballistic 
galvanometer  to  measure  the  transient  current,  and  a  comparison 
of  its  constant  with  that  of  the  galvanometer  used  for  the  steady 
current  gave  the  necessary  data  for  calculating  xg/T. 

In  Gl izebrook's  determination,*  however,  the  same  galvano- 
meter was  used  for  the  measurement  of  both  transient  and 
steady  currents,  being  shunted  for  the  latter  purpose  so  that 
only  a  fraction  h  of  the  current  Xg  produced  the  deflection  ^, 
of  the  needle.     Thus  instead  of  (*i)  the  fornmla  of  calculation 


T  sin  iOjA 


(«) 


was   ai)plied,    the  deflections   of    course   being   corrected   for 
damping,  &c.     The  factor  2  is  introduced  on  the  right-hand 


•  V 


Phil.  Trans.  R.S.  1883. 
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I  reveraeil,  und  therefore  the  induction 


643 


side  aa  tlie  currei 
changed  by  2M. 

The  followiag  are  the  particulars  of  the  coila  used  by  Glaze-   Detula  of 
brook,  »hic!i  were  wound  with  great  care  by  ProfeBHor  Cliryatal    lodnction 
for  a  aimilar  investigation.     Tbo  two  coild  are  diatinguiehed  as       Coils. 
A  and  B.    Tiiey  were  wciund  with  w el l-inau luted  copper  wire. 


Mean  radius  in  ciop.  (a).     .     .     . 

25T53 

' 

1 

25-766 

25-760 

Axial  breadth  of  aectioo  (2i).     . 

r89S 

1-899 

1-897 

Radial  depth  of  section  (3rf)  .     . 

1-92 

1-SO 

1-91 

Number  of  turns  of  wire  .     .     . 

797 

791 

794 

Resistance  (a pprui.)  in  B.A.  unite 

64 

83 

167/2 

The  positiona  of  the  me 
dimensions  of  tlie  ring  cha 
and  any  doubt  as  to  tiie  exact  poi<itionH  in  tiieae  channels  was 
eliminated  by  revcrBing  the  bobbins  relatively  to  the  distance 
pieces  between  t)i<.'m. 

The   galvanometer   used   was   an   inatniment   also   specially    Galvano- 
wound  by  PrnfesBor  Chrystal.     It  ijunaisted  of  two  coila  about      meter. 
4  inches  in  diameter  and  2it/32  of  an  inch  opart.    These  coils 
were  inovnble  about  a  verli(-nl  axis  round  a  graduated  circle 
could  be  tixcd  in  the  magnetic  meridian. 

The  needle  wan  at  hard  «teel,  iind  1  -5  cm.  in  length,  and  weighed 
■7t)8  gramme.  It  was  Kuiipendccl  in  n  stirrup  of  brats  on  which 
WQB  fixed  tlio  mirror,  and  a  projectinf;  stem  of  bras?,  on  which 
brass  weights  were  screwed  lo  increase  the  period.  The  whole 
weighed  6-6  grnmmee,  and  was  BU-^iicndcd  by  three  fibres  of  silk 
GO  cms.  long. 

The  scale  was  of  paper  divided  tii  millimetres,  and  compared 
with  a  standard  scale. 

Each  experiment  made  included  eight  observationa  of  throw,  Expori 
And  two  of  steady  current  dullcctiiin,  and  each  set  of  esperi-  nents 
meniB  consielcd  of  four,  one  for  i';ic-h  of  the  four  positions  in  made. 
which  the  pair  of  coils  couid  be  phiccd  by  reversing  tliem  with- 
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out  dianging  the  diBlnnce  between  their  centres.  Three  ri 
Beta  were  niaJe  fur  Ihe  diatsDce  15  019  cms.  of  mesD  pier 
Tlieae  gitve  na  a  result 


1  BA.  t 

Three  scries 
miinnerfortlin 
18'2.i2  cms..  26 

Different  !i:itterio8  w 
coil  were  varied.     The 


=  -38598  X  10*  cms.  per  second. 

if  experimenlH  were  aftenrarde  made  in 

different  diatanceB  of  mean  planes  16-019  ci 


n  =  l58x  lO'CG.S. 

An  a  precaution  when  the  conductor,  the  reBJstance  of  which 
in  to  bo  determined,  ie  a  coil  of  copper  wire,  it  is  necessary 
IcBt  the  result  should  bo  affected  by  variution  of  temperature 
to  make  frequent  comparisons  of  the  resistance  of  the  coit  with 
tlint  of  a  platinum,  silver  or  Oerman  silver  stnndurd. 

Expressed  in  H.A.  units,  R  wan  found  by  such  a  comparison 
villi  ii.A.  Htandards  to  he  160520  at  12"  C,  uinl  the  results 
reduced  to  tills  temperature  lor  comparison  gave  fur  the  B.A. 
unit  the  follo»'inK  values; 


Final 
Ri^ultof 


B  A. 


■B8(J33  X  I0»  C.G.S, 


Series  B.     2  soti-. 

■98558  X  10»  Ca.S. 
Scriea  C.     3  sets. 

■9S670  X  10»  C.G.  . 
Incluiiing  the  preliminary  results,  with  half-weights  given  to 
tlieni,  the  whole  investigation  gave 

1  B,A.  unit  =  -986271  X  10»  C.G.S. 

Gla/elirook  has  made  a  red  etermi  nation  by  this  method  of  the 

value  of  the  B.A.  unit,  and  has  given*  as  the  moan  of  nil  his 

1  B.A.  unit  =  08665  X  I0»  C.G.S. 
In  this  method,  apart  from  observations  of  galvanometer 
deflections,  accuracy  depends  on  the  exact  detcnuination  of  .V, 
which  is  a  lineEir  ijuantity.  The  coils  used  have  had  generally 
the  same  radius,  and  the  effect  of  errors  in  the  measurement  of 
their  railii  and  distances  apart  have  been  estimated  as  follows 

*  B.A.  Report,  18B0. 
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hy  Lord  Rayleigh.*  If  we  denote  the  mean  radius  of  the  coils 
(snpposed  the  imnie  in  both)  bv  a,  and  the  distnnce  apart  of  their 
mean  p'anes  by  6,  and  (alM)  dMida,  {bjM)  dMjdb,  by  X,  ^, 


wliiob  enables  the  eCTecls  of  ttie  errors  daja,  dbjh,  to  be  eBtimnte<T. 

The  expreision  for  M  in  tetma  of  a  and  b  is  givun  by  (142)  nl  Examinii- 
p.3l6  above,  and  the  known  values  (hbc  Appendix)  of  M(!iw  •Jaa')  tion  of 
for  different  vahies  of  y(-  Bin-i  2  Va,7/ •J(a+V^+¥),  enables  Djjfownt 
those  of  X  and  /i  to  bo  found.  It  is  clear  Hint  since  M  increoi 
SH  b  diminishes,  and  vice  vend,  /i  must  always  be  negative ; 
X  must  therefore  be  always  greater  than  unity. 

If  b  be  great  in  comparison  with  a  it  is  clear  that  jlf  will  vary 
fts  a*lb*,  and  therefore  X  =  4,  fi  =  -  3.  This  is  a  rery  unfavour- 
able cue,  OS  then  errors  in  a  ancl  b  are  unduly  multiplied  in  ]tf. 

Again,  if  b  be  small,  it  is  clear  that  n  in  nearly  zuro,  and  this 
may  be  verified  by  differentiating  thfi  npproiiuinte  eotpression 
4va  log  (l^a/b  -  2).  Still  any  error  db  in  b  may,  if  6  is  small,  be 
comparable  with  b  itself,  and  thus,  althoui^h  fi  in.iy  be  small, 
11.161b  m^y  he  sensible.  Further,  the  correction  for  cross-section 
is  of  greater  relative  importance  in  this  case  ;  and  thus  for  two 
reasonn  it  is  preferab'e  to  keep  6  of  moderate  value.  Lord  Itay- 
loigh  gives  the  following  table  for  intermediate  values  of  6 : — 


T 

t/!« 

' 

. 

, 

ec 

■«, 

2  61 

-  I'Cl 

■S.6 

70^ 

-3G4 

2^18 

-  MS 

■» 

75^ 

■268 

r98 

-    -98 

■829 

80= 

■176 

1^76 

-    -76 

M8C 

This  table  shows  that  fur  equal  values  of  dii;a,  and  dli'b,  the 
';al  values  of  the  errors  in  .I/are  roughly  as  2  to  1, 


'  Phil.  Mag.  Nov.  1882. 
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'\Vicli  regani  lo  tlio  current  meoBuremenU,  it  is  to  >ie  ooticed 
that  the  iiiellinii  docs  not  involve  any  dfetenni nations  of  diit- 
tiiDccH  of  BcnlcR  from  niirrore,  except  as  a  ine:in8  of  correcting 
tlic  tipproxininte  valuu  of  tin  tf,/sin^,  given  by  the  ratio  of  tbe 
dctleetioiis  as  read  off  in  ecnle  divieioiis  (see  p.  48S). 

Lurd  Itiiyleigli  iti  nf  opinion  that  by  using  Btlll  larger  coils 
tlinn  ilio^e  eTii|i!i>}-ed  by  (llazcbrook,  with  tlie  same  naniber  of 
turns  of  wire,  lli<.>  ni'Ciirac.v  of  eiperiiiienta  by  tbiti  method  migttt 
prcibnbly  b~-  siill  furllier  increased.  The  greater  value  of  3f, 
and  the  grentcr  coiiductatite  of  tlic  wtro,  would  give  greiit<r 
sensibility,  iinil  the  linear  nieasurements  eould  be  more  exactly 
muilo.  A  relatively  small  value  uf  the  radial  breadth  of  aection, 
the  chief  element  in  the  correction  for  cross-secliuo,  might  then 
nlno  be  in^cd. 

Tiiciiidiictiou  coils  used  in  Rowland's  expcriinentB*  were  mode 
by  n'iniliJit;  154  liinis  uf  tine  silk-covered  wire  in  each  of  three 
ftcc'uralely  Iiirui'd  brasH  bobbins  (./,  S,  C).  Their  mean  radii 
were  rcHpeclivolv  13-710  cms.,  13-6y0cme.,  13-720  cms.,  and  each 
hiiil  'I  riidi.il  il.-pth  of  -&0  cm.  and  an  aiiiil  width  of  -8-1  cm. 

ThcNC  bobbins  were  usi-d  two  at  a  liiur,  and  were  made  with 
ciLrcfnIly  gruimd  eiiiis  so  that  they  could  be  filled  end  to  end 
wiih  their  iixoh  in  line.  Each  pair  could  of  course  be  placed  in 
four  (iiisiliuns  rolnlivcly  to  one  another  without  altering  the 
diftance  between  their  menu  pIsneH,  nnd  as  all  four  weie  used  in 
ench  case,  the  glightext  uncertainty  as  to  the  exact  distance  of 


Tiie  distiin 


of  III 


iitod  by  cumbinntic 
'  bobbins  wan  ineaHured  for  i 
:ucter  applied  aL  three  differe 


of  the  results, 
ich  position  by 


The  VidueH  of  .Vwcre  calcidated  by  tbe  elliptic  integral  fwmula 
ulroiidy  miven,  and  n  correction  was  made  for  the  cross -sect  ion  of 
ciuh  coil  aci;urdin>r  to  the  funuula  at  p.  S22  above.  The  results 
were  ns  follows  :  — 


; 

ndi 
art  . 

16., 

M  . 

A  «..!  H. 

A  >Il.l  C. 

ii.ndC.        1 

Mo 

'      1 

1 

6-53-1  CIU8. 

9-674  cmo. 

1 

U-JTlcmB.! 

Va 

3775600  cms. 

-2561974  cms. 

2061320  cm». ' 

1 
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METHOD  BY  INDDCED  CDHREMT3  617 

ballistic  g&lranometer  was  composed  of  two  coils  con-   Detuls  of 
;  between  them  1,790  turns  of  No.  22  eilk-covered  copper    Ballistic 
/ound  on  a  braes  cylinder  82  cms,  long,  and  116  cms,  in    GalTano- 
er,  in  rectangulsr  grooves  3  cms,  deep  und  25  cms.  wide.       "icttt. 
■cut  along  the  cylinder  prevented  the  circulation  of  indue- 
irrents  round  it     Tbe  coll  was  mounted  so  that  it  could 
led  about  n  vertical  axis  to  any  required  azimuth,  and  its 
n  determined  by  a  horizontal  circle  below.     This  circle 
lel^  graduated,  and  was  lead  to  30"  by  a  couple  of  vernieis. 
■  different  needles  wero  used  in  each,  consisting  of  two  Needles  of 
niinn  of  hard  steel  attached  to  the  two  sides  of  a  square    Oalvano- 
of  wood  so  thai   the  magnetic   axis   could   not   vary   in      meter. 
□.     One  needle  was  I'2T  cms.  long,  and  bod  a  period  of 
onds  ;  the  length  of   tbe  other  was   1-20   cms.,  and   its 

11-5  seconds.  The  moment  of  inertia  of  each  was  aug- 
1  by  braRS  weights  carried  by  wires  extending  in  the 
on  of  the  magnetic  axis.  Each  nei'dle  was  suspended  by 
ingle  libres  43  cms.  long.  Tlie  torsion  of  these  fibres  was 
ited  from  the  result,  as  will  be  seen  below,  except  as 
ed  the  period  of  vibration,  and  for  tliia  an  allowance  was 

■ata  bar,  passing  through  the  opening  below  the  needle, 
!  a  smalt  ttleacopQ  by  which  the  mirror  was  observed  when 
istant  of  the  coil  was  compared  with  that  of  another, 
constant,  ffj,  of  (he  coil  was  determined  first  by  caleula-      Deter- 
om  its  dimensions,  and  by  comparison  with  that  of  the    minatiou 
double   coil   of   an    electrodynamometer    conalructed   on    „  ,"' 
ollz's  plan  (p.  365  above).     This  coil   had   a  constant  of   G"'''"*''- 
ly  calculation.     In  (he  comparison  the  ballistic  galvano-   r- ""t     . 
wae  used  with  its  graduate  horizontal  circle  ^  a  sine  ^"""^^ 
ometer. 

r  a  comparison  had  been  made  tbe  instruments  were  inter- 
id,  and  the  comparison  repeated  to  eliminate  tbe  ratio  of 
uesof  ^  at  the  two  places. 

n  determinations  gave  as  a  mean  result  6,  =  1833-67, 
probable  error  of  ±  -09,  and  calculalion  gave  (,',  =  1832-24. 
rmer  result,  being  probably  considerably  tbe  mote  accii- 
'AS  given  double  weight,  and  a  mean  then  taken  with  the 
which  gave  C,- 163319. 

ingent  galvniiumelcr   was   used   to   measure   the   steady   Details  of 
t.     This   was   a   circle   50  cms.   in  dianioter,  and  had  a     Tangent 
2-7  cins.  long,  the  deflection  of  which  wns  read  by  a    Onlvano- 
-  moving  round  a  griuluated  circle  20  cms.  in  diameter.      meter, 
ctic  error  was  avoided  by  placing  the  circle  on  a  level 
le  needle  which  moved  round  inside  it. 

N  N   2 
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The  conatRDt  of  tliis  galvanometer  was  compared  with  that 
of  a  single  circle  of  wire  62'7  cma.  iii  diameter,  woand  on  a 
ring  made  of  pieces  <:f  wood  laid  together  with  tlie  grain  in  the 
direction  of  tlie  circumference,  and  carefully  turned  with  ■ 
imall  groove  near  one  aide  to  receire  the  wire.  The  length  of 
the  wire  wan  25958  cma.,  giving  d  mean  radius  of  41-31544  enw. 
Tiiia  circle  whb  made  tu  surround  the  balliatic  galvanometer 
coi),  but  at  a  distance  of  11  cm.  on  one  aide,  to  allow  the  tvba 
ing  tlie  suapenaion  fibre  to  pasa.  Tliua  the  constant  of  the 
a   151325. 

The  same  current  boing  sent  through  the  tangent  galvano- 
meter coil  and  the  ring,  and   ff,,   ff,   being  their  reapective  : 
conatnnta,  we  have,  if  a,  a,  he  the  angular  deflecLiona  of  tlie 
needles, 


^7e': 


^ . 


fc. 


Equation    ""'>  "'«  ^"P'*' 
fori!. 


1  IIjW  in  (2'),  which  becomea 


T  Gf  tan  a'  tnn  tfj 
f  G'  tan  □  ain  \6^ 


where  tf,  \*  the  ballipttc  deflection  corrected  for  damping. 
Advan-         This  method  uvgidfl  the  difliciilty  of  accurately  determinlDg 
tiigea  of     HjH'  by  vibration  of  a  needle  at  the  two  plncea,  and  gives  the    I 
Procedare   furlher  great  advantage  tiiat  the  distance  of  the  mirror  from  the    I 
adopted.    ^^gXt:  of  the  ballistic  galvanometer  only  entera  aa  a  correction    j 
on  the  ratio  tiinn'/siu^^     The  anme  factor  of    correclion  for 
torsion  nffcL'tcd  both  tan  a  and  sin  }6,,  so  that,  with  the  excep-    i 
tion  of  a  atna'l  correction  on  the  periled  I"  of  the  neeille  of  the 


balliatic  galvanometer,  nil  alio 
Siill  further,  since  a  atui  $  ca 
tion   for  length  of  needle 
obviated. 

e  npparatua  was  set  up  i 

e  ground  floor.     Tin 
with   marble  tope,   and   i  ,  ,        .  , 

connecting  wircH  were  twisted  together  to  avoid  magnetic  effect 
This  adju.itment,  as  woll  as  llie  insulation  everywhere,  wne 
carefully  toated. 


3  for  torsion  were  eliminated. 
le  made  nearly  equal,  the  correc- 
tan  ^/tan  a    is    almost    entirely  1 

t  separate  building  in  two  rooms 


METHOD  OF  EASTH- INDUCTOR  6ie 

experiniQDtB  were  miunly  mode  by  airaplj'  rerening  tLe     Kiperi- 

'  current  and  obaerving  tlis  throw ;  but  Ibe  method  of      meuti 

was  also  used.     Series  of  BiperimeutH  were  made  with      made. 

air  of  induction  coils  A  and  B,  B  and  C,  (7  and  A. 

time  of  vibration  was  observed  at  the  beginning  and  end 

li   aeries   cf  ubservations.     The   needle   was   allowed   to 

I  for  10  seconds,  aad  ten  observations  weie  made  before 

ter  tliat  interval.    Time  was  taken  on  an  accurate  marine 

mean  result  of  a  long  series  of  experiments  gave,  after  Abeohile 
rectiona  for  temperature  of  coils,  Ac,  34719  X  10*  ciob,  ""l"*  of 
'..  as  the  value  of  R.    Cot u paring  with  "10  ohm"  standard        ^' 

u   his  possession,  and  witti  a  resistance  box  by  Elliott, 
sor  liowiund  came  to  the  conclusion  that 

1  B.A.  unit  =  -9911  X  10»  cms.  per  sec.  ^"vluA* 

Result. 

0  metbods  of  tbe  first  class  are  due  to  W.  Weber.    Waber's 

irst  is  very  simple.     A  coil  mounted  with  its  axis   inductor 
ure  horizontal  and  in  the  magnetic  meridian,  and    Method, 
g  its  circuit  completed  through  a  ballistic  galvano- 
',  is  quickly  turned  through  half  a  revolution  round 
;ical  axis.     If  A  be  the  effective  area  of  the  coil 
sum  of  the  areas  of  its  spires),  and  U  the  bori- 

1  component  of  tbe  earth's  field-intensity,  a  change 
liictiou  of  amount  2AH  through  the  coil  is  pro- 

I.     This  measures  the  integral  electromotive  force    m^Iwi! 

i  coil,  and  hence  if  tbe  circuit  be  completed,  and 

le   a  total   resistance  B,    tbe   total    quantity   of 

icity  which  flows  through  the  circuit  is  2AEIS. 

is  not  affected  in  the  least  by  tbe  inductance  of 

ircuit. 

e  galvanometer  deflection  is  observed,  and  also  the 

atioQS  following,  to  allow  damping  to  be  corrected 

By  the  theory  of  the  ballistic  galvanometer,  if  T 

e  complete  period  of  tbe  needle,  G  the  principal 
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galvanometer  constant,  W  the  horizontal  component  of 
the  earth's  magnetic  field  at  the  needle,  and  6  the  ob- 
served deflec:ion,  the  total  flow  through  the  iastmnient 
is  IITsm^dj-nG.     TIma 

2AH'       HT   .    ,. 

^^^-''^fi'll^    ....     (8) 

In  general  H  is  very  nearly  equal  to  H',  hut  it  will 
not  do  to  ossume  absolute  equality;  and  the  two 
quantities  must  be  compared  hy  observing  the  periods 
of  vibration  of  a  horizontally  suspended  needle  at  the 

two  places. 

WeWr's         Weber  employed  tlie  method  of  recoil  {p.  396  nbove)  in  liia 

Mode  of    observati,>n3.    Turning  tlie  coil  firat  through   ISO"  from  the 

tiperi-      iiiitinl   poHition,  lie  observed  one  deflection  (positive,  say)  and    , 

meiitiiig.    iiic  follinving  elongition.     Then  wlien  the  needle  w«b  pMsing 

through  zero  the  second  time,  he  brought  the  coil  buck  to  its 

ori;;iti;il  position.     Th:B  brought  the  needle  to  rest,  and  Snnllv 

deflected  it  to  the  negative  side  of  zero.     This  deflection  wa? 

observed,  nnd  the  following  elongntion,  and  then,  itt  the  second 

p^iBsage  tliroiigli  zero,  tlie  siine  aeries  of  operations  was  begun 

afrewh. 

Criticism        Lonl  Rnyleigh  Ims  pointed  out  that  if  a,  a',  be  the  mean  radius 

of  Uethoil,  of  the  inductor  aod  galvanometer  coila  respectively,  the  product 

0.i  =  2)r'  -', 

HO  that  error  of  meah  radius  has  double  the  importance  in  the 
inductor  coil  that  it  has  in  the  galvanottieter. 

Great  care  is  nccossary  in  levelling  the  inductor  as,  on  account 
of  the  largencHS  of  the  vertical  component  of  the  earth's  tield  in 
high  latitudes,  any  deviation  in  the  plane  of  the  meridian  of  the 
axis  of  rotation  from  vcrticnlity  will  lead  to  error  of  the  ume 
order  in  the  result.    Thus  it'  the  axis  be  inclined  to  the  vertical 
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nt  a  email  angle  a  id  the  plane  of  the' meridian,  ^e  must  use 
instead  of  J  the  value  j(l  +  a  tan  D),  where  D  ia  the  mag- 
netic dip. 

This  method  wna  used  by  Weber  himself,  and  Inter  by  Weber 
snd  F.  Zoilner.  In  the  latter  experiinenta  very  large  inductor 
and  galvanometer  coiia  were  used.  Each  consisted  of  12  layers 
of  copper  wire  3  nnn.  thick,  6C  turns  in  a  layer,  wound  on 
bobbins  of  well-seasoued,  oil-Boaked  muhognny.  The  dimensions 


Ltngtb. 

25-420  cms. 
25'420  cius. 


For  the  galvanometer  needle 
magnets  of  lengths  10  cms.  and 
deflections  were  read  by  moAns  c 
ordinary  utaoTier.  The  research  was  carried 
the  observatory  at  Leipzig,  subject  to  varying  magnetic  disturb- 
iinces  and  to  variations  of  tempera  ,ure,  and  was  intended  merely 
ua  a  test  of  (he  apparatus. 

The  reitialaace  of  the  circuit  of  the  inductor  given  by  the 
experiments  came  out  slightly  greater  with  the  shorter  needle 
than  with  (he  other.  This  was  to  be  ospccted  as  ilie  dellection, 
$,  with  the  shorter  m:ignet  must,  on  account  of  the  greater 
distance  on  tho  whole  of  its  ningnotic  distribution  from  the 
current,  have  been  slightly  smaller  than  the  deflection  in  tho 
other  case.     It  is  obvious  tliat  tlie  needles  were  much  too  long. 

A  careful  detenntnution  of  the  ohin  hiM  been  made  with  these 
coils  by  Professor  G.  Wieduraann.*  The  afparatua  was  set  up 
in  B  room  of  very  constant  temperature  in  the  University  of 
Leipzig.  A  riiombue-ehnped  steel  plate,  with  attached  glass 
mirror,  was  hung  with  its  pkne  vertical  and  its  longest  diiimetor 
horizontal,  and  being  magnoti^.ed  in  the  direction  of  this  diagonal 
served  as  needle.  The  needle  carried  beneath  it  a  huri;tontal 
nietjl  bar  on  which  waighte  could  be  elided  to  alter  the  moment 
of  inertia  of  tlie  suspended  system. 

The  coils,  having  been  levelled,  were  each  adjusted  until  the 
same  current  sent  in  opposi:e  directions  produced  equal  dellec- 
tioDS  of  a  needle  hang  within  the  coil.  Their  axes  were  then  at 
right  angles  to  the  miignetic  meridian.     The  galv 


Wiedo. 


r  Wiedemann's 
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was  ttien  fixed,  and  t)ie  inductor  turned  through  on  angle  of  90°. 
TIiIh  anf;1e  was  mensured  by  means  of  a  right-angled  glass 
[irisin,  by  observing  a  telescope  scale  by  reflection  in  one  of  the 
rectangular  fnces  (wliit'li  were  verlicuJ),  and  turning  the  coil 
until  tlie  same  division  fame  to  the  crosa-wireB  by  reflection 
from  the  other  fnce. 
Mathi>d  of  An  arrangement  of  stops  was' then  provided  so  tbut  the  ceil 
Unltipli-    (-oiiitl  be  tunied  from  this  position  through  exactly  180° and  back 

cation,  again.  The  coil  was  turned  a  number  of  times  in  succeaeion 
suddenly  through  this  angle,  alwayewlicQ  the  needle  had  returned 
to  its  zero  position,  so  that  the  deflection  was  multiplied  as  far 
as  the  limits  of  the  scale  would  allow. 

The  successive  deflections  S,,  6^  Ac,  if  the  current  was 
applied  wlion  the  needle  was  accurately  at  zero  in  each  case,  were 
related  to  the  quantity  Q  of  electricity  which  flowed  through  the 
circuit  at  each  half  turn  of  the  coil  aa  follows:  6^  =  KQ, 
flj=  A'Qc*,  A"Q(l-«-^)  0,  .  . .,  where  A' has  the  value  stated 
in  (39),  p.  390  above.  These  were  observed  and  the  observa- 
tions conibiued  in  a  single  formula  for  Q,  which  equated  to 
2AIIIH  eimhled  R  to  be  calculated. 

Deter-  "^lie  perioila  7',  1",  of  a  needle  vibrated  at  the  galvanometer 

Diinntion    and  inductiir  respectively  were  observed,  and  the  ratio  r'/f 
of  Katio    gave  the  vahie  of  WjII  lequircd  aa  sliuwn  in  (8).     These  were 

H'jH.  uhlained  hy  obscrviiig  the  oacillntions  with  a  telescope  aiid  scale, 
and  registcriug  the  passages  of  difiereot  points  of  the  acale 
across  the  wires  by  means  of  a  clironograpb. 

The  ellect  of  torsion  of  the  suapcuslon  fibre  was  found  hy 
turning  n  torsion  head,  to  which  the  fibre  was  attached,  ihrou^li 
a  meaaurcd  angle,  and  observing  the  correaponding  deflection  of 
tlie  needle.  TIlus  when  the  torsion  head  waa  turned  through  an 
angle  n,  and  the  needle  through  an  angle  j3,  the  return  couple  on 
tlie  needle  wa-i  MH  Bin  ff.  and  the  torsional  couple  (\a-fi), 
where  Cm  a,  constant.    Thus 


-W/si 


=  MIIt,  say. 


Hence,  when  the  needle  in   the  experiments  was  deflected 

through  an  angle  6,  the  return  couple  upon  it  was  2llii(>i\n  B  +  ri), 

or  nearly  enough,  as  the  defltetions  were  small,  MHH  +  r)tf. 

Thus  inMtcad  of  the  value  of  //  at  the  galvanometer  needle  was 

used  //(I  +t). 

Measure-        The  dimensions  of  the  coils  were   measured  hy  determining 

ineut  of     their  inner  and  outer  circmuferences  with  a  steel  tape,  and  ae  a 

Ceils.       deck  by  measuring  three  diameters  at  intervals  of  60°  apart,  by 

iiieuna  of  a  calliuloiueter. 
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5&3 


The  distance  of  the  Bcale  from  the  mirror  was  tirat  ineaaured  Msobdis- 
by  meana  of  a  steel  tape  on  wiiicli  were  aliding  pieoei  furoieLcd  meet  of 
witli  points,  whicb  were  brought  ngainet  the  mirror  und  Bcale  Distancs 
respectively  ;  tlien,  by  means  of  in  nuiiliary  scale  placed  hoii-  of  Scale, 
zontally  in  the  vertical  plane  through  the  ceutres  of  the  telescope 
and  mirror,  on  which  the  correii ponding  positions  of  the  mirror 
and  reading  scale  were  observed  by  means  of  a  cathetonieter. 

Experiments  were  made  first  with  Weber  und  Zollner's  coils  in 
the  state  in  which  they  were  left  by  these  experimenters  ;  then 
with  the  same  coils  rewound,  and  the  number  of  turns  increased 
from  792  to  8U4, 

The  experiments  were  then  repeated  with  10  mercury  (Siemens) 
units  included  with  the  coil-i  in  the  circuit. 

Different  series  were  made  with  the  sliding  weights  on  the 
needle  at  distances  !  cms.,  I'b  cm.,  1  cm.,  0,  from  ihe  end  of  the 
bar,  so  that  the  periods  were  altered  through  a  considerable 
range. 

The  resistance  of  the  Siemens'  units  was  compared  with  a  Results  of 
Standard  resistance  of  pure  mercury,  consisting  of  a  mercury  Wisde- 
column  contained  in  a  carefully  cuiibrated  tube  lOG-398  cms,  aaon's 
long,  the  ends  of  which  communicated  with  electrodes  made  of  Eipori- 
Bmalgaraated  copper-foil  iiiiinersed  in  mercury  in  two  veBsela  n>6nt». 
terminating  the  tube.  It  waa  found  as  a  linal  mean  result  that 
1  ohm  or  10*  C.Q.S.  units  of  resistance  is  equal  to  the  resistance 
at  0"  of  a  column  of  mercury  106'162  cms.  long  and  1  sq.  mm. 

Thiii  method  has  aleo  been  used  by  Mascnrt,  De  Nerville,  and     Experi- 
Benoit,  in  a  very  elaborate  series  of   experiments.     Five  coils      meats 
were  used,  two  of  27  cms.  internal  and  SO  cms.  external  diameter,         ef 
and  3  ems.  length,  ond  three  smaller  coils  each  of  14  cms.  in-    ,M««"ti 
temaland  17  cms.  external  diameter,  und  the  same  length  as  ueao""le' 
before.     These  were  wound  with   silk-covered  wire  '6  nim.  in      r""  -» 
diameter.     One  of  the  large  coils  and  two  of  the   small   ones      '*''"*"'■ 
were  wound  with  separate  layers,  so  that,  by  joining  these  Inyeia 
ap   differently,  idtie  diffeient  uriangcments  could  be  obtained. 
Tlie  winding  was  performed  with  the  wire  under  tension  pro- 
duced by  passing  it  over  loaded  rollers  when  on  its  way  from 
the  reel  to  the  bobbin.    The  length  of  the  wire  was  measured  as 
it  was  laid  on,  and  the  dtumeter  of  every  turn  was  also  observed 
by  means  of  callipers. 

Both  the  stiiuiler  and  larger  coils  were  mounted  after  com-  Arrange- 
pletion  on  stands  wiih  suitable  stops  so  as  to  admit  of  being  ment  of 
turnei]  when  required  througli  an  angle  of  exactly  180°,  and  were  Arr»""i»- 
set  up  with  their  axes  horizontal  and  in  the  magnetic  meridian. 

At  ihe  centre  of  the  larger  coil  when  in  position  was  placed  a 
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Elimina- 
tion of 
Ratio 


email  magnetometer  needle  suspended  by  a  single  fibre  of  silk. 
By  turning  the  coil  round  a  vertical  axis  through  90°  from  its 
position  when  arranged  for  inductive  use,  and  fixing  it  in  its 
new  position,  it  could  be  ueed  ns  a  galvanometer  bobbin,  and 
its  galvanometer  constant  compared  with  that  of  the  galvano- 
meter bobbin  itself.  By  tins  process,  previously  used  by 
Rowland,  the  ratio  of  the  horizontal  magnetic  forces,  B'jH,  at 
the  inductor  and  the  galvanometer  was  eliminated  from  the 
formula  of  calculation.  For  suppose  the  same  current  to  be 
sent  through  the  two  coils,  and  a,  a,  to  be  the  deflections  for 
the  galvanometer  and  the  inductor  respectively,  Gy  G',  the 
galvanometer  constants  of  the  two  coils,  we  have,  as  at  p.  548, 

H^  ^  G^  tana 
H  "  G  tan  a'' 
This  substituted  in  (8)  gives 

tana         1 


R  =  27rG'J 


tana  Tsin^e 


(9) 


Approxi- 
mate 
Elimina- 
tion of 
Scale 
Distance. 

Evalua- 
tion of 
Product  of 
Constants 
of  Coil. 


Observa- 
tions. 


[Full  details  of  the  mode  of  comparing  two  galvanometer 
constants  are  given  at  pp.  405,  406  above.] 

This  proceeding  had  the  advantage  (already  pointed  out 
p.  546)  that  since  the  ratio  of  tan  a/sin  ^$  appears  in  the  value 
of  R  the  importance  of  an  exact  determination  of  the  distance 
of  the  galvanometer  scale  from  the  mirror  w^as  greatly  lessened. 
The  value  however  of  tana'  had  to  be  accurately  known,  and 
involved  careful  measurement  of  the  corresponding  distance  for 
the  other  scale. 

From  the  measured  length  of  the  wire  the  value  of  G'A  which 
appears  in  (9)  could  be  approximated  to.  For  a  being  the  mean 
radius  of  tlie  coil,  and  n  the  number  of  turns  A  =  nna^f  and 
G'  =  2w7r/flr,  nearly,  so  that  G'A  =  2n^n^a  =  nnl  where  /  is  the 
length  of  the  wire.  The  quantities  therefore  which  required 
accurate  determination  were  /,  2\  and  the  distance  of  the  scale 
from  the  mirror  of  the  magnetometer  in  the  induction  coil.  The 
latter  was  found  by  means  of  a  graduated  measuring  bar 
carrying  sliding  pieces,  which  were  run  up  to  the  fibre  and  scale 
respectively.  The  positions  of  the  contact  faces  of  these  pieces 
were  rend  off  from  the  scale  and  gave  the  distance  required. 

Observations  were  made  by  first  reading  off  two  successive 
elongations  of  the  needle  w^hen  it  hod  nearly  come  to  rest,  and 
then  turning  the  inductor  when  the  needle  was  passing  through 
zero,  and  reading  the  following  elongations  on  the  same  side  of 
zero. 
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If  r,  r',  be  the  two  readings  on  the  Boule  (supposed  graduated   Kednetioa 
from  one  end),  tlie  cero  reading  is  (r'  +  r)/2.     If  the  next  two    of  Obser- 
readinga  be  r„  r,  the  first  deflection  from  zero  is  r,  -  (c'  +  r)j2.     Mtiona. 
The  next  reudltig  bein^  r,  the  diminution  in  one  swing  due  to 
damping  is  (r,  —  r,)/2.     Tiie  diminution  of  the  firit  elongation 
must  have  been  approxiimtely  ^  of  this  or  {/■,  -  rj)/4.    Tliis 
oorrectioD  applied  to  tlie  firat  elongation  gives  for  tlie  deflection 
r,  -  (r-  +  r)/2  +  (r,  -  r,)/4.     Tliere  remains  tlie  correction  for  the 
initial  motion  which  (/  being;  taken  as  the  greater  reading) 
would  have  carried  the  needle  through  ii  deflection  of  +  (/  —  r)l2, 
according  as  the  initial  motion  was  with  or  againat  tlie  induc- 
tion throw.     Thu9  the  deflection  waa 


''  +  ' 


+  ^ 


The  readings  it  was  found  did  not  vary  more  than  J  per 

The  torsion  of  the  suapension  fibre  of  the  bnlliatic  galvana-    Eliniipa- 
meter  was  eliminated,  as  anproiimalely  it  multiplied  tnn  a  niid      twu  of 
ain  16  in  (9)  by  a  common  factor.     That  of  the  auapenaion  fibre  '^""jf"  °^ 
of  the  inductor  was  determined  as  described  above  (p.  304)  by      '""*■ 
turning  the  upper  end  of  the  fibre  round  through  3G0°. 

"~       ■         ■  '        ■-•    -'  ■      ,  pQJig  arranged  in 

e  also  compared  by 
n  the  g 111 vano meter 


observing  the  effects  which  they  produced 
needle  when  turned  in  the  earth's  field. 

The  absolute  resistance  of  the  circuit  i 
mcnts  having  been  obtained  it  waa  compared  by  Curey  Foster's 
method  with  four  B  A.  units,  with  four  Siemens'  mercury  units, 
and  with  six  specially  constructed  mercury  units  in  spiral  tubea. 
Careful  comparisons  of  the  temperature  coeOictents  of  the  dif- 
ferent coils  were  made,  and  all  the  resistances  corrected  to  the 
temperature  of  experiment.  The  results  were  expreased  finally 
as  the  absolute  resistance  of  four  mercury  standards  made  o£ 
carefully  calibrated  tubes  filled  with  mercury.  These  tubes 
were  terminated  by  wide  electrodes  of  mercury,  and  an  allow- 
ance of  a  length  of  the  tube  equnl  to  '82  of  its  diameter  was 
made  to  correct  for  the  additional  resistance  due  to  the  abrupt 
ch-inge  of  flection  of  the  lube  at  each  end.  The  final  result 
obtained  was 

1  ohm  =  1-0142  B.A.  unit, 
or 

1  ohm  =  resistance  at  l>°  C.  of  a  column  of  mercury  10S*37  cms. 
long  and  I  s,].  mm.  in  section. 


ex  peri-   Compari- 

-     ■     •        »on  of 

Absolute 
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Weber's        Weber's  second  method  consists  in  oscillating  a  magnet  bqs- 

Method  by  pended  within  a  coil,  when  the  circuit  is  open,  and  again  when 

Dampmg.  i\^q  circuit  is  closed,  and  observing  the  period  and  logarithmic 

decrement   in   both   cases.     The  induced  currents  assist  tho 

damping  in  the  second  case,  and  hence  from  a  comparison  of 

the  results  the  resistance  of  the  coil  can  be  calculated. 

Theory  of       When   the  circuit  is   open  the  equation  of  motion  of  the 

Method,    swinging  needle  is 


^  +  2*^  +  ^<b  =  0 
dt*^       dt  ^    ii   ^ 


(10) 


where  M  is  the  magnetic  moment,  JET  the  horizontal  field  in- 
tensity, and  fjL  the  moment  of  inertia  of  the  magnet  Putting 
w*  for  Mil  I II  we  get  for  the  solution  of  the  equation 


</)  =  j€-^*coa{»/n'  -  kH  +  e) 


(11) 


Here  k  =  2\/T  if  X  be  the  logarithmic  decrement  and  T  the 
observed  period  (=  2ir/(?4*  —  k^). 

Theory  of       if  now  the  circuit  be  parallel  to  the  meridian  and  bo  closed, 
Method  by  i\^q  ningnet  will  be  acted  on  by  the  induced  current  produced  by 

Damping,  j^g  ujotjon.  The  magnetic  induction  through  the  coil  due  to  the 
needle  is  MG  sin  </>  approximately,  where  G  is  the  principal 
galvanometer  constant  of  the  coil.  For  let  a  current  y  flow  in 
the  coil,  then  the  mutual  energy  of  the  coil  and  magnet  is  equal 
to  the  product  of  the  magnetic  induction  of  the  magnet  through 
the  coil  and  the  current.  But  when  </>  =  0  this  energy  is 
obviously  zero  and  tho  work  done  against  the  current  in 
deflecting  the  magnet  through  the  angle  (f>  is  MGy  sin  <f>,  and 
the  magnetic  induction  through  the  circuit  is  MG  sin  <f>. 
Supposing  then  the  magnet  swinging  through  a  small  range 
there  will  be  a  force  exerted  on  the  magnet  by  the  current  of 
amount  MGy.    Hence  tho  equation  of  motion  of  the  magnet  is 


di^  dt  a    ' 


(12) 


But  we  have  also  for  the  electromotive  force  in  the  circuit 
MGdfpjdl  and  if  L  be  the  self-inductance  of  the  coil 


L^^Ry  +  MG^j^^O. 


.     (13) 
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Operating  on  equation  (12)  by  Mjdi  +  R,  ftnd  on  (13)  by 
MGlii,  &nd  adding,  we  eliminate  y,  and  Bud 


{'i+m. 


+  "7,  +  -*  +  - 


If  we  suppose  that  the  molinn  I'a  giniple  barmnnic  with 
ditninieliing  range,  and  put  X',  T,  for  the  logaiithmio  decrement 
and  period  we  may  write  conveniently  for  our  present  purpose 


=  V^n,  i"  =  SV/y,  (1 


and  (14)  becomes 


(f  +  H-o.    (16) 


Tlie  real  ond  imaginary  parts  of  this  equation  must  vanish 
separately,  and  therefore  picking  out  tlje  imnginary  terms 
equiiting  them  to  zero,  aod  solving  for  R  we  obtain 


+  il(sf  -i+- 


mtrolting  equation  is  obtained 


1  like 


r  from  the 


aeir,  and  with 

modifications  by  H,  F.  Weber,  U'orn,  Wild,  and  F.  KohlrnuBth. 
It  is  against  the  method  that  J/',  G',  enter  to  the  second  power, 
iiiaamiich  aa  tlie  very  eiact  detennination  of  eitlier  quantity  ie 
a  mutter  of  some  dimciilly.  The  value  of  /i  also  involves  the 
square  of  the  dimenaions  of  tlie  magnet. 

The  mollification  of  tlie  method  used  by  Kohlrausch  amounted  Kohl- 
to  a  combination  of  the  firHt  and  second  methods  of  Weber,  in  nuseh'i 
which  he  eliminated  the  constant  of  the  galvanometer  with  Modi£- 
whieh  the  earth- induct  or  was  connected  by  determining  the  cation  of 
logarithmic  decrement  of  the  moliim  of  the  needle  first  when  Method  by 
the  circuit  of  the  giilvnnome;er  was  open,  and  again  when  it  D»'''n''8' 
was  closed.    Calling  these  decrementa  Xg,  X,  and  putting  a,  A 


658  ABSOLUTE  MEASUREMENT  OF  RESISTANCE 

for  the  arcs  of  vibration  in  the  method  of  recoil  (which  was 
used)  Tq  the  period  of  the  needle  when  the  circuit  was  open,  we 
may  write  Kolilransch's  formula  in  the  approximate  form 

ttV  (a«  +  ^/ 

Kohl-  This  formula  includes  several  quantities  which  are  difficult  to 

raosch's  observe  with  accuracy,  but  its  chief  defect  lies  in  the  fact  that 
Result,     ii  involves  the  fourth  power  of  the   radius   of  the  inductor. 

Kohlrausch^s  final  result,  corrected  for  an  error  in  the  data  used 

in  his  original  calculations,  is 


1  B.A.  unit  =  -990  X  1C»  C.G.S. 


Method  of  Another  method  of  this  class  suggested  by  Sir 
CoiL  William  Thomson  to  the  Committee  of  the  British 
Association  seems  also  to  have  been  first  proposed  by 
Weber.  It  consists  in  spinning  with  uniform  velocity 
about  a  vertical  axis,  a  circular  coil  at  the  centre  of 
which  is  suspended  a  small  magnetic  needle.  A 
periodic  current  is  thus  made  to  flow  in  the  coil  in  one 
direction  (relatively  to  the  coil)  in  one  half-turn  from 
a  position  at  right  angles  to  the  magnetic  meridian, 
and  in  the  opposite  direction  in  the  next  half-turn. 
But  the  position  of  the  coil  being  reversed  in  every 
half-turn  as  well  as  the  current  in  it,  the  current  flows 
on  the  whole  in  the  same  average  direction  relatively 
to  the  needle  and  (apart  from  self-induction)  has  its 
maximum  value  always  when  the  plane  of  the  coil  is 
in  the  magnetic  meridian. 

This  method  was  used  by  the  British  Association 
Committee  in  their  famous  experiments,  carried  out 
principally  by  Clerk  Maxwell,  Balfour  Stewart,  and 
Fleeming  Jeukin  in  1863.     Its  theory  was  first  fully 
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given  by  Maxwell,  and  the  following  statement  follows 
on  the  whole  his  notation  and  method. 

If  i  be  the  self-inductance,  y  the  current  at  any  time  i,  tlio 
e'ectro-kinetic  energy  of  the  circuit  due  to  ite  own  induction  is  w*?P^? 
ily\  Agnin  if  M  be  the  magnetic  moment  of  the  needle,  and  r^JX^, 
G  tlie  galvanometer  conataiit  or  tlie  roil,  that  ia,  tLe  magnetic  Qj,j[  ' 
force  at  the  centre  which  unit  current  in  the  coil  would  produce, 
the  magnetic  force  at  tlie  needle  due  to  the  current  y  is  Gy,  If 
ift  be  the  angle  which  the  axis  of  the  needle  makca  with  the 
magnetic  meridian,  and  0  the  angle  which  the  coil  makes  with 
the  saine  plane,  the  direction  of  the  magnetic  force  due  to  the 
coil  and  the  axis  of  the  needle  are  inclined  at  an  angle 
ff/i  -  {e  -  <p).  Thus  the  mutual  energy  of  the  needle  niid 
current  ia  numerically  MGy  sin  (6  —  ifi).  This  if  taken  as 
potentiiil  energy  muet  be  written  with  the  positive  sign,  and  if 
taken  aa  kinetic  energy  with  the  negative  sign  prefixed  to  give 
the  corresponding  force.  For  the  magnet  is  deflected  in  the 
direction  of  rotation,  and  hence,  if  ff  >  A  say,  the  mngnetic 
force  on  the  needle  due  to  the  coil  must  be  in  the  direction  to 
increaae  ip,  tlmt  is  to  diminish  6  -  <},.  Hence  MOy  sin  [$  -  *) 
tends  to  diminution  by  the  action  of  the  mutual  forces.  Vie 
shall  reckon  it  as  kinetic  energy  of  amoimt  —  MGyain  (6  —  0). 

Again  if  the  effective  area  of  the  coil  be  A,  there  is  mutual 
energy  between  it  and  the  field  of  numerical  amount  JHyBin$. 
Tiiis  may  be  tuken  as  kinetic  energy  of  amount  -  JBy  sin  $. 
Also  ihe  magnet  is  deflected  in  the  tield,  and  therefore  between 
it  and  the  field  there  is  mutual  energy  Mil  coa  <p  when  reckoned 

Lastly  if  Bii*  be  the  moment  of  inertia  of  the  needle  about 
the  axis  of  auapension  it  has  kinetic  energy  iisi:'^-. 
Collecting  these  terms  we  get  for  the  total  kinetic  energy 

T-=^iLy*-.^Syai"6-3lGyaiTi{0-ip)  +  3fHcoail>  Energy  of 

_i_  1    itj.3  iTr\    Currents 

tc. 
Besides   this  there  is  potential  energy  V,  due  to  the  torsion    Potential 
of  the  fibre,  depending  on  the  angle  through  which  Ihe  needle  Enei^  uf 
has   been   turned   from  the  position   of  no   torsion.      If  a   be  Torsion  of 
the  angle  which  the  needle  makes  with  the  meridian  when  Ihe       Fibre, 
torsion  is  zero,   the  angle  through  which   the  fibre  has  been 
turned  is  ^  -  a.     Llenuting  by  ilhr  Ihe  torsional  couple  which 
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tbe  wire  gives  when  the  lower  end  is  turned  through  unit  angle 
relatively  to  the  upper,  we  have 

r=    [     3/7/r((/)-ay<^  =  iIffl^(<^-  a)«     .     .      (18) 

J  a 


Differen-    The  equation  of  currents  is 
tial  Equa- 


tion of 
Currents. 


dt  dy        dy 


=  0 


where  F  is  the  dissipation  function.     This  gives  by  (17) 

Lp  +  Ry  =  AH6  cos  6  +  MG{6  -  4>)  cos  (6  -  ip).    (10) 
di 

Tliere  are  two  possible  distinct  motions  for  the  magnet,  one 
of  oscillation  in  its  own  proper  period  (whicli  we  suppose  great 
in  comparison  with  the  period  of  rotation  of  the  coil),  and  the 
other  of  period  equal  to  half  that  of  rotation.  So  far  as  the 
former  is  concerned,  we  may  take  the  magnet  as  at  rest  in 
computing  the  current,  and  for  the  latter  we  shall  suppose  at 
present  the  amplitude  very  small,  so  that  the  part  of  <j>  depending 
upon  it  may  also  be  neglected  and  <p  may  be  taken  as  constant. 
Thus  d  being  constant  =  «,  say,  and  B  =  o»/,  we  have 

Zy  +  7?y  =  jfi^  cos  «/  +  AfG<a  cos  (W  -  <^)    .     (20) 

Let  a  solution  of  this  equation  be 

y  —  Ccos  oal  +  C  sin  «/. 

'1  hen 

Z  ^  +  i2y  =  (ZcdC  +  JiC)  cos  W  -  {L<oC  -  RC)  sin  W     (21) 

Intep*al        This  with  (19)  gives  by  equation  of  coefficients 
Equation 
of 


Current. 


0) 


y  =  -1.1 


-  \^AH{R  cos  6  +  <oL  sin  ff) 


+  MG\R  cos  (^  -  </>)  +  L  sin  {fi  -  <^)}]    .     (22) 
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A  torm,  C  esp.  ( -  ItllL),  is  retjiiire<l  to  complete  tlie  solution, 
but  this  dies  out  Boon  nfter  the  elarting  of  tbc  coil,  and  has  no 
effect  provided  the  rolalion  ia  uniform.  Tlie  current  therefore 
on  tlie  HuppoBition  made  ifl  given  by  (22). 


c  and  potentinl  energie 


!    Equation 
of  Motion 

ofStagii«t. 


dl  9^      d0       dip 

or  mk^-MGy<:o%($-<t>)-^MBmi<i>  +  Mlh{<i,~a)  =  (i  (i3) 
This  equation  may  be  obtained  nldo  by  couHdenug  lliat  ilie 
Deodle  ie  acted  on  by  three  couplea,  one  due  to  tlie  current 
tending  to  produce  furtlier  deflecliun,  the  xecond  a  return  couple 
due  to  the  enrth's  magnetic  field,  and  the  third  also  n  return 
couple  due  to  the  lornion  of  the  fibre.  Tlie  numerical  vidues  of 
these  itre  from  the  notation  already  explained,  MGy  cos  (A  -  0), 
3tfH  Bin  <p,MffT{ip~  a).     Hence  the  totiil  deflecting  couple  is 

MGy  cos  {0  -  4>)  -MH  lain  fl  +  t(<^  -  o)J 
and   this   is   equal   to   the   rate   of  increaec  iiik'^  of    angular 
moracntuui. 

The  needle  18  found  to  take  up  a  nearly  constant  position  if 
the  rotation  of  the  eoil  is  kept  uniform,  and  in  this  case  0  may 
be  taken  as  very  nearly  zero.     Thus  wo  have,  integrating  over 

any  finite  interval  of  time,  /  ip^t  =  0.      The  mean  resultant 

deflecting  couple  applied  by  the  current  must  therefore  be  equal 
to  the  return  couple  MH{s\n  tp  +  r(c^  -  a)!  clue  to  the  combined 
action  of  the  magnetic  field  and  torsion.  This  average  couple 
is  obtained  from  MfTy  cos  (3  -  0)  by  inserting  the  value  of  y 
given  by  (22)  and  integrating  each  term  over  a  whole  turn  on 
the  aiippnaition  thnt  0  is  a  constant,  and  dividing  the  result  by 
2ir.     The  following  integrals  enter  into  the  expression 

2f''co8Ocos(«-0KO  =  icus0. 
2^  / "' sin  6  cos  (6-  <t,)'ie  =  i  sin  -p. 
./  f'''(^m^(6-''P)'m  =  i. 


n(0- 


.s  (tf -<(.)'«  =  0. 
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Therefore  the  nverage  couple  it 


=  J///(8ill</>  +  T^)    . 


for  equiiibriiini,  if  a  =  0.     Since  r  is  very  small  we  may  write 
r  sin  <^  for  r^,  and  we  get 


fl=-jff^-cot*(l  +  l 


"l+T 


This  mny  be  written  in  tlie  form 

S^  -  aR  -  A  =  0 

the  solution  of  which  is 


Resist.         Tlie  vnlue  of  *  ie  positive  in  the  experiments  niude,  and  hence, 
ance       since  Ji  cannot  be  ncRntive,  the  +  sign  in  the  solutton  must  be 
developed  taken.     Kjpanding  the  radical,  having  regard  to  the  fact  that 
in  Series.    JfGIJIf  and  t  are  small,  we  get 


This  is  the  cspressiim  for  Jl  used  by  the  B.A.  Committee  in 
the  reduction  of  the  results  of  iheir  experiments. 
Criticisms      Taking  the  firKt  term  only  we  may  write 
of  Method. 

R  =  i-l  (?o)  cot  0  =  ff*»'noi  cot  0      ...     (26) 

where  n  denotes  the  mean  radius  and  m  the  number  of  turns  in 
the  coil.  This  formula  is  convenient  for  the  disciiasion  of  the 
advantnges  ami  diaadvanlagea  of  the  method.    These  have  been 
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examined  by  Lord  Rayleigh  in  iianers  ou  tliis  method*  sml  in 
hi»  "Comparison  of  Methods  for  tlie  Detenni nation  of  Bcaiet- 
QDceBin  Absolute  Measure.'' + 

As  regards  the  measurement  of  dimenBions  of  the  appntatus, 
it  is  to  be  noticed  that  tlie  method  involves  only  one  funda- 
mentul  linear  quantity  a,  and  that  only  to  the  lirst  |iowcr.  Tlic 
observation  o£  tlia  deflection  corresponding-  to  i^  and  the 
evaluation  of  cot  ^  involve  no  (greater  difficulty  than  those 
involved  in  ordinary  angular  measurement,  and  in  this  respect 
the  metlmd  is  on  a  par  with  Weber'H  method  by  earth  inductor. 
The  main  difficulties  lie  in  the  determination  of  «  and  the 
avoidance  of  mechanical  disturbance,  and  of  error  due  to  cur- 
rents in  the  ring  and  alterations  in  the  magnetization  of  the 
needle. 

It  will  bo  seen  below  thut,  by  the  employment  of  what  miiy      Strobo- 
be  called  the  strolioscopic  niellioil  of  observation.  Lord  Kayleigli,      Mopto 
who  repeated  the  determination  with  the  same  apparatus,  was     Hethod 
able  to  control  and  nieaeure  the  speed  with  great  ezaotness.    A     of  Uea- 
correetion  is  easily  made  for  the  ctirrenta  induced  in  the  coil  in      ^^ 
consequence  of  its  motion  in  the  field  of  the  needle,  in  fact  a     3[*»d. 
araal!  term  appears  iti  tlie  result  above  [MG  sec  i^lAII  in  (24)], 
by  means  of  which  this  correction  is  made.     This  involves  the 
determination  of  MGIAH,  but,  as  will  he  seen  below,  about  this 
there  is  no  difficulty  wliatever. 

The  currents  produced  in  the  metal  ring  can  be  allowed  for  Correction 
b^  rotating  the  coil  (1)  with  the  wire  circuit  open,  (2)  with  that       ^'^ 
Circuit  closed.      Further,  these  currents  can  be   reduced    by    _  ""8 
dividing  the  ring  into  two  parts  along  a  diameter  and  putting  ''°'^'*''"- 
them  together  with  ebonite  separating  pieces.    The  currents  are 
then  confined  to  circuits  wliicli  are  ou  the  whole  at  right  angles 
to  the  plane  of  the  coil,  and  their  effect  can  easily  be  eliminated 
by  the  method  just  stated.    The  eiistence  of  tlicee  currents  in 
the  ring  has  one  advantage    pointed   out   by  Lord    Rayleigh, 
that  by  rotiktiug  the  coil   before  winding,  and  again  with  the 
n'ire  circuit  open  after   winding,  the  insulation  can  be  tested. 
For  if  any  difference  is  found  between  the  deflections  of  the 
needle  it  must  be  due  to  leakage. 

The  method  has  been  objected  to  on  tlie  ground  of  the 
influence  of  self-induction  in  the  result,  thut  is  on  account  of 
tlie  terms  in  (25)  which  involve  £.    Now  the   value  of  the 

*  Lord  Rayleigh  nud  Arthur  Schuster,  "On  the  Determination  of 
thoOhm,"  Proc.  U.S.  Xo.  213.  1881.     Loiil  Rayleigh,  P/iiI.  Tram. 
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coefScieiit  ((',  sny)  of  tan  ^<fi  in  {2b},  and  therefore  of  tan  *0,  Ac, 
way  be  cnlculateil  with  considerable  accuracy  from  the  t^nien- 
sioiis  and  iirrangeinent  of  tbo  rotating  coil,  and  any  want  of 
exact  knowledge  of  the  value  of  U  can  be  elitninaled  by  using 
different  sppeda  of  rotation. 

In  comparing  Weber'e  method  by  earth  inductor  with  the 
prciient  method,  it  in  to  be  noticed  tliat  at  half  the  lowest  epceil 
used  by  Lord  Itayk-igh  tlie  sensitiveneBs  of  the  former  metliod 
would  be  con-iiderably  Icbb  than  thut  of  the  latter,  and  the  cor- 
rection for  Hclf-in  duct  ion,  known  with  fair  accuracy,  would  lie 
"  only  about  ^  per  cent. 

The  effect  of  self-induction  could  be  diminisbed,  as  pointed 
out  by  Lord  linyleigb,  hy  duplicating  the  revolving  coil  by  the 
ad<litiou  of  a  second  coil  at  right  angles  to  tbe  other,  and  giving 
.  an  independent  circuit.  Thus  tiie  liunsitiveness  of  the  an-»ngc- 
ment  would  be  iiiereosed  without  entailing  an  increased  cor- 
rection for  Helf-induction  sucb  as  would  be  necessary  if  the 
increase  of  deflection  were  produced  by  running  the  coil  at  a 
bigber  »pced.  The  two  circuits  in  this  arrangement  also  would 
be  conjugate,  that  is  the  currents  in  one  would  be  unaffected  by 
those  in  the  other,  and  would  give  a  more  nearly  constant  field 
of  magnetic  force. 

We  nuw  give  some  account  of  later  dclenninatione  by  this 
method,  beginning  with  tbe  cxperimeniR  made  by  Lord  Rayleigh 

■  and  I'rof.  Schu-iter  in   1881*     The  coil  used  by  the  B.A.  Com- 

■  raittee  was  employed,  but  its  constants  were  carefully  redeter- 
mined. The  constant  A  of  Ibo  coil  woa  found  by  unwinding  the 
wire,  and  oiirefnlly  nieaBuring  the  circumference  of  the  succce- 
Hivc  lityers.  Tbe  Ibickneas  of  the  wire  used  was  1-37  mm., 
which  ought  to  have  produced  a  difference  in  the  circumferenee 
■if  tlic  successive  layers  of  2'74ir  mm.  The  turns  in  each  layer 
Hinkiiig  a  little  into  those  below  gave  on  the  avernge  8'1  mm. 
for  this  difEeronec,  On  each  coil  there  were  1 66-6  turns  orranged 
in  one  case  in  I:!  layers  of  13  turns  cacli^  with  half  a  turn  onl- 
sidc,  and  in  tbe  other  in  IS  layers  contuining  155  turns  with  11 
turns  "ul side.  Allowing  for  the  outside  parts  these  r 
ments  gave 

Me:m  radius  "f  double  coil    .  .         15-789  c 

Axial  dimension  of  each  groove   .         ,  1'833  c 

PiiHtance  of  mean   plane   from   axis  of 
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Tbe  vaUie  of  A  tfaa  calculated  \>j  the  formula 

->—•'(} +  \%) («) 

wliere  a  danotes  the  mean  radluit,  %l  the  rndkl  dimension  of  tlie 
section,  and  h  the  total  number  of  turn^^.  T\\\»  formuk  may  be 
proved  thus.    Since  the  number  ot  layers  in  each  coil  was  12 


■{(•-W)"+('-^r+--+('+'^n 


=...=(,+-) 


Calcula. 

Elfectire 
AreaU) 
of  Lioil. 

nearly. 

The  value  of  the  galvauoiiieter  uonetaiit  G  was  calculated  by  Calcnla- 

an  equation  equivalent  to  that  obtained  from  (9),  p,  24^  above,  tion  of 

by  taking  the  first  term  itrya^/i^,  putting  7  =  1,  multiplying  by  Galvano- 

■,  and  BuliHtituting  for  aVr^,  on  account  of  the  axial  breadth  26  ,  "^J*' 

and  radial  depth  2rf,  of  the  eectionB  the  value  given  in  (20),  ''?£?™* 

p.  257,  that  is  from  'Sj?' 


=  2ir»    . 


+  2 


:-(4..^- 


e 


L(2., 


-  llr^ 


-   S.') 


(2fi) 


of   either   coil   from   the 


where  x  =  distance   of   mei 
suspeneioiL  fibre. 

The  value  of  GA  obtained  after  applying  all  corrections,  and  Value  of 

including  in  it  allowanceH  for  n  on -vertical  ity  of  the  axis  and  for  O-d. 
toraiou  of  the  fibre,  was  29887600. 

The  value  of  L  n-as  found  by  calculating  the  inductance  for  a  Calcnla- 

coil  of  mean  radius  a  and  rectangular  cross-section  of  which  tiouof 

the  length  of  diagonal  was  r.      This  was   found  from  the  Salf. 

formula  Induction 

of  CoU. 


/.  = 


-  Jn-)eol2tf-  Jirc, 


c-ie 


u  *d  log  sill  e:   .   (29) 

with  th( 
e  of  the  cross-sect  ion 
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from  itself,  given  by  (114)  p.  302,  pul  for  log  if.  The  dinieo- 
Bioiis  of  tlie  coil  iLsetl  were  those  given  by  the  B.A.  Committee, 
viz,  ,1  =  16-8194  cms.,  aiiol  breadth  of  each  coil  1-841  cm.,  radial 
depth  l'60Bcin.,  and  distance  of  mean  jiiancs  apart  3'85I  ciiib. 

The  inductance  was  computed  for  the  double  coil  by  adding 
together  the  self-inducfancett  uf  the  coiln  taken  Beparatelj,  and 
twice  the  unitu.i!  inductance  of  the  two  coils.  For  if  Z,,  Z-  be 
the  self-indiictnnces,  and  21  their  mutual  inductance,  the  whole 
plectrokinelic  energy  of  «  current  y  is  iy'(/;i  +  Z,  +  2,tf)  =  J>*Z 
if  L  be  the  Eclf-iiiduotancc  of  the  whole  ByBtem.  To  the  appioxi- 
mniion  given  by  (29)  Lord  Rnyltigh  found  for  Z,  +  Z^ 
:i01920iK)  cms.,  and  for  2,¥  14582000  cms.  Corrections  for  the 
linite  Nine  of  the  cross-section,  and  (since  the  introduction  of  the 
geometric  mean  distance  is  made  on  the  BUiipositioD  that  the 
coil  may  be  regarded  as  eiraight)  for  curvature  were  made. 
The  latter  can  bo  calculated  by  the  series  (166),  p.  134,  or  by 
the  elliptic  integral  formula  by  dividing  the  coil  up  into  con- 
centric circulor  lilamonts,  ,ind  integrating  over  the  croBS-seclion. 
Lord  Raylcigh  found  that  for  a  single  coil  of  circular  crosa- 
seclion  of  nidiim  p  the  value  of  L  is  given  by  the  equation 


/,  =  4; 


8a 


log  - 


r  + 


log   - 


(30) 


^8  Z.    The  correction 

term  for  curvature  in  the  ciisc  uf  ii  coil  of  the  name  mean  radioi 
a  aud  square  cross-section  of  tlio  ssnie  urea  is  very  nearly  the 
same  as  in  this  formula.  It  is  tlms  on  addition  to  the  approxi- 
mate value  given  by  the  equation  (29)  above.  The  corrections 
in  Z,  and  L.  were  each  11950  cini>„  and  the  correction  on  2M 
,■^401100  cms.,"8o  that  finally 

Z  =  -15141800  cms. 
The  value  of  2.1/  found  by  the  formula  of  quadratures  given 
im  [■>.  403,  from  the  value  given  by  the  elliptic  integral  formula 
t'nr  two  ciicIcH,  was  14M9400  cms.,  afrreeing  very  closely  with 
liic  value  H'JUSaOO  ciiiK.  (M68200O  +  346900)  cms.  already 
obtained. 

An  experimental  determination  of  /.  was  made  by  the  method 

described  above,  and   gave  45000000  cidb.  on  the  suppoulion 

that  the  B.A.  uuit  was  1  per  cent,  less  than  the  ohm.     The 

I    value  given  by  Maiwell*  uncorrected  for  curvature  is  43744X10, 

•  "  Ou  a 
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ond  tlie  allowance  for  curvature,  734500  cniB.,  ia  Bubtract«d 
from  instead  of  added  to  this  value,  giving  finally  with  a 
correction  for  the  finite  diameters  of  the  wires  and  variation 
of  the  current  over  the  crosS'Sectton  L  ■»  43016500  cms.  It 
is  bnggested  by  Lord  Rayleigh  that  the  diBcrepoiice  may  be 
dne  mainly  to  un  interchange  of  the  brcadtli  and  depth  of  the 
coils,  together  with  the  mistake  just  noticed  as  to  the  correction 
for  curvature. 

The  ob^ervationa  inolnded  (1)  the  resistance  of  the  experi-    Obserfa- 
mental  coil  as  compared  with  a  standard  coil  of  German  silver      tioiw. 
of  nearly  the  name  resistance,  viz.  4'6  ohms,  (2)  the  deflections 
produced  by  the  spinning  of  tlie  cuil,  (3)  the  speed  of  rotation. 

The  comparison  of  resistances  was  made  by  a  balance  arranged    Compari- 
by  Mr.  J.  A.  Fleming,  in  which  Prof  Carey  Foster's  method  fsee      sou  of 
Vol.  I.  p.  347)  of  interchanging  tlie  resistance  to  be  compared      Beaist- 
with  the  standard  was  used  to  give  Ihe  differeoce  between  the      'nc«e. 
two  resistances  in  tenns  of  a  certain  length  of  the  bridge  wire. 
Error  due  to  thermo-electric  currents  woe  eliminated  by  making 
the  comparison  with  the  battery  current  first  in  one  direction, 
then  in  the  other,     A  comparison  was  made  at  the  beginning 
and  end  of  each  set  of  spinnings. 

The  needle  consisted  of  four  magnetized  needles,  each  \b  cms.  Suspended 
long,  mounted  on  four  parallel  edges  of  a  small  cube  of  cork,  to      Needle, 
which  the  mirror  was  also  fixed.    This  arrangement  was  adopted     Form  of 
us  four  equal,  thin,  uniformly  magnetized  magnets  placed  along      ^?1^* 
tlie  parallel  edges  of  a  cube  of  length  of  edge  1/  v3  of  the 
length  of  the  magnet,  form  a  needle  the  action  of  which  is  to  a 
high  degree  of  approiiniation  the  same  as  that  of  an  infinitely 
small  needle  at  the  centre  of  the  cube.     The  magnets  were  made 
about  2'3  times  the  edge  of  the  cube  in  length  to  allow  for 
n  on -uniformity  of  magnetization. 

The  needle  was  adjusted  in  position  by  raising  or  lowering     Adjiut- 
the  cube  until  it  was  midway  between  the  highest  and  lowest    meutof 
points  of  the  circular  frame,  and  then  adjusting  it  in  the  two     Needle. 
other  directions,  by  attaching  a  pointer  to  the  frame  reaching  in 
nearly  to  the  centre,  then  turning  the  plane  round,  and  observing 


deecribed  by  the  point. 


whether  the  pointer  occupied   the   centre   of  the  small  circle 

i  by  the  point. 

^edle  was  in  the  usual  manner  caused  to  deflect  another  Deter- 
horizontally  suspended  needle  in  order  to  determine  the  ratio  mination 
iZ/ff  of  the  magnetic  moment  to  the  horizontal  component  of  the  of  Ratio 
earth's  magnetic  field.  At  a  distance  of  one  foot  the  suspended  ^^.P' 
needle  was  deflected  through  tan-i-000298,  and  hence  at  a  Se«ale- 
distance  equal  to  the  mean  radius  of  the  coil,  15'85  cms.,  the 
deflection  of  the  needle  would  have  been  '0021  approximately. 
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Now  if  r  denote  the  iiicnn  radius  of  the  coi),  and  fi  the  deSec- 
tion  of  the  needle,  we  have  by  (1),  p  73  above,  since  the  leostb 

of  the  magnet  iviis  smsll  compared  with  r 


and  itpproxiinatelv  0  >=•  iirn  r.  and  A  =  iiirr',  u'liero  n  ie  the 
miniber 'if  turns.  "Thus  r' =  -iAjG  and  tan  ^  —  GSfjHA.  Tliis 
was  used  as  the  value  of  G.V.'ffA  in  the  term  in  (24)  in  wbich 
tlint  quantity  ocuiirs. 

The  teteacopo  and  scale  (which  was  atraiglit)  were  adjusted  in 
the  usual  manner  (see  Vol.  I.  p.  216).    The  distance  of  the  scale 
Taleacopf   from  the  mirror  was  compared  with  the  ecalo  directly,  to  that 
the  absolute  length  of  a  scale  division  did  not  enter  in  the  result. 
""  e  following  were  the  numbers 


Arrange- 


Scale. 


Distance  of  scale  from  mir 

C'orreotior    for   glass   plal 

thick   through 


K'-J) 


Disl 


e  (reduced)  . 


252'28  c 


25S17  c 


The  heights  of  the  leiilre  of  the  mirror  and  the  centre  of  the 

objective  above  the  line  of  the  scale  divisions  were  measured  by 

means  of  a  catheloitictor,  to  obtain  the  data  necessary  for  finding 

the  inclination  of  the  mirror  to  tlie  horizontal.     For  this  a  cor- 

reelioo  was  applied  to  the  readings. 

Correction      The  toraiim  of  the  silk  fibre,  which  was  4  feet  long,  was  also 

for         estimated  by  turning  the  magnet  through  5  complete  turns,  and 

Torsion,     observing  the  deflection  of  the  magnet.     It  was  fonnd  that  the 

magnet  was  shifted  5  C  divisions  per  turn,  or  through  au  angle 

of  -OOllOT.    Oppuiitc  turning  of  the  magnet  gave  -OOlllT,  so 

that   the   correction   for   torsion    was   obtained   by  calculating 

r  =  -00111. iff,  and  using  for  A  the  vahie  A,X1  +  t). 

Correction        A  fi^rrcction  for  level  of  the  coil  was  also  applied,  as  it  was 

for         found  that  the  upner  end  of  the  axis  was  inclined  towards  the 

LsTel.      north  by  an  iinglf  '0003  rodiaii.    The  component  of  force  at 

right  imgles  lo  the  iisis  was  thus,  if  /  be  the  inlens.ity  of  the 

Held.  iuA  D  the  dip,  lew  [D  ~  -0003)  =  //(!  +  "0003  tan  J)) 

ne;irly.     Thui-  for  A  was  used  finally  (he  value 

./[I  +  -0003  Ian  J>)/(1  +  r;. 
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The  spins  wero  taken  in  sets  of  four  at  each  Hpeed.  Tlie  coil 
was  drtren  hy  a  long  cord  from  a  water  motor  acting  by  the 
impulse  of  water  on  metal  cupB.  To  insure  n  constaut  pressure 
the  motor  was  driven  hy  water  from  a  stiiall  cistern,  which  gave 
a  head  of  50  feet.  The  reeulation  of  the  motor  was  effected  by 
obseri'ing  that  the  work  done  by  the  motor  is  proportional  to 
the  difference  between  the  speed  of  the  jet  und  that  of  the  cups, 
and  to  tlio  speed  of  the  cups.  For,  if  the  water  is  just  reduced 
to  rest  the  momentum  of  unit  moss  of  water  destroyed  is  v,  the 
speed  of  the  jet,  and  the  mass  of  water  received  per  unit  of  time 
is  n(!'  —  t[)  if  t'l  be  the  speed  of  tlie  cups,  and  n  the  area  of  the 
jet.  Thus  the  rate  at  which  momentum  ix  given  by  the  jet  to 
the  cups  is  av{v  -  ?'i).  The  rate  at  which  the  motor  works  is 
therefore  ai-(r  -  f[)ti,.  Thus  at  zero  speed,  and  at  the  apced  of 
the  jet  the  water  motor  does  no  work.  At  half  the  latter  speed 
the  motor  does  work  at  the  maximum  rate.  Tims  the  diagram 
of  activity  is  a  parabola  with  vertex  upwards  if  speeds  of  the 
motor  be  taken  as  abacifsae. 

Drawing  on  this  diagram  the  curve  of  work  done  against 
resistances,  we  obtain  from  the  points  of  intersection  of  the  two 
curves  the  possible  uniform  speeds  of  running,  and  these  speeds 
are  more  sharply  defined  the  more  nearly  the  curves  are  at  right 
angles.  Now  the  activity  spent  in  overcoming  resistance  to  the 
motion  of  the  coil  is  a  function  of  Ihe  speed  i\  of  the  form 
Av^  +  fipi'  +  Ct\^  +  &c.  since  there  are  ineluaed  constant  or 
frictional  resistances,  which  give  the  first  term,  resistances  such 
as  viscous  resistances  which  arc  proportional  to  the  speed,  which 
give  rise  to  the  second  term,  and  resistances  wliich  vary  as 
higher  powers  of  the  speed,  such  as  resistance  due  to  air  set  in 
motion  by  the  cups,  &c. 

The  curve  of  activity  against  resistance  is  therefore  convex 
downwards,  and  at  high  speeds  in  the  experiments  there  ie  no 
difficulty  in  obtaining  definite  enough  intersection,  but  at  low 
speeds  thin  is  not  the  case.  It  was  necessary  therefore  at  low 
speeds  of  the  coil  to  run  the  motor  fast,  and  use  a  reducing 
pulley  in  order  to  enable  the  cun-e  of  resistances  to  intersect  at 
a  suitable  place. 

The  speed  of  rotation  was  observed  by  the  stroboscopie 
inethoilj  in  which  a  card  marked  with  circles  of  alternately  black 
and  while  spaces  (or  "  teeth  ")  is  viewed  through  narrow  slits  in 
thin  plates  of  metal  attached  in  the  plane  of  vibration  to  the 
prongs  of  a  tuning-fork.  The  slits  overhip  when  the  fork  is  at 
rest  80  that  to  an  observer  looking  through  them  the  card  ie 
visible  ;  when  the  fork  is  in  vibration  vision  is  possible  through 
the  slits  twice  only  in  every  complete  vibration.  (See  Fig.  144). 


Posiible 
Uniform 
SpMdsof 
Driving. 


Observa. 
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Changes 
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Tlie  folk  waa  electrically  maintained,  and  liad  a  frequency  of 
about  6^  (moro  nearly  63-69).  Tlius  Ilie  card  could  be  seen 
127  times  n  second  through  the  ulita.  Hence  if  a  circle  on  ilie 
card  marked  with  altemale  black  and  white  teeth  passed  the 
meiin  poailiuii  of  tlje  slits  .1  Dutnber  of  times  a  second  equal  to 
twice  tliu  freijiicni'y  of  tlje  fork,  tlie  circle  ajipearsd  to  be  at 

The  I'nrd  was  grndunted  with  five  circles  containiog  60,  32, 
24,  ^0,  16  black  teeth  rcsjiectively,  to  enable  a  variety  of  speeds 
to  be  observed  without  any  i-hange  in  the  frequency  uf  the  fork. 
By  looking  over  one  end  of  one  of  the  vibrating  plates  the  card 
could  lie  seen  only  once  in  each  complete  vibration,  and  thus 
the  60  teeth  circle  could  be  used  for  the  lower  speeds. 

Tlie  contacts  of  the  fork  were  iriade  and  broken  with  a 
nlntinum  point  and  mercury  cup  covered  with  pure  alcohol. 
Thn  nrrangcment  worked  exueeilingly  well,  and  went  for  hours 
without  requiring  the  smallest  attentioi).  A  comparison  was 
miide,  by  means  of  beats,  betweeji  the  pileh  of  the  fork  and  thiit 
of  a  Blnndiird  fork. 

It  was  found  that  the  sjieeil  of  the  disk  conid  be  regulated 
'  '  ''  '  '  '  '  ''m  to  the  driving 
o  pass.  He  tbere- 
fore  allowed  tho  cord  to  run  lightly  Ihrongh  his  fingers,  and 
after  u  little  practice  it  was  possible  so  perfectly  to  regulate  the 
speed  that  a  tooth  never  passetl  the  pointer  except  perhaps  by 
inudverlciiec,  when  he  at  once  brought  it  back  by  slightly  re- 
tarding the  cord.  Tlie  passage  of  one  tooth  in  each  second 
meant  of  course  only  a  vnriation  of  1  in  127  in  the  fipeed. 

In  the  course  of  the  observations  note  was  taken  of  the 
changes  of  magnetic  declination  by  means  of  on  auxiliary 
miigiK'toraoter  set  up  near  enough  the  revolving  coil  to  be 
practiciilly  in  tho  Hanie  magnetic  field  with  it,  but  at  the  snmr: 
thne  HO  far  away  as  to  be  nnaJTected  by  the  induced  currents 
produced  by  the  spinning.  The  scale  was  read  by  means  of  a 
telescope,  and  the  distance  from  mirror  to  scale,  2^  metres,  was 
tho  same  as  tliiil  of  tlic  mirror  of  the  magnet  in  the  coil  from  its 
scale,  81)  that  the  corrections  could  be  msdo  by  simple  com- 
parison of  readings. 

Sonic  trouble  was  caused  by  air  currents  in  the  box  containing 
tlic  magnet ;  these  currents  caused  change  of  zero  during  a  set 
uf  B[)i<iniiigs.  They  were  mainly  duo  to  radiation  of  tbc  lamp 
and  gns  jets,  and  prteautions  wi^re  taken  to  diminisli  the  effect 
by  covering  the  magnet  box  with  golil-leuf  to  reflect  the  heat  as 
much  AH  possible.  The  error  from  this  cause,  however,  was  not 
greater  than  that  which  necessarily  affected  tlie  dcterminationn 
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of  ihe  mean  radiua  of  the  coil,  and  tlie  distance  of  the  mirror 

from  tile  scale. 

If  A  he  the  deflBction  of  the  mirror,  it  tlie  ubaerved  rending, 
anil  2>  the  distance  of  tlic  mirror  from  the  scale,  3  llie  distance 
of  the  zero  of  the  scule  from  the  centre,  tlien,  npptosiinately 


2Dtanrp  =  d-  (,>l-  S) 


'   SD* 


Tliis  formuhi  wan  uued  for  calculating  tan  <{>,  i  being  taken 
positive  when  in  Ihe  snine  direction  ns  (/.  Irregularities  in  tlia 
scale  were  allowed  for,  and,  as  stated  a>iove,  a  correction  applied 
for  tlie  sliglit  iion-horizontality  of  the  normal  to  the  mirror. 
The  vertical  dislHiice  between  the  centre  of  the  objective  and 
the  point  in  which  the  normal  intersected  the  scale  being  denoted 
by  J),  the  angle  between  the  normal  and  tlie  horizontal  by  a,  the 
correction  was  dpajD,  which  amounted  to  d  X  '00014, 

The  resistance  comparisons  generally  phowed  a  rise  of  resist- 
ance during  each  set  of  experiments.  This  was  corrected  for 
on  the  supposition  that  the  rise  of  temperature  was  uuifomi 
daring  the  time  elapsing  between  two  successive  nicasurementB 
of  resistance.  The  error  arising  from  uncertainty  of  temperature 
did  not  amount  to 

The  following  i 
resiHance  of  the  ci 


il,  S  the  resistance  of  the  standard. 


Ilesistance  Compared  C -=  S  +  "0225 
I  Reading  of  Auxiliary  )  gs.a 

Magnetometer       { 
Position  of  rest  of     (  7fi6'48 


9  II.  .37  ni. 

Negative 

M7-G0 

27-65 

0  li.  42  m. 

Positii-e 

1 166-40 

2«-24 

!)  h.  47  m. 

Negative 

:if.fi'2.1 

2850 

0  h.  53  ill. 

Positive 

nceiM 

28-30 

672 
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Time. 
9  1).  57  in. 
10  h.  0  in. 


i  Reading  of  Auxiliary  i 
i  Magnetometer.  { 
Position  of  rest  of  I 
needle  ( 

Resistance  compared 


27-2 

76708 
C=  S+  -0272 


From  these  the  following  table  of  corrected   readings  and 
deflections  was  found  : — 


PoAltioii  of 
Rest 


7Gl>*2« 

7G5o9 
7r),V33 
7G5-53 


Deflection 
observed. 


-  3^8-61 
-f  400-81 

-  399-10 
+  400-5G 


Deflectlou 

oorrected  for 

SealeEnors 

and  Tempermture. 


-  396-55 
+  397-93 

-  397-23 
+  397-23 


Calcula- 
tion of 

Value  of 
Resist- 
ance. 


('=  S+  •0218. 


Moan  397-42 


The  value  of  R  was  calculated  directly  from  the  solution  of 
the  quadratic  (24)  above.  If  A'  be  put  for  ^(1  +  "0003  tan  D)l 
(1  +  r),  the  value  of  the  area  of  the  coil  when  it  is  made 
to  include  the  correction  for  torsion  and  level,  and  tan  B  denote 
GMfHA  as  (letennined  above  (p.  568),  this  solution  may  be 
written 


7?  =  nnOJ'  cot  <^  [I  +  tan  fi  sec  <f> 

+  V(l  +  tan  /i  sec  <^^-~~t/'ihn^<t>T 


(32) 


where  U  =  {2L;rjA')/(2L/GA'  -  1),  and  n  denotes  the  number  of 
turns  of  the  coil  per  second  =  2  frequency  of  fork  /  number  of 
teeth  in  stationary  circle. 

Table  of        The  following  table  gives  the  result  of  all  the  experiment**. 

Results.  Column  1  gives  the  date  of  the  experiment,  2  the  speed  in 
terms  of  the  number  uf  teeth  on  the  apparently  stationary  circle, 
3  the  deflection  corrected  for  scale  errors  and  variation  of  tem- 
perature (luring  the  set  of  experiments,  4  the  absolute  resistance 
of  the  revolving  coil  on  the  a«suinption  that  the  inductance  of 


METHOD  OF  REVOLVING  COIL 

tlie  coil  was  4'5  X  10^  cms.,  and  5  tlie  absolute  reaigtance  of  the 
standard  Germftn  silver  coil  at  IP'S  C,  aa  Riven  by  tlie  different 
esperimenta,  subject  to  a  corroctiou  for  the  copper  rods  con- 
necting tiie  rotating  coil  with  tlie  resistance  bridge. 


Dec.  7 
10 

ISO 

no-42 

110-22 

4-5486 
4-6568 

4-5419  '(,..,«.l 
4-5309    i-»^364 

U,-c.  2 
6 
10 

CO 

218.51 
218-30 

218-72 

4-5580 
4-5620 
4-5631 

4-5487  ■  \  ; 
4-5471  U-5467 
4-5422    j 

Dec.  2 
6 
10 

32 

397-75 
397-.39 
.197-26 

4-5639 
4-5672 
4-5687 

4-5417    -j 
45415     U-5127 
4-5448    J             j 

Dec.   -2 

24 

613-73 
613-58 

4-6719 

4-6734 

4-6446  '1  ..-..3I 

Me^in ;;  = 


1-3427 


«  IC,  ii 


Tlio  value  of  i  here  used  was  slightly  less  than  that  found  by 
Lord  Rayletgh,  and  ngraed  very  closely  with  a  value  (4-5130  X 
Kf  cniB.)  deduced  by  the  method  of  least  squares  from  the 
results  for  different  speeds. 

Tlie  German  silver  standard  was  then  compared  with  the 
original  standards  prepared  by  tlie  B.A.  Committee.  The 
standard  was  found  to  be  4-696  B.A.  units  at  II'-S  G.,  and  the 
resistance  of  the  copper  rods  connecting  the  rotating  coil  with 
the  bridge  was  found  to  be  "003  unit.  Thus  4-S92  B.A.  units 
were  found  to  be  equivalent  to  4-5427  x  10"  in  cms.  per  second,  or 


Value  of 

aA. 

Unit 


1  B.A.  1 


! '  10",  in  cms.  per  second. 


The    investigation    just   described    wag    repeated    by    Lord     rtirfSet 
Rayleigh  with  improved  apparatus.    The  coil  was  made  more     Experi- 
■emove  risk  of  deformation  by  the  winding,  and  its     ments. 
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«  increased  in  tlie  ratio  of  about  3  to  2.    Tlie 

ring  was  in  two  hiLlrea,  joined  along  the  borizontal  diameter  by 
projecting  flanges,  and  insulated  from  one  another  by  n  layer  of 
ebonite.     Its  construction  with  driving  arrange inents,  Ac,  is 


n  Fig.  ] 
ing  ha' 


The  ring  having  been  wuund  was  spun  with  its  circuit  open, 
and  it  was  found  that  a  perceptible  effect  on  the  mtignet  was 
produced.  This  was  traced  to  currents  circulating  in  the  parts 
of  the  ring  adjacent  to  the  ebonite  layer,  where  there  waa 


suf)it;iviil  budy  uf  metal  tu 
angles   to   tlie   windings. 
allowed  for. 

To  obviate  air  disturbances  of  tlio  needle  caused  by  rotation 
of  the  coil,  the  magnet  buz  was  screwed  nir-tightto  the  lower  end 
of  a  brnH8  tube  n'hk-li  poised  through  tlio  upper  part  of  the  axis 
of  rotation.  By  unscrewing;  the  box  and  pulling  up  the  brass 
tube  the  miignet  could  be  wiilidrawn  with  the  fibre  intact.  The 
level  of  the  needle  was  adjustable  by  means  of  a  sliding  piece, 
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to  which  the  upper  end  o£  the  fibre  wqb  attached.  The  whole 
arrangement  wns  ao  rigid  that  no  diBturbonce  was  produced  by 
the  air  even  at  the  highest  apeods. 

The  needle  wau  on  tlic  biihib  plnn  kh  before.  Its  motnont  was 
however  aiz  or  seven  times  as  great,  with,  an  account  of  the 
greater  dimensions  of  tlie  coil,  a  value  of  -0042  for  MQjAH, 
(tBn'/i),or  only  about  twice  the  former  value,  (Thiswas  determined 
in  a  manner  ainiilar  to  that  ah-eady  desDribed).  Tlie  iiori/ontal 
breadth  of  the  mirror  was  diminished,  and  thiin  with  greater 
magnetic  moment,  and  smaller  mirror  the  disturbance  from  air 
currents  inside  the  box  was  brouglit  down  to  about  1/15  of  what 


D.  Knik  snd  Tb1«co[». 

B.  Wnln-iiiotor. 

F.  Tel«acape  nuil  scili'  fui 


H.  Flemlns's  1)1 
I.  Plitiuimi  Dill 
J.  Briil)W  jilvm 


ounectiug  Co  bridge. 


it  was  in  tlic  former  apparatus.  The  period  of  oBi; illation  was 
brouglit  up  to  a  convenient  amount  by  an  inertia  ring  j  inch  in 
diameter  added  to  the  ma^Det.  The  weigijt  of  the  whole  wax 
80  small  thfit  it  vr-.m  easily  borne  by  a  siiisle  lihrc  of  silk. 

The  coil  was  driven  and  its  speed  determined  as  in  the  former 
experiinenti>. 
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The  reeiatanco  of  tlie  coil  being  S3  onits  as  compared  with 
the  foniier  value  4*6  units,  arrangemenlH  were  made  to  add 
resistances  to  the  copper  circuit  i^Uen  the  variation  of  resistance 
passed  beyond  the  range  of  the  slide  wire,  and  a  pi  &ti  cum -silver 
standard  of  about  24  units  was  employed. 

The  generiil  arrangement  of  the  apparatus  is  abown  in  Fig. 
12». 

A  firnt  act  of  spinnings  gave  less  accurate  results  than  were 
expected,  and  the  cause  was  traced  to  the  paper  scales.  These 
were  theu  replaced  by  scales  engraved  on  glaas.  Some  trouble 
waa  also  caused  by  an  imperfect  mercury  contact  at  the  junction 
of  the  copper  coil  with  the  bridge  connections  ;  but  when  this 
WHS  remedied  the  arrangements  worked  satisfactorily. 

The  dimeiisioiw  uf  the  coil  were  as  follows  : — 


Pkch  i:oil  wns  wound  with  siitoon  layers  of  eighteen  windings 
in  each  layer,  except  the  eleventhlayer  of  J,  which  had  seventeen 
turns.     An  extra  turn  was  laid  on  J  ontside  tlie  sixteenth  layer. 

Each  hiyer  was  measured  during  winding,  and  again  on  un- 
vitiding  lifter  the  experiments  had  been  made.    Thus  tlie  effect 


of  till.-  prrSMiire  of  the  layi 
CBtimatcd.  The  moan  of  Ih 
then  23-6ir,.  Weights  of  t 
result   and   the   former 


II  dir 


that 


nisbing  their  radii  \ 
iidii  of  the  two  coils  was 
e  were  given  to  the  Isst 
lean  of  23'619  cms.  was 


^,__  .  ._  calcnlated  from  the  formula;  (27),  (28),  above, 
multiplied  together,  and  it  was  found  that  log  ((?.4)-8-17682. 
The  correction  for  level  and  torsion,  it  was  found,  increased 
this  number  only  to  a-17686. 

The  value  of  J-  for  the  coil  was  found  by  calculating  L„  Lf 
-inJ  -l/for  the  two  coils  as  eaplnined  above  (p. 666),  Lj,  i,  were 
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L,  (for  A)  = 


1029-3  xie»xl8»  01 
1031-9  X  16' X  18"  ci 
832-88  X  16*  X  18>ci 


Z  =  i,  +  £,  +  23/  =  2-400(  X  lO*  cms., 

subject  to  a  correction  for  curvature. 

L  WHS  alao  detennined  experiinenlnlly.  A  full  account  of  the 
determination  is  given  in  Cliap.  TX.  above.  Tlie  final  result  tlius 
found  W.B  Z,^g-4052  X  lO*  cms. 

Tlie  cnrrentB  in  tlie  ring  were  allowed  for  as  follows.  Putting 
tan  ^  for  MGIAU  as  nt  p.  568  above,  and  A,  Q',  L\  ft,  for  the 
quantities  depending  on  tbe  ring  and  corresponding  to  A,  Q,  L,R, 
we  have  from  (21) 


tao  ^  -|-  r 

+  4 


GA« 


{R  +  £«  tan  ^  -|-  A  tan  ii  sec  0} 

(33) 


10    *  fl!  +  ««Z,a 


if  tbe  wire  circuit  is  closed.    If  the  vi 
speed  is  the  same 


circuit  is  open  and  the  Theory 
■^  King 

Currents 


tan  <^,  +  r  A  =\  ^^J"^,,(fl'+L'„lan*o+iJ'tandsec,^J  (34) 

Putting  r  tan  0  for  t^/cos  if,  and  r  tun  ^„  for  t^Juos  ^,  neg- 
lecting tbe  terms  multiplied  by  If  tan  6,  and  subtracting,  we  get 
after  reduction 


(35) 


Thus  the  elTeut  of  L'  would  be  to  iucreaie  the  HeRectiuns  at 
high  speeds  beyond  their  proper  vahios,  whereas  tbiit  of  L  is  to 
diminish  them.  The  value  of  L!R  for  the  wire  circuit  was  -01 
second  :  for  the  ring  L'/H'  was  no  doulit  much  less,  and  further 
■  tan  •Pn  i>t  the  highest  speed  was  only  1/26.  The  last  factor  an 
the  right  of  (35)  may  be  omitteii.     Hence  R  is  given  by  (32) 
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above  with  tan^-tan^j  uaed  instead  of  taD  ^,  (bat  sec  ^  left 

unchauged)  and 

U=  i2LIGiJ){2L/GtA-taTi  ^/(tan  ^ - Un ^f, 

wliere  (?,  deootes  C/(l  +  r). 

Mode  of         Witli  regard  to  tlie  observatioDB.  the  general  mode  of  carry- 
Carrying    ing  out  the  work  and  correcting  tlie  resultH  was  the  bame  as  in 
out         tlie  former  invtEligalion.     An  Buziliary  magoetometer  was  used 
Olwerva-    ^g  before  to  trace  cliuiiges  of  declination  ;  and  the  speed  and 
"•""■      defleaions  were  read  off'  aa  formerly.     For  the  highest  tpeod  it 
was  found   that  tan  ^Jtau  (fi  ^  7-8l/439'41,  and  this  with  the 
value  of  G^A  stated  above  gave  logu,  C  =  -84326. 

The  standard  coil  was  kept  immened  in  water  the  temperature 
of  wliiuli  was  obaerveil,  and  the  temperatares  of  the  air  were  also 
observed  in  tlie  neiglibuurliood  of  the  copper  coil,  and  near  the 
standard  tuning  furk  by  which  the  frequency  of  the  spoed- 
inoaHuriiig  fork  was  determined. 

Ciunparisons  of  the  resistance  of  the  copper  coil   with  the 

platinum-silvor  coil  were  made  before  and  after  each  set  of 

flpinniiigs.     The  resistance  of  the  copper  circuit  was  equal  to 

thut  uf  the  standard  coil  -|-  or  —  the  resistance  of  the  bridge 

wire  required  for  balance. 

Specimen       A  npcciiuen  set  of  readings  is  here  given  with  the  necessary 

Set  of     corrections.    The  first  set  of  six  were  made  with  the  wire  circmt 

Readings,   open,  the  second  set  with  it  closed. 


No,  of 

Ti... 

Mignet  rudloH 
comcwa  by 

Dlff. 

^•.■S. 

1  + 

5  - 
0  + 

It 
0  + 

10  - 

11  + 

12  - 

«'l6 
8  Ifi 
8  20 

8  25 

S  45 
8  47 
8  60 
8  52 
8  55 
8  58 

603-8G 
5M-41 
G04-10 
593-45 
60-t-O5 

901-58 
296-11 
901-54 
29G-12 
901-33 
296-56 

10-48 
10-46 

10-S9 
10-85 
10-60 

60547 
605-43 
605-12 
604  91 
604  77 

I    5-89    ( 

! 
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The  resistance  of  the  standard  -  the  resistance  of  the  coppt-r  Carrectiaa 
circnit  espresaed  ia  terms  of  tiie  resistance  of  one  division  of         of 
the  bridge  wire  as  unit,  was  212  at  the  beginning  of  the  second     RMults. 
six  obserpationH,  and  -  316'5  at  the  end,  giving  a  mean  of  -  62 
during  the  interval.     But  each  division  of  the  bridge  wire  was 
about  1/480000  of  tlie  whole  resistance  of  twenty-four  ohms,  bo 
that  if  Valance  had  bcnn  obtained  on  the  average  at  the  middle 
of  the  bridge  wire  the  deflection  would  have  been  3i>2-59. 

Again  the  temperature  of  the  standard  during  the  experiments 
had  a  mean  value  of  10°'025,  so  that  t)ie  resistance  of  thestandard 
which  for  this  series  was  taken  as  normal  at  13^,  was  below  its 
normal  value,  and  the  deflections  were  too  Urge.  The  variation 
of  resistance  of  the  standard  per  degree  was  3  parts  in  10000, 
80  that  the  deflection  fell  to  be  diminished  by  about  2*7  parts 
in  3000  or  by  -27. 

The  standard  number  of  beats  per  minute  between  the  standard 
fork  and  theeleclrically-maintained  fork  (at  17° C.)  was  taken  as 
69  during  the  series  of  observations,  and  in  the  set  of  observutions 
here  taken  a<(  u  specimen  the  number  of  beats  was  66J  per  minute, 
BO  that  the  electrically-maintained  fork  was  too  sharp  by  2j  parts 
in  So  X  127,  127  being  very  nearly  twice  the  frequuncy  of  the 
latter  fork,  tliat  ie  the  speed  was  too  great  by  tiiia  amount. 
This  gives  as  the  correction  of  the  deflection  for  excess  of  speed 
-'10. 

But  the  standard  fork  which  was  at  normal  frequency  at  17° 
was  at  la^'OS,  and  therefore  vibrated  more  quickly  than  the 
normal  rate.  The  amount  of  quickening  was  about  1  in  lOOOO 
per  degree  of  diSerence  of  temperature.  Thus  there  was  a 
further  temperature  correction  on  the  deflection  of  —  '12. 

Adding  together  and  applying  these  three  negative  corrections,  Coirected 
we  get  for  the  deHection  whicli  would  have  been  obtained  if  Value  of 
everything  had  been  in  its  normal  state  as  specifled  302'10.  Uean 

From  the  series  of  experiments  made  at  different  speeds,  it  Dcfleciion, 
was  seen  that  there  was  a  tendency  for  the  value  of  the  resist-     BeBulta 
ance  to  rise  wilh  the  epeed.     This  would  have  been  the  effect  of     d        ■ 
an  under-eatiniate  of  the  value  of  L,  but  as  the  error  to  account     ?JL^,"" 
for  the  discrepancies  at  (he  different  speeds  would   have  had  to      "'""■ 
be  about  1   per  cent.,  it  was  taken  as  more  probable  that  there 
were  ring  currents  generated  which  were  not  conjugate  to  those 
in  the  wire  circuit     There  was  no  doubt,  however,  that  the  true 
value  would  be  olitained,  do  matter  which  of  these  views  was 
taken,  by  applying  a  correction  proporiional  to  the  square  of  the 
speed.    This  correction  was  calculated  from  two  extreme  speeds 
and  applied  to  the  results.    Thus  llie  principa!  seriesof  eiperi- 
meats  consisting  of  many  different  sets  of  spinnings  gave  the 
p  p  2 
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H|«M  <n  tHth 

tuct  or  itaDduil  Bl     tioul  to  -ram  of 
ia'(unU  IO»C.0.9.).             «peri. 

(nDillO»_f.O.B.> 

60 
45 

35 
30 

23G19 
23-621 
23-630 
23-638 

■006 
■Oil 
■018 
•025 

23-613 

23-610 
23-612 

23-613 

Mean  23-G27 

UMn  23-61S 

Tlic  roDiilt  of  tills  act  of  csporimonts  was  taken  as  that  with 
vlik'h  Itio  B.A.  atEiiidardB  should  be  compared.    Anotlier  series 
made,  li owe vur,  Rnve  practically  the  aurae  resLilt,  viz.  23-618xI0* 
C.G.S.  units  aa  llic  rpaistance  of  tlie  standard  coil  at  13°. 
Value  of       A  curcful  cutiipuriaon  of  the  resjataiice  of  the  Btaodard  coil 
J1.A.       n-itli  tlie  It.A.  unit  gave 
Unit. 

23-61-2  X  10*  CG.S.  units  of  resistance  =  23-9348  6.A.  units, 

or  1  B.A.  unil=  -98651  x  10»  CG.S.  unils. 

Sltihod  of  Lord  Raylcigli  and  Mrs.  Sidgwick  have  made  a  veiy 
'  ""'^'  careful  determination  of  tlie  value  of  the  B.A.  unit  of 
resistance  by  the  method  of  Lorenz.  A  disk  of  metal 
touched  near  its  centre  and  at  its  circumference  by  the 
terminals  of  a  conductor  was  spun  round  its  axis  of 
figure  at  a  uniform  observed  speed,  in  the  magnetic 
field  of  a  coanial  coil  carrying  a  current.  The  electro- 
motive force  jiroduced  in  the  circuit  thus  formed  was 
balanced  by  the  difference  of  potential  between  the 
terminals  of  a  resistance  through  which  flowed  the 
current,  or  a  known  fraction  of  the  current  producing 
the  magnetic  field. 
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Supposing  the  disk  touched  at  its  centre,  the  total  '%'^f^ 
change  in  the  flux  of  ioductioD  through  the  circuit  in 
one  turn  is  equal  to  the  induction  produced  by  the  coil 
through  the  circular  edge  of  the  disk,  or  if  Jf  denote 
the  mutual  inductance  of  the  coil  and  this  circle,  and 
7  the  current,  it  is  My.  If  n  revolutions  of  ibe  disk  he 
made  per  second  the  electromotive  force  is  nAfy.  This 
is  balanced  by  the  difference  of  potential  Sy  between 
the  terminals  of  a  conductor  of  resistance,  S,  and  so  we 
have 

B  =  nM (36) 

Jtf  is  calculated  from  the  known  data  of  the  coil  and 
thus  B  is  found. 

In  no  practical  case  can  ii.V  bo  large,  and  therefore  R  must  be  ^5^.  *'*y,' 
amnll,  and  a  difficulty  ariHes  on  this  account  in  the  carrying  out  '«'§*'  """l 
of  tliB  nietliod.  This  was  overcome  in  Lord  Raylcigb  and  gij^J^JA. 
Mrs,  Sidgwick's  experimenls  by  arranging  that  the  main  current  v?Z^ 
should  flow  niong  AC  (Fig.  131),  tlirough  a  TeniHtunce  a  amall      ^_'_. 


Fio.  131. 


compared  with  the  reriatance  e  between  A  and  B,  while  at  tlie 
two  points  S  and  C,  including  a  resistance  b  also  small  compared 
with  a,  the  terminals  connected  with  the  revolving  disk  were 
applied.  Thus  S  was  the  reEistance  which  was  evaluated  by  the 
eiLperiinent.  The  connections  at  A,  S,  0  were  made  by  means 
of  mercury  cups. 

The  main  current  being  y,  and  no  current  flowing  in  the 
circuit  applied  at  BC,  the  current  through  A  B  Cie  yaKa+6+e). 
Hence  the  difference  of  potential  between  B  una  C  was 
yitbj{tt  ■\-  b  -\-  e).     This  was  therefore  the  electromotive  force 
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generated  b]'  the  motion  of  the  ditik.    It  will  be  convenient  to 

regard  it  aa  tlie  difference  of  potentinl  produced  by  the  cnrreDt 

y  between  t)]e  enils  of  a  conductor  of  resiatance  a6t(a  +  *  +  «)■ 

ArningO'        The  piiJr  ot  coils  used  by  Gliizobrook  in  his  deterrointtion  of 

meat  of     the  olim  (aeo  above,  p.  543)  were  emplojed,  and  were  «t  first 

Appara-    placed  close  together  with  the  disk  between  them,  ao  oa  to  Rive 

'"'•       a  iiinsiniLim  inductive  effect    The  aife  wna  mounted  vertiwilly 

in  the  frnme  already  iiseil  for  the  spinning  coil  detenni nations, 

so  (hat  the  arrangeiiieTits  then  used  for  driving  and  meaauring 

the  speed  were  available  also  in  (he  present  caae. 

The  diameter  of  the  diak  waa  about  -6  of  that  of  the  coila. 
This  size  was  cliosen  as  on  the  one  hand  it  was  not  desirable  to 


132. 


have  any  part  of  (lie  diak  near  the  wire,  on  account  of  the  mo« 
nipid  vnriution  there  of  the  iniignctic  jiidiiction,  and  the  con- 
Hoqiient  greater  iiiiporlance  of  errors  in  the  estimation  of  the 
ruilins  of  the  coils  or  disk,  and  on  the  other  hand  too  small  a 
radius  rendered  the  arrangement  insensitive. 

After  some  (rials  it  was  decided  to  make  the  edge  cyliudiica), 
and  to  make  the  edge  contact  by  a  brnah  of  fine  copper  wires 
placed  tangentially  to  the  edge  and  amalgamated  with  inercur)'. 
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The  nrrangcmcnt  of  the  appnratni  lo  shown  diagnini  malic  ally 
in  Fig.  132.  The  battery  A  ib  connected  with  a  meTOUry  eup 
commutator  B,  by  which  Ilia  current  can  be  sent  in  either 
direction  throiigli  R.  R\%  here  taken  as  a  simple  conductor,  hut 
the  shunt  at-Tangement  was  of  course  used,  and  R  may  be  tnken 
as  standing  for  the  resistance  ahjia  -^  b  -^  e). 

Tho  terminnU  F  and  H  attached  to  the  centre  and  circum- 
ference of  the  disk  were  connected  with  a  mercury  reverBinf;  key 
/,  and  in  one  of  them  was  included  a  reflecting  galvanomeler  Q. 
From  /  the  wires  of  tho  disk  circuit  proceeded  to  the  terminalH 
of  R,  one  of  ihcin  liowcvor  hnving  included  in  it  a  portion,  JA", 
of  ft  circuit  cDntaining  u  sawdust  Daniel!  £,  and  a  resistance  coil 
of  100  ohms. 

The  Intter  circuit  was  designed  to  balance  the  effect  of  thermo- 
olectric  force  at  the  sliding  contncls  of  the  brush  on  tho  disk, 
and  the  induciivo  effect  of  the  earth's  inngneCic  field  in  which 
the  disk  rotated,  which  would  have  given  a  current  through  the 
sliding  coiitncts,  thereby  bringing  these  rcBistanCBB  into  the 
account.  The  function  of  the  galvanometer  (?  wns  to  test  this 
balance,  and  that  rc<)uire<l  when  the  dink  was  rotated. 

The  battery  and  frame  cnrtylng  the  disk  were  insulated 
from  tho  ground,  and  the  coils  inenlated  by  ebonite  supports, 
and  for  delinitenesa  one  point  of  the  galvanometer  was  con- 
nected to  earth  at  B.  It  was  fonnd  that  there  was  no  error 
from  Icaknge. 

In  the  carrying  out  of  the  experiments  the  test  of  perfect    Moilo  of 
balance  of  the  electromotive  force  of  the  disk,  together  with    Carrying 
the  thermo-electric  force  and  inductive  action  o(  the  enrth's  field,        ent  _ 
above  referred  to,  was  absence  of  deflection  of  the  galvanometer     Eipen- 
needle  when  the  battery  current  was  reversed.     It  was  not  how-      menta. 
ever  thouglit  desirable  to  seek  aociinite  balance,  but  to  make 
observations   of  the   effect   on   tlie   galvanometer   rending   of 
reversal  of  the  battery  current  with  a  resistance  if,,  very  little 
different  from  that  (R)  needed  for  bnlanco.     After  a  series  of 
readings  had  been  taken,  R^^  was  changed  \<iR^  which  was  such 
that  the  same  reversal  of  the  current  was  accompanied  bj-  a 
galvanometer  deflection  of  opposite  sign  to  the  former.     The 
two  series  of  results  gave  R  by  interpolation. 

To  eliminate  progressive  change  in  the  battery  electromotive 
force,  the  obgervntions  for  ii,  wore  interspersed  with  those  for 
R^.  As  soon  as  each  series  of  results  had  been  obtained  for  one 
direction  of  driving,  the  driving  cord  was  reversed  and  a 
similar  series  of  ubservalions  made. 

Preliminary  trials  proved  that  the  shunt  arrangement  repre- 
sented ill  Fig.  131  was  fanlty.    Tlie  pieces  dipping  into  the  cup 
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i6, 


light  make  a  ci 
en  of  very  small 
vbich  were  small, 


ment  for    ^nmW  change  in  the  positionB  of  the  contacta  n 
Kesiat-     aiderable  difference.     For  any  uQceitaintv.  ev 
,     ""s?       absolute  amount,  would  affect  both  a  an 
E  M  F    of  ^"^  therefore  Berioiiely  ai/(o  +  6  +  e). 
■  j)'[j||  The  arrang-ement  aliown  in  Fig.  133  wt 

Two  rupfl,  J,  D,  were  connected  by  twc 

which  tiie  main  current  flowed,  while  ti  _,       ^_, 

B,  C,  received  the  galvanometer  termiimis  of  the  dieic  circuit. 
f7was  connected  with  /t  by  a  etout  rod  of  copper.  A  resUtance 
box  E  was  placed  as  a  shunt  across  A  to  enable  the  reaititance 
of  the  shunt  to  be  adjiiBted. 


^ordingly  adopted. 
init  coils,  fliTOUgh 
o  other  mercury  cups. 


Arrange- 

Coila  to 
diniioish 
EtTect  of 

Radiiu. 


Two  series  of  rcBiilts  were  taken  with  the  coila  close  together, 
and  a  third  series  wilh  the  coils  separated  to  a  position  in  which 
the  diitk,  midway  between  them,  was  so  situated  that  the  in- 
duction through  it  was  as  nearly  as  possible  independent  of 
variations  of  tlie  mean  radius  of  the  coils.  That  there  wan  auch 
a  position  is  clear  from  the  fact  that,  for  given  valups  of  the 
radius  of  the  disk  and  the  distance  of  the  plane  of  the  disk  from 
the  mean  plane  of  either  coil,  the  induciion  is  zero,  both  when  the 
mean  radius  of  Ihe  coil  is  0  und  when  it  ia  inlinite.  Hence  there 
was  some  value  of  the  mean  radius  of  the  coils  for  which  the 
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inductioii  WB1  f 


of  Jf  with  clinnge  of  ii 
purpose  the  coils  vi 


and  at  which  therefore' the  rate  of 


a  rudius  was  zi 


^  e  separated  hy  distance- pipcea 

of  proper  size;  and  to  eliminate  uncertainty  as  to  the  poBitiun 
of  tlie  mean  planes  relatively  to  llio  hnbliins,  after  one  set  of 
observatioDa  had  been  completed,  the  bobbins  were  reveisrd  on 
the  distance-pieces,  and  another  set  of  observations  taken. 

The  (limenaions  of  the  coils  are  given  above  (p.  543],  and  the 
distance  of  their  mean  planes  apart  in  the  close  position  wiis 
3'275  cms.  In  tliu  separated  positions  the  distances  apart  of  the 
mean  planes  were  30-eHl  emu.  and  SOTIO  ciiiB.  respectively. 

The  diameter  of  the  disk  wus  measured  by  callipers,  and  its 
circumference  by  a  steel  tape.  It  was  found  that  the  edge  nan 
slightly  conical,  and  it  was  ealimnted  (bat  the  mean  diameter  at 
the  contact  of  the  brush  was  31'072  cms.  The  otlier  contact 
was  made  at  the  shaft,  and  the  diameter  of  the  circle  of  contact 
there  waa  2096  cms. 

The  coefficient  of  mutual  induction  was  calculated  firet  by  the 
elliptic  integral  formula  (by  aid  uf  the  tables  given  in  the 
Appendix)  fur  two  circles  of  radius  equal  to  the  mean  radii  of 
either  coil  and  disk,  and  at  adiatance  apart  equal  to  the  distance 
of  the  mean  plane  of  llie  coil  from  that  of  the  disk.  Tlien  the 
cross-seetion  of  the  coil  was  taken  into  account  by  the  formula 
of  quadratures  given  above  (p.  403). 

Il  a,  a',  be  put  for  the  radu  of  the  coils  and  disk  reapectively, 
and  X  for  the  liistnnce  apart  uf  the  mean  plane  of  the  coil  and 
of  contact  on  the  disk,  2b  and  2d  the  axial  breadth  and  radial 
depth  of  the  coil-,  and  il(a,  d,  x)  the  result  for  the  two  circles, 
the  results  in  cms.  per  turn  of  wife  were  as  follows  :~ 


Distance 


Coils  near  together. 

^ma.        a'  -  lG-536  cms.        x  " 

1-637  cm. 

cm.          d  °      -955  cm. 

.V{rt.a',  j-)-215'4674 

^/■(<i-|-rf,<r',j-)  =  2051917 

J/{*-rf,B',r)  =  226tl835 

,V(«, «',  r -J- 4)  -2U-7S46 

M{a,a;r  -i)  =217-5972. 

Adding  to  twice  the  first  of  these  values  the  sum  of  the  othera, 


Effect  of 
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and  Uking  ^  of  the  rcBiilt,  the  aTernge  value  of  M  for  one  turn 

of  wire  was  given  by 

J/=  21 5-405. 

When  tho  coils  were  Reparatcd  by  Iho  insertion  of  dletance- 
pieces,  so  tlint  x  =  1S'34T2  ciiib.,  without  change  of  the  other 
datn,  the  corres ponding  valuee  found  were 

3I(a,a',x)  =  110-9240 

.V(fl  +  d,  a',  z)  =  111'2573 

J/{n  -  rf,  a,  x)  ~  110-2442 

J/{a,  a',  «  +  4)  -  104-5571 

M{a,a:,x-  b~  117-6679 

which  gAve  (again  for  one  turn) 

M  "  110-926. 

the  measurement  of  a,  a',  and  x  can  bo 


Tl)o  effect  of  e 
iHtiiiialed  by  the  formula 


9-""^. 


dM  =  ^  A,  +  "-:?  da'  + 


,  a.v 


»a' 


dr. 


conjoined  n 


aBM 


which  holds  becniiso  the  expreflsion  for  M  is  homngencoun  in  a, 
a',  X.     Writing  the  last  equation  in  Ihe  foiin 


e  hnve  for  the  firat 


Now  we  may  lake  it  that  approximately 


rt  -.V(«- J,«,  X)    , 


anil  similarly  fur  p,  r. 


METHOD  OF  LOBENZ 
Tliua  for  tlie  case  of  the  coils  near  together 

X=-l-3e,    ^---02,    F  =  2-38, 
ind  for  tliiit  of  the  sei>arat«d  cuiln 

\=   123,    /.--  -96(1,    y=  1-833. 


Tliua  in  tlio  former  case  the  importniice  of  an  et 
extim^tiun  ol  a  is  of  rathnr  more  than  hnlf  tlic  imports 
equnl  proportional  error  in  j-,  wliili  '     " 


□  of 


tion  of  tlio  wils  tlie  importni 
nbout  I/ll  of  its  former  aiiiount,  while  that  of  an  error  in  a'  ia 
enlianceJ.  Tlio  numbers  hIiow  tli.it  the  eeparulion  hud  bten 
cnrried  rather  bcyonil  its  prupcr  amount. 

From  tlie  vtiliioa  of  11  in  Iwtli  cases  hnd   to   be   siililracted  Dednction 
tlie  purt,  M^,  S!iy,  corresponding  to  the  small  circle  touched  by  for  Induct- 

tlio  inner  brush.    Tha  area  of  this  circle  wm  jjrK2-096*;  and    

tlierefore  taking  tlie  iiiajjnetio  force  at  the  centre  of  the  diak  du( 

ODDtact 


apiiroximution  to  tlie  average  induction  e 


u.  ...I,  ".on.  uuu    Circle  of 

iifficicntly  near    ^''*^™",' 

iget 


This  was  eqiwl  to  -836  in  the  first  case   and  to  "534  in  the  other. 

The  resistances,  the  arrangement  oif  which  is  shown  in  FifC- 
133,  were  the  same  in  all  three  seHea  of  experimontx.  The  coil 
h  was  of  German  silver  and  had  n  reaintance  of  A  unit  nearly, 
tho  resistance,  a,  between  A  and  D  was  made  up  of  two  standard 
single  units,  and  7  or  8  B.A.  unitu  from  tlie  resistance  box  all  in 
multiple  arc. 

In  the  tirst  peties  of  experiments  e  was  a  [10],  in  the  seeoiid    Canmari- 
[lOJ  +  [5]  +  [1],  and  in  (lie  third  series  [10]  +  [6]  +  [5'].    The      .on  of 
rHSistances  uf  ihc  single  units  were  already  known,  the  others,    Abaelato 
that  ia  the  [10],  [6],  [5],  [,^1,  had  lo  be  curefully  compared  with      Besiat- 
atandanl  B.A.  iinilB.     The  [5]'s  were  compared  by  comparing   snce  with 
first  one  of  them  wilh  6  units  in  scries,  and  then  the  two  [5]'a  B.A  Unit, 
with  one  another ;  afterwarda  tho  sum  of  the  two  [SVs  was  com- 
pared with  the  [10],  the  value  of  which  was  found  by  a  special 
process. 
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Bridge  Ar-  Three  Qeminn  silver  t^oila  of  about  3  units  each  wonnd  on  the 
wngBmaot  gftme  tube,  hail  their  ends  arranged  ao  that  they  could  by  mer- 
focCom-  ciiry  cups  be  put  either  in  multiple  are  or  in  aeries,  and  a  change 
parison  of  j     '     ■  "  ■   -         .     f  ■■        .  ..";- 


SmiUl 
BMiataiiM 
with  Stan- 
dard. 


n  very  email  interval  of  time  from  one  arrang^tnent  to 
the  othfr.  In  iiinltiple  arc  they  were  compared  with  a  otandard 
[1],  and  found  to  linve  a  resiatance  1  +  a.  The  arrangement 
was  now  rapidly  dianrred  to  aeriei>,  and  the  reaiBtance  beuame 
very  nearly  9  (1  +a).  The  standard  unit  was  now  added,  and  llie 
Tceiatance  became  10  -I-  So.  Thia  was  compared  with  the  [10], 
the  value  nf  which  was  to  be  found.  If  there  wan  a  diffcieDce 
ft  then  [10]  =  10  +  »o  +  ,8. 


Fio.  134. 


Tho  ri/10]  was  determined  as  follows.  Two  standard  unjta, 
the  [10]  and  tlie  [1/10],  were  joined  as  shown  in  Fig.  134  as  a 
Wlieftlstone  bridge,  in  which  the  fanttery  ond  galvanometer 
terminals  were,  as  shown,  brou^lit  into  direct  contact  with  thoae 
of  the  [1/10]  in  tlie  mercury  cups,  A  reaiatance  bos  containing 
culls  up  to  10000  was  placed  in  multiple  urc  with  one  of  the 
units  to  enable  the  latter  to  be  ailjuatcd  to  balance  with  all 
necessary  accuracy.  Tho  four  coils  were  so  nearlyin  proportion 
that  a  resistance  of  several  hundred  units  was  required  from  the 
box  to  give  balance,  so  thut  the  delicacy  of  the  iimmgemeiit  was 

L  As  a  apociinen  of  the  results  showing  the  mode  of  applying  the 
various  corrections  the  table  of  results  given  for  tlie  second 
series  of  experiments  wilh  the  coils  near  togelher  is  here 
reproduced. 
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Tlie  Brst  ecn'ea  gare  R  =  -00443J07  x  lO*  B.A.  units ;  hence 
theriitioof  tlieB.A.  UDittolO*C.O.».  units  of  resistiince  being  i, 
tiie  absolute  value  of  R  wns  x  x  -00443407  x  10*  C.aS.  But  tli« 
value  of  J/  waa  J/,  multiplied  by  tlie  number  of  turn*  in  the  coil 
(1588),  and  n  tlie  number  of  revolutions  per  second  =  2  x 
frequency  -i-  number  of  teetb  Hlalionary  on  card.  Hence  by  (36j 
for  the  first  series,  since  n  =  128-407/10, 

X  X  -004*3407  X  10"  =  12-8407  X  214  609  X  1588 


_  2I4-5MX1588X  129-340  ^ 
■00-279157  X  10'  x  16 

In  the  third  series  n  =  129-340/10,  and  R  =  -OO-iaSTea  X  10», 
BO  that  from  it 

.  .  110-302  X15«8X12»«0  _ 
-002-2<J7e;i  X  109  X  10 

Taking  the  menu  of  the  first  two  results,  and  giving  it  the  sanie 
weight  lis  the  last  Lurd  Rayleigh  found  as  the  linnl  result  uf  the 
iavestigatiun, 

1  B-A,  unit  -  -98677  x  10»  C.Q.S. 

Witli  the  vnlue  of  the  sperific  resistance  uf  mercury  in  terms 

of  the  B.A.  unit  found  by  Lord  liayleiKli  and  Mrs.  Sidgwick, 

this  gives  1  ohm  =  resistance  at  0'  C  of  a  column  of  mercury 

106214  cms.  long  and  1  sq.  mm.  in  crosB-section. 

Absolute        ^  carefully  planned  and  executed  determination  by  Lorenz'e 

Deter-      method  was  made  in  1891   hy  Prof.  J.  V.  Jones,  of  Cardiff,  wlio 

mination    used   in   the  cunstructiun  of  his  apparatus  the  most  accurate 

of  Sp.      obtainable  engineering  appliances. 

Resistance       The  standard  coil  consisted  of  a  single  layer  of  double  silk- 

of  Mer.     covered  wire,  "02  inch  in  diameter,  wound  on  a  cylinder  of  brass 

CTy       about  lO  6  inchee  in  radium',  in  a  screw  thread  of  pitch  "025  inch. 

This  cylinder  was  ver^  carefully  turned,  and  the  screw  thread 

cut  on  an  accurate  Whitworth  luthe,  and   great  care  was  taken 

to  test  tlic  ligure  of  the  cylinder  after  it  was  finished.     It  was 

found  that  the  cross-section  of  the  cylinder,  instead  of  being 

circular,  was  always  slightly  oval,  liowever  many  cuts  were  made 

over  its  surface,  showing  ai'paruntly  an  effect  of  internal  stressce. 
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Fixing  of       After  tlie  screw  had  been  cut  llie  mean  piano  of  tlie  coil  iru 
Mean      dclcrniined  fur  the  nfter  plncing-  of  the  dieic  in  tho  following 

Flaneof  manner.  The  slide-rCBt  of  the  latlie  was  made  to  carr;  a  Floo^ 
Helix,  jnj  „  microscope,  no  odjiiated  that  the  inia|^  of  tlie  point  of  the 
tool  was  Been  eiuclij  at  (he  centre  of  the  graduated  plate  in  the 
focal  plane  of  the  eyepiece.  When  the  Hiide-rest  was  moved 
along  the  bed,  the  tool  pnsaed  inside  the  cylinder  while  the 
luicroscope  remained  outside.  The  guide-screw  of  the  slide-rest 
(of  pitch  -25  inch)  was  turned  by  a  wheel  975  ineheH  in  radius 
divided  into  360  parts,  and  it  was  possible  to  estimate  the  paai- 
tion  of  the  wheel  to  1/10  of  a  division.  By  drawing,  then,  a 
generating  line  along  the  cylinder,  and  reading  on  this  wheel 
tho  position  of  the  microac{)pc  wlien  the  ridges  (if  the  first  and 
second  tlireads  ou  this  line  were  focussed  in  the  tield  of  view, 
then  running  the  microscope  along  the  generating  line,  and 
tiikingin  like  manner  the  rouilings  for  the  la>t  ridge  and  U^tt  ridge 
hut  one,  tho  reading  for  the  mean  plane  could  be  at  once  found. 
The  iticun  of  the  linit  two  rendinga  subtracted  from  the  mean  of 
the  last  two  gave  obviovisly  the  distance  between  the  tirst  hollow 
and  the  last,  and  half  the  sum  of  these  two  means  therefore  ^ava 
the  reiiuired  reading.  Tlie  tool  was  then  moved  to  this  position 
by  tho  wheel  and  guide-screw,  and  a  cut  made  round  the  inside 
of  the  cylinder  at  the  plane  thus  found. 

Winding  At  the  interaection  of  the  first  and  hist  hollows  with  this 
of  Coil,  gcuernting  line  small  holes  were  bored  radially  through  the  brnKS 
of  tho  cj'Iinder,  ant)  were  bushed  with  paruffined  ebonite  to 
receive  the  ends  of  tho  wire.  Tho  wire  was  secured  at  one  end 
in  the  hole  there,  and  was  then  laid  on  in  the  screw-thread  by 
the  hitliii,  under  uniform  tension  given  by  a  weigliled  pulley. 
Tlic  ends  of  the  wiro  were  secured  by  melted  parsthn  run  into 
the  bushes,  and  blocks  of  ebonite  attached  to  the  cylinder  at  the 
ends  of  the.  generatin;;  line,  on  which  ths  coil  began  and  ended, 
carried  binding  screws,  to  which  the  ends  of  the  wire  were 
sohler&i. 

Amnge-        The  urningement  of  the  apparatus  is  shown  in  Fig.  135,     The 

nisat  of    disk  wim  inxiilatcd  fnnn  the  ii:ile  hy  ebonite,  and  was  tixed  co- 

Diak.       nxiidly  m  described  l<e'ow  in  the  nieiin  plane  of  tho  coil.    It  was 

driven  by  an  elect  romntiir  coupled  direct,  and  was  rotated  in 

position  and  ground  true  hy  an  emery  wheel  driven  rapidly  by 

an  elcctrouiulor.    Its  diameter  wns  measured  by  a  Wliitwortli 

measuring  I uadiine,    TIiIm  consisted  of  a  gratlusted  bed  carrying 

two  hcadstocks,  one  fixed  tho  oilier  movable,  along  the  bed,  by 

n  guide -screw  turned  by  n  divideil  wliecl.     The  distances  used 

on  (he  bed  were  cciuijiarud  with  a  standard  scale. 

A  side  view  of  the  coil,  disk,  strolioscopic  cylinder,  &c,  (for 
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CO  letters  lee  Fig.  135),  [b  givea  ii 
showing  tlio  disk  And  edge-bnisli,  O  i 
Fig;  137. 

The  brush  finnlly  adopted  for  the  edge  of  the  disk  was  a 
singlu  wire  perforuted  by  &  channel,  through  which  was  supplied 
a  small  stream  o£  mercury.  A  piece  of  copper  an  inch  long  wm 
drilled  to  a  depth  of  J  inch,  to  meet  another  hole  at  right  angles, 
which  receivea  the  phosphor  wire  brush.  The  perforation  drilled 
along  the  wire  of  the  hnish  was  connected  with  thut  iu  the  copper 

fiiece,  and  nn  india-rubber  tube  slipped  over  the  free  end  of  the 
■ttcr  kept  up  a  constant  supply  of  mercury.    This  gave  a  con- 
atantly  fresh   surface  for   contact     The   central  brush  was  fed 
also  with  mercury  but  more  shiwly. 
Method  of      The  Bpec<l  of  driving  was  measured  hy  the  stroboscopic  method 
lEcasuriug  by   ubserring  one  of  a  set  of  rows  of  teeth,  marked   round   a 
Spoed  of    cylinder,  through  nlita  in  brass  plates  altaclied  to  the  pruiigs  of  a 
Disk.       tuning  fork,  which   vibrated   ut  right  angles  to  tlie  circlcn  of 
teeth.     The  fork  w.is  bowed,   not  electrically  niaintnined  ;  the 
number  of  turns  per  second  s  was  given  as  in  Lord  Rayleigh's 
eiperiraenta  by  n  =  '2//.V,  where  /  is  the  frequency,  and  N  the 
number  of  tcc'th  in  tliu  stationary  circle. 

The  pitch  of  the  fork  won  dotenained  by  driving  the  cylinder; 
keeping  a  row  of  tcetli  stationary,  snd  causing  tlie  cylinder  by 
nieans  of  a  lever  to  make  and  break  a  battery  circuit  every 
revolution,  so  thut  for  about  half  the  time  of  revolution  the  con- 
tact was  made  and  for  the  other  half  broken.  This  registered 
on  a  telegraph  tape  a  series  of  alternate  dashes  and  spaces,  and 
on  the  sainc  tape  a  mark  was  made  once  a  second  by  the  labora- 
tory i!tanilard  clock.  Tlio  obaerrations  being  continued  over 
three  or  four  minutes,  A'  and  n  were  obtained  with  accuracy, 
nnd/  was  deduced  by  the  equation /=  in.V. 
Arrange-  The  resistance  used  for  bnlanciiig  the  electromotive  force  of 
nieul  of  the  di^k  was  a  column  of  mercury,  so  that  the  expeiiment  gave 
Mercury  tlic  spccitic  resistance  of  mercury  directly.  The  mercury  was 
Cnlumu.  placed  in  a  long  rectangular  trough.  Fig.  138,  carefully  cut,  as 
described  below,  in  paraffin  by  machinery,  and  two  electrodes 
dipped  into  the  mercury  at  some  distance  from  the  ends  of  the 
trough.  One  uf  these  eleclrudes  was  kept  fixed,  the  other  was 
attai;1ied  to  tlie  movable  headatock  of  the  Whitworth  measuring- 
maohinc,  by  which  its  positinn  was  altered  by  the  difference  of 
dislancc  between  the  electrodes  nect-saary  for  two  different 
speeds  of  the  disk.  Thus  the  difference  only  of  two  distances 
between  the  electrodes  ^aud  this  could  be  obtained  with  accu- 
racy) was  used  in  deducing  the  linal  result  For  if  n,,  n,,  be  the 
two  speeds  of  rotation  of  the  disk,  p  the  specific  resistance  of    ' 
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mercnrj-,  A  the  crosn-Bection  of  the  column,  and  I  tlie  distsnce 
between  Ihe  two  pOHitionB  of  tli«  electrodes, 

ip  =  .!/(<.,  --  nj (37) 

The  capillary  liepreeKion  at  the  sides  of  the  trougii  was  allowed  Elimini- 

f or  by  tuking  observalions  for  two  different  depths  of  mercury  'ion  of 

in  the  trough.     For  if  LA  be  the  change  in  area  produced  by  Uncer- 

JncreBsing  tlie  depth  from  h  to  A',  n,,  n^,  I  the  speeds  of  rotation  ^fi?'' 

and  difference  of  lengths  of  coluum  in  the  first  case,  "',,  ii',,  V  p   "^ 

those  in  tlio  necond,  then  we  have  by  (37),  nBauming  that  the  ^^P"* 
groove  is  true  and  the  tcinperaturo  the  siime  in  both  experi-  '' 

iiientB, 

-'/(",  -  M 


or  Hinco  i.f  =  hQi  -  A)t  where  b  is  the  breadth  of  the  trough 
and  h',h,  llie  (wg  deptlis, 


Tlie  trough  (shown  in  section  in  Fig.  138)  waa  cut  in  paraffin    Prepara- 
wiis  melted  in  a  longitudinal  groove  left  in  a  Btrong  casting  of     tion  of 
iron.     The  wax  was  molted  in  the  groove  and  allowed  lo  solidify      Trough 
on  the  Burfnee,  after  which  inelteil  wax  was  poured  through  a         ^°^ 
hole  in  tlie   crust  to  the  interior  in  order  to  ohtuin  o  perfectly    Mercury. 
homoKcneuuR  niAfs.    A  channel  was  then  cut  and  covered  with  ii 
thin  layer  of  paraffin  to  till  up  air-holes,  after  which  it  was  recnt 
and  Bciaped  true. 

A  length  of  10  inches  of  the  trough  was  used  in  the  experi- 
ments, and  this  wns  carefully  calibrated  by  internal  callipers  of 
apecial  construction. 

Q  Q  2 
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Determin-       Tho  position  of  the  surface  of  the  mercury  wu  determined  bjr 

ation  of    plncing  n  splieroineter  in  a  fixed  poiition  over  the  trough  and 

Position  of  BcrewinR  down  the  movable  point  until  contact  was  indicated  by 

Mercury    tdg  completion  of  ti  bnttory  circuit  through  the  mercniy  and 

Surface.    p(,[nt.   Tlio  diviBion  on  the  ficaii  of  the  micrometer  correaponded 

to  1/5040  inch,  and  the  size  of  the  head  allowed  of  an  eatimation 

of  tenths  of  a  division.     Successive  measurements  did  not  differ 

by  more  tliso  1/-20000  of  nn  incli  when  the  point  was  kept  clean 

by  being  carefully  wiped  with  tilter  paper,  and  sparking  woa 

prevented  as  far  as  possible  by  including  a  large  resistance  in 

tho  circuit  and  breaking  the  circuit  before  remoring  the  point 

from  tbe  mercury  after  a  reading. 

Tlui  tciuperotiire  of  the  mercury  in  tlie  trough  was  determined 
liy  two  tliennomoters,  one  at  each  end  o£  tlie  trough.    A  tliird 


Fia.  138. 

<    tbermoiucler  wns  placed  between  the  prongs  of   the  epeed- 
muasufing  fork,    ThcKo  thermometers  were  corrected  by  com- 

To  prevent  warpinff  of  the  IrouRh  by  change  of  temperatnte, 
'  and  to  muke  as  certain  is  possible  that  the  mercury  in  contact 
with  the  poorly  conducting  wax  should  be  all  at  one  tempera- 
lure,  the  temperature  was  kept  as  nearly  conslant  as  possible  by 
encldsing  the  trough,  &c,  in  a  wooden  box  covered  with  felt 
paper,  unci  protected  round  about  with  felt  curtains.  The 
iherinoinftera  wore  reuit  through  windows  in  the  boi  by  lifting 
the  curtain. 

Tho  galvanonietor  used  to  test  for  balance  was  a  Thomaon 
roflecting  galvanometer  of  -SBH  ohm  resistance,  the  needle  of 
wliich  was  carried  by  a  quartz  fibre  13  inches  long. 
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The  Bzie  of  rotation  was  placed  at  right  ang-lea  to  tLe  magnetic 
meridiao,  go  that  the  plane  uf  the  ditik  might  be  in  the  meridian 
and  thus  avoid  any  current  due  to  earth  induction.  When  tlie 
disk  wBH  rotated  without  current  in  tlio  Btucdiird  coil  any  dis- 
placement of  tlie  light  spot  could  he  annulled  hy  a  alight  mot-e- 
ment  of  a  compensating  magnet  on  the  table. 

The  hearings  of  tlie  disk  were  made  as   nearly  aa  possible     Adju«t- 
perfectly  true,  and  were  each  provided  with  a  Hi^il-ftcd  lubii-     "lent  of 
oator.     The  disk  waa  adjusted  in  position  in  the  coil  b.v  urran^-    the  Disk 
ing  an  arm  to  fit  upon  the  disk  ao  that  a  carefully  scraped  face    „    1° 
on  the  ann  should  be  a  prolongalion  of  the  mean  plane  of  iho    "«t'on- 
disk.     The  coil  waa  then  placea  in  position  so  that  the  outside 
edge  of  this  face  should  travel  round  the  interior  circle  cut  in 
the  mean  plane  of  the  coil  as  ulready  described. 

The   mercury   trough   was   carefully  levelled    and    adjuatcd     Adjust- 
parallel  to  the  bed  of  the  measuring  machine.     The  last  adjust-     mvut  of 
ment  was  made  by  attachiiigto  the  movable  lioadslock  a  I'.yliudcr    Trough. 
projecting  vertically  downwards  into  the  trough,  running  the 
lieadstock  from  end  to  end  and  testing  at  the  extremities  the 
distance  from   the  cylinder  to  the  same  aide  of  the  groove  by 
pushing  a  wooden  wedge  lightly  between  them.     Further,  by 
making  the  wedge-reading  the  same  on  both  sides  of  the  cylinder, 
the  headstock  was  adjusted  so  that  when  an  electrode  wor  aub- 
Hlituted  for  the  cylinder  it  dipped  into  the  medial  plane  of  the 
mercury  coluinn. 

A  sliglit  direct  effect  on  the  needle  produced  by  the  current 
was  observed,  and  was  compensated  by  placing  a  coil  of  three 
turns  of  the  battery  wire  close  to  the  needle. 

The  insutatioD  of  the  wire  of  the  coil  from  the  bobbin  and  of 
the  disk  from  the  aile  were  tested  and  found  satisfactorj-. 

Lord  Rayleigli's  plan  (p.  683  above)  of  taking  two  sots  of  gal-    Mode  of 
vanoineter  readings  for  each  equilibrium  position  was  followed,     making 
One  set  gave  the  change  of  galvanometer  resdinff  for  reverwal  of    Observa* 
current  when  the  resistance  was  slightly  below  tnat  reouired  fur      tious. 
balance,  the  oilier  set  tlie  corresponding  change  when  the  resist- 
ance was  a  little  above  the  proper  current.     To  eliminate  uncer- 
tainties owing  to  variations  of  speed  and  of  the  brush  contacts, 
a  number  of  reversals  were  quickly  taken  for  each  resistance  and 
combined  to  give  a  moan  reault.     The  niadini^  were  taken 
without  waiting  for  the  needle  to  come  to  rest,  but  elongations 
were  observed  which  with   a  previously  determined  damping 
coefficient  enabled  the  position  of  rest  to  be  calculated. 

The  dimensions  of  the  coil  and  disk,  and  the  calculation  from     Calcula- 
them  of  the  mutual  inductance,  M,  are  given  at  p.  314  above.   It  tiou  of  if. 


Ses  ABSOLUTE  HEA8UBEUENT  OF  RESISTANCE 

only  remains  to  state  the  mode  of  reduction  of  the  obaeirktions 

and  the  final  result. 
Redaction       If  ^i  and  M  be  the  specific  resistance  of  mercury  and  tha  crOM- 
ofRunlts,  aection  of  the  column  at  temperature/,  nnd  p,^,  the  same  qoan- 

titiea  at  15°-5|  to  which  the  results  were  in  tho  liiat  instance 

reduced,  L  the  distance  between  the  electrodes  in  any  eqailibriiun 

position,  then 

A 
Tempera-       Now  if/  be  tlie  frequency  of  the  fork  at  the  standard  tem- 
ture       peraturo   1S'''5,  and  /«  tiie  frequency  at    temperature  $,  we 
Correc-     h,tvB 

"    a"  X  ' 

where  i(=  -'OOUll)  was  a  temperature  coefficient.    AUo 

p,  =  p{!  +  «{(-15=-6)l 

where  a  is  tlie  temperature  coefficient  for  the  specific  resistance) 
and  y  tlie  coefficient  cubical  dilatation  of  mercury.    Hence 
„      2.iyil  +  i(g-15"fl)!     Lp{l+a{/-lf-S)] 


^ll  +  Co-TJC-lS'-s)!, 


.  I  +  ^  (tf  -  IS'-S)  +  (y - n)  (f - 15-5) 


If  now  An  be  the  difference  of  two  rahies  of  r  for  equilibriam 
positions  separated  by  an  interval  I, 

p  =  iM/Ai 
it  t  =  Aril. 

Two  observations  were  made  with  the  mercury  at  different 
levclii  V  und  A  to  eliminate  error  from  capillarity.  Calling  the 
two  values  of  dv//  for  thefie  observniions  s',  (,  and  the  areas  of 
crosH-section  of  the  trough  A',  A,  v/o  have,  if  6  be  the  mean 
breadtli  of  the  trough  over  the  length  used, 
A'-A^b{h--h), 
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P 

2Mfb[h'  -  h) 

,      (33; 

nnd  from  this  tlie  pppcific  resiiiliime  uf  mi-reiiry 
calciilnteil. 
The  cnefficient  a  was  obtuinml  from  tlie  formula 

at  15' 

■5  was 

2tt  =  s,n  + 

■0008040/  +  -000001 12(») 

,     (40) 

v:z 

hj-  MiiHcnrt,  de  Ncrville,  nnil  Benoit  for  the  ( 
imn  of  mBrcury  at  fi  in  a  glass  tiihe.     ThiiR 

■et-Jsta 

ncBof 

anil 

^Wi 

;  -  i((,  X  l'C13675 

li,^ 

.  JP„(1  +(a-/3)/t     .    ■ 

,     (41) 

when 

i  a  is  the  covffi. 

;ii'((t   of    cubical   ex|)aiisi<, 

.n   of 

glass 

to  obtnin  tlio  epe'.'ilic  ri 
at  15='C.    The  equal' 


TIio  Tfthie  of  a  nt  15--5 
from  (40)  above 


)  X  15-5  =  013675. 

:  15-5  =  -oiaTgo. 

I  vuliiP  of  a  from  0  lo  15''5  w 


=  Pi,X  1-033 (42) 

)r  a,5  n  was  obtainod  by  ualculating 


/ft  X  (0008649  +  -00000224  X  15'5) 
a^  X  -00089062. 


ili 


~0) 


and  tlierefore 

«u-t  =  -0009076, 
which  was  useil  lo  cnrrot-t  the  eipcriniental  remiltB  for  iho  small 
differencoB  betivcen  16°-5  unJ  the  obKerved  teinperatureB. 
The  filial  resu  It  of  five  sets  of  espcriments  gave 
p  =  94067  C.G.S. 
as  the  resistance  at  0'  C.  of  a  column  of  mercnry  one  square 
ccntiinelro  in  crufs-suution  and  one  ceulimetre  in  length 


Final 
Result  of 
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Realized         According  to  tliis  teBiiIt  the  ohm  ia  eqiml  to  the  rosistaiiM  »t 

™ueor    0'  of  a  co'iimn  of  mercury  106-307  centiraetreB  long  «nd  one 

S"^    "1""*  milli.netre  in  erose-aectioD. 

Cilumn  Joule's  method  is  in  principle  very  simple.  Supposing 
Ucthod  of  a  current  of  strength  7  to  flow  through  a  wire  of 
resistance  H  for  a  time  t,  a  quantity  of  enei^  fS^t  is 
spent  in  the  conductor.  This  is  expressed  in  ergs  if  7 
and  li  are  taken  in  C.Q.S.  units  and  I  in  mean  solar 
seconds  of  time.  If  ^  be  the  heat  generated  in  the 
conductor  in  that  time,  then  if  J  be  the  work  equivalent 
of  the  unit  of  heat,  we  have 

7*iJ(  =  Jff 
and  _      Jir 

The  absolute  measurement  of  the  current  might  be 
made  with  sufficient  accuracy,  though  it  ia  of  very  nearly 
the  same  order  of  difficulty  as  the  determination  of  the 
ohm;  but  there  are  also  involved  exact  calorimetric 
determinations  which  require  great  care  and  skill. 
Over  and  above  all  these  is  the  determination  of  ./^  with 
an  accuracy  equal  or  superior  to  that  to  which  it  is 
required  to  find  the  olim,  say  to  1  in  10000.  This 
would  bo  a  research  of  difficulty  far  transcending  that 
of  the  measurement  of  absolute  resistance  by  most  other 
methods. 

For  descriptions  of  other  methods,  the  reader  may 
refer  to  Wiedemann's  MlcktriciUit,  Band  4,  2"  Abth. 

It  has  been  proposed  by  Prof.  Carey  Foster  •  to 
modify  the  method  of  revolving  coil  by  rotating  the 
coil  on  open  circuit  and  applying  to  its  terminals  at 
•  B,A.  Heport,  1881. 
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the  instant  when  the  inductive  electromotive  force  ia  a      Cora; 

maximum  a  difference  of  potential  equal  and  opposite   Modifier. 

to  that  then  existing  at  the  terminals  of  the  coil.    This  ,»■''"  "f , 

,       ,      .  ,.,,.,  Methodol 

will  not  be  exactly  the  instant  at  which  the  coil  paaaes  Bevolving 

through  the  meridian,  as  on  account  of  tlie  capacity  of      ^°"* 

the  coiiductor3  a  certain  retardation  of  phase  will  exist. 

This  applied  difference  of  potential  may  be  that 

existing  between  the  terminals  of  a  conductor  in  which 

a  current  y  is  flowing.     The  current  is  measured  by  a 

tangent   galvanometer  of  principal   constant   6,   and 

therefore  has  for  absolute  value  S  tan  a/G ;  eo  that  the 

applied   difference  of  potential   is  JtJT ia.a  ajCf,    The 

induced  difference  of  potential  has  the  value  ASa 

only.     Assuming  ZT  to  be  the  same  for  the  revolving 

coil  and  the  galvanometer,  we  have  therefore 

a* 
£  =  GAa  cot  a  =  ^nhm'ta  -7  cot  a, 

if  (I  be  the  mean  radius  of  the  revolving  coil,  a'  that  of 
the  galvanometer,  ?t,  a',  the  numbers  oftumsin  the  coils. 

Thus  error  of  measurement  of  the  mean  radius  a  is  of 
twice  the  importance  of  equal  proportional  error  in  a'. 

The  main  advantage  of  this  method  lies  in  the 
elimination  of  self-induction,  as  the  current  is  almost 
zero  at  each  instant.  In  its  practical  use  error  from 
thermo-electric  force  at  the  rubbing  surfaces,  and  from 
mutual  induction  between  the  wire  circuit  and  secondary 
circuits  in  the  ring  currents  would  have  to  be  guarded 
against. 

The  method  does  not  seem  to  have  been  applied  to 
a  complete  determination  of  absolute  resistance. 


S02  ABSOLUTE  MEASDBEMENT  OF  RESISTANCE 

T«bl«  uf  The  following  table  eitrncted  mainly  from  s  Report  on  the 

Collected  'Absolute  ReBiatanco  of  Mercury'  by  R.  T,  Glazebrook  {Bril. 

KMultfl.  jgf„.  Report,  1H91),  contains  the  principal  resultB  obtained  eiiice 
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CHAPTER  XI 

COMPARISON  OF  UNITS 

The  experimental  comparisOD  of  the  ordioary  electro- 
static and  clectromagoetic  units  of  an  electrical  quantity 
is  of  great  importance  in  the  electromagnetic  theory  of 
light,  as  it  enables  the  velocity  of  propagation,  accord- 
ing to  that  theory,  of  an  electromagnetic  disturbance  to 
be  determined  numerically,  and  compared  with  the 
observed  velocity  of  light.  To  make  clear  how  the  Fatioof 
ratio  of  the  two  units  of  the  same  quantity  is  related 
to  the  velocity  of  propagation  of  electromagnetic  waves, 
we  shall  use  here  one  or  two  illustrations  due  to  Clerk 
Maxwell,  modifying  however  the  mode  of  applying  them 
in  accordance  with  the  more  general  theory  of  dimen- 
sions adopted  in  Chapter  VIII.  above. 

It  ha'<  heen  shown  (p.  118)  that  the  electromagnetic  Illustn- 
force  acting  on  an  element  d»  of  a  conductor  carrying  velocity 
a  current  7  in  a  magnetic  field  is  By  sin  Bds,  if  B  be  the  "^  ?"'P*" 
magnetic  induction  at  the  clement,  and  0  the  angle  Electro- 
between  the  element  and  the  direction  of  the  magnetic  "J^*"" 
induction. 

If  the  field  be  produced  by  a  current  7'  on  a  straight      Fitat 
conductor  parallel  to  ih  at  distance  h  from  it,  we  get  by      tJo„_ ' 
integration    of  the    ezpression   y'siu^Va'/r*  (p.    143 
above)  the  etpression  'if'lh  for  the  field  intensity  at  rf« 


itifli 
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due  ix)  the  current  7',  if  the  conductor  in  which  it  flows 
be  infinitely  long.  Hence,  if  /x  be  the  permeability  of 
the  medium,  the  electromagnetic  force  on  ds  is  ^firfy'dsjb ; 
and  if  the  first  conductor  be  straight  the  force  on  a 
length  i/2  is  /A77'. 

Now  let  the  quantities  of  electricity  7/,  77,  conveyed 
by  the  currents  in  time  t,  be  used  to  charge  two  spheres 
whose  centres  are  at  a  distance  r  apart  great  in  com- 
parison with  the  radius  of  either.  The  electrostatic 
repulsion  between  the  spheres  would  then  be  77'<*/AV, 
if  K  denote  the  electric  inductive  capacity  of  the 
medium.  If  r  be  chosen  so  that  this  force  is  the  same 
as  the  attraction  between  the  conductors  exerted  on  a 
length  equal  to  half  the  distance  between  them,  we 
have 

or 

1         0^ 

k^r^ (^) 

that  is,  l/s/fiKmsiy  be  expressed  as  a  velocity.  This 
is  true  whatever  hypothesis  as  to  dimensions  is  adopted 
for  fi  and  K, 

This  velocity,  moreover,  is  perfectly  definite.  For, 
if  fi/r^  remain  constant,  the  electrostatic  force  of  re- 
pulsion between  the  spheres  will  remain  unchanged, 
while  their  charges  are  increased  at  the  time-rates  7, 7', 

respectively ;  and,  therefore,  l/y/fiK  is  equal  to  the 
velocity  with  which  the  spheres  must  be  separated  in 
order   that  their  mutual  repulsion  may   then  remain 
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equal  to  the  force  of  attraction  on  a  length  of  either  of 
the  parallel  conductors  equal  to  half  the  distance  be- 
tween them.  It  has  been  shown,  p.  200  above,  that 
1  /ATfi  is  the  velocity  of  propagation  of  an  electromag- 
netic wave  in  an  isotropic  insulating  medium. 

If  now  we  denote  by  v  the  ratio  of  the  electromag-      unfts 
netic  to  the  electrostatic  unit  of  quantity,  the  chaises        of 
on  the  spheres  expressed  in  ordinary  electrostatic  units  consider^ 
are,  if  7,  7',  now  denote  tho  ordinary  electromagnetic 


measure  of  the  currents,  vy,  vy'.  Hence  the  force, 
between  tho  two  spheres  is 

where  K,  denotes  the  specific  inductive  capacity  of  the 
medium,  dofined  in  the  ordinary  way  as  the  ratio  of  the 
electric  inductive  capacity  to  that  of  the  medium  of 
reference  (air  or  vacuum  for  example).  But  if /t«  denote 
the  ordinary  electromagnetic  value  of  the  permeability 


Telocity. 
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or  by  (1). 
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If  the  medium  be  air,  for  which  JT,  =  1   /*«  =  1,  we 
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or  V  is  equal  to  the  velocity  of  propagation  of  an  electro 
magnetic  disturbance  in  air. 

Tlie  following  illustration,  also  due  to  Uaswell,  gives  a  re- 
markable physical  meaning  to  tlie  velocity  1/  VfiA"  of  propign- 
tion  of  an  elect romngne tic  disturbance.  In  tUe  first  place  it  is 
assumed  th^it  an  electrified  surface  in  motion  may  be  regarded 
as  equivalent  to  a  current. 

This  aMSLiiiiplion  is  justified  by  the  experiments  of  Bowland, 
who  has  foimd  that  a  statically  electrified  surface  set  into  rapid 
■notion  nfTects  a  magnet  properly  pieced  in  its  vicinity,  and  bus 
made  meuHurcineula  of  the  mngnitude  of  the  effect  produced. 

Considering  then  a  plane  surface  of  indeliuite  exteut  electrified 
to  a  surface  density  rr  taken  iti  any  chosen  system  of  units,  we 
hiive  ucr  IIS  tlio  meiiaure  of  tlie  convection  current  acrofs  unit 
breadtli  at  right  angles  to  the  direction  of  motion,  if  a  be  the 
velocity.  Let  now  another  surface  parallel  to  thu  first  am)  at  a 
distance  6  from  it  be  electrified  Co  a  nniform  density  it',  and 
move  with  velocity  m',  in  the  samo  direction  as  in  the  former 
case.  A  torrent  in  this  case  of  strength  «V,  per  unit  of  breadth 
of  the  electrified  surface,  may  be  regarded  us  Ituwiiig  parallel  to 
tlie  former  current. 

The  two  surfaces  will  repel  oneanothereleclrostatically  and  at- 
tract one  another  electroniagneticidly.  The  electrostatic  repul- 
Mion  between  two  elements  of  surface  dS,  dS',  at  distance  r  is 
irdS.</dS'!Kr\  and  integrating  over  the  first  surface  we  get 
2mrir'ilS'IK  for  tlie  resultant  foree  on  iin  element  dS'  of  the 
secimd  surfarc.     Hence  the  force  over  unit  area  is  intrir'IK. 

The  elcclrnniiiguetlc  force  between  the  two  plane  current 
sheets  can  bw  fuutid  as  follows.  Consider  two  narrow  strips  of 
the  two  phuies  in  the  direction  of  iiiolioo.  Let  d:.  d£,  be  their 
hrcadlhs,  and  2'  tlic  dixtancc  of  the  second  strip  from  a  plane 
coinciding  with  the  tirst  strip, and  L'litting  the  two  moving  plane 
surfaces  at  right  angles.  The  distance  between  the  two  strips  is 
^/«=T?^  The  attraction  between  tbem  is  ^Kadi.2u'a'dt'l 
Jli'  H-  J**  per  unit  of  length  of  either.  The  total  attract lOTi, 
F  say,  per  unit  of  length  on  the  atrip  of  breadth  d:,  is  at  right 
angles  to  the  phiues,  and  can  be  found  by  resolving  the  attrac- 
tion just  found  in  that  direction,  and  integrating  from  i"  =  —  ao 


Tliui 


F  =  2,i«M 


.yirf.|__J_ 
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Thus  the  electromagnutii;  attraction  on  unit  tres  of  either 
pUni!  is  2wfiuu'ira-'. 

IS  the  electrostatic  repitleion  be  supposed  to  balance  the 
electromagnetic  attraction  and  «  be  taken  equal  to  u',  we  get 


TliuB  the  velocity  of  propagaliun  of  an  eleotroma^netic  diatnrb- 
unce  in  tlie  medium  ix  eiiiiul  to  the  velocity  with  which  the  two 
electrified  planes  must  move  relatively  to  the  medium  io  order 
that  there  may  be  no  mutual  force  between  them. 

It  has  been  shown  above  (p.  535)  that  v  may  be    Methoda 
obtaiued  from  the  ratio  of  the  electrostatic  and  electro-  minini;*. 
magnetic  measures  of  any  electric  or  mimetic  quantity. 
It  has  been  found  experimentally  in  at  least  six  of  the 
following  different  ways: — 

I.  By  measuring  electrostatically  and  electromag- 
uetically  a  given  quantity  of  electricity. 

II.  By  measuring  electrostatically  and  electromag- 
netically  a  given  difference  of  potential. 

III.  By  comparing  the  value  of  the  electrogtatic 
capacity  of  a  given  standard  condenser,  obtained  by 
calculation  from  its  dimensions  and  arrangement,  with 
its  capacity  in  electromagnetic  measure  as  given  by 
experiment, 

IV.  By  comparing  an  electrostatic  capacity,  obtained 
by  calculation  as  in  III.,  with  the  self-inductance  of 
u  coil. 

v.  By  determining  (in  either  system  of  units)  the 
product  OL  of  the  capacity  of  a  given  condenser,  and 
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the  self-inductance  of  n  given  coil,  and  cotnpariag  this 
with  the  product  of  the  electrostatic  value  C,  of  the 
capacity  and  the  electromagnetic  value  L^  of  the  self- 
inductauce.  [The  prorluct  CL  is  the  same  in  both 
sj-steins  of  units,] 

VI.  By  measuring  electrostatically  and  electromag- 
netically  a  given  resistance. 

VII.  By  observation  of  the  period  of  oscilUtory  dis- 
charge of  a  cnndenser  of  known  capacity  (in  electrostatic 
units),  through  a  circuit  of  known  self- inductance. 

Experi-        Tlie  first  attempt  to  determine  v  was  made  by  Weber 
^V«b«Taiid  and  Kohlrausch,  who  employed  method  I.*     A  Leyden 

J'"''!*  jar  was  charged  to  a  potential  measured  electrostatically 
by  meaua  of  an  electrometer,  and  was  then  discharged 
through  a  ballistic  galvanometer,  which  measured  by 
the  throw  of  the  needle  the  quantity  of  electricity  with 
which  the  jar  was  charged.  This  quantity  was  known 
ill  electrostatic  measure  from  the  measured  potential 
and  the  capacity  uf  the  jar,  which  was  obtained  by 
comparison  with  that  of  a  sphere  insulated  at  a  distance 
from  other  conductors.  The  value  obtained  for  v  was 
31,07+,000,000  cms.  per  second. 

This  determination  cannot  bo  regarded  as  one  of  high 
accuracy,  chiefly  on  account  of  the  unsuitablenesB  of  a 
condenser  with  a  solid  dielectric  for  exact  experiment. 
The  construction  also  of  absolute  electrometers  for  exact 
work  had  not  then  been  brought  to  so  high  a  pitch  of 
excellence  as  has  since  been  reached. 

A   detci  mi  nation   by   this   method    with   the   most 

*  Ahh.  d.  KSnujl.  SSehi.  Ga,  d.  WUaem.  IS5S. 
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refineJ    appIiaDces    has    since    been    carried   out   by  Bowlnnd'* 
Professor  Rowland  at  Baltimore,*  and  of  tbis  we  give     m«Dta, 
here  a  more  detailed  account. 

The  e!ectroniftcr  employed  was  an  absolute  inatniment  mode  Details  of 
on  Tliomsuo's  jjiiard-riiig   principle.     The   protected  disk  wm     Eleclro- 
lO'lS  cms.  in  diameter,  and  was  suspended  ia  no  aperture  in  the      meter, 
guard-ring  of  I  mm.  greater  radius. 

The  diameters  of  tlie  guard-plnlo  and  at  tract  ing-phite  were 
each  330  cms.  The  surfaces  were  all  nickel  plated,  and  worked 
true,  BO  that  the  distnnce  helween  the  surfaces  could  be  accu- 
rately found.  The  diisk  could  be  adjusted  in  the  pliine  of  the 
guard-ring,  and  the  nttracting-plate  and  disk  to  parallelism,  to 
I'f,  mm,  Kxternal  action  was  screened  from  the  disks  by  a  case 
of  sheet  hrasfi. 

The  protected  disk  was  hung  from  one  arm  of  a  sensilive 
balance,  and  the  exact  position  of  the  beam  was  observed  by 
means  of  a  hair  moving  in  fiont  of  a  scale  in  the  manner 
described  above  (Vol.  I.  p.  263). 

In  the  actual  use  of  the  electrometer,  since  the  suspended  disk     Mode  of 
could  not  be  in  stable  equilibrium  under  the  action  of  electro-      Using 
Btatic  attraction,  its  swing  ^'ns  limited  to  a  rango  of  X  mm.  on     Elrctro- 
eacli  side  of  the  sighted  position  1  and  the  attracting- plate  then      meter, 
placed  at  two  nent  [  oxitions,  for  one  of  which  the  plate  rose 
above  tlie  sighted  position,  for  the  other  fell  below  it.   The  mean 
of  these  was  taken  as  the  reading  for  the  position  of  the  attract- 
ipg-plate. 

If  d  he  the  distance  of  the  electrometer  pintes  apart,  w  the 
weight  on  the  balance,  and  S  the  area  of  the  disk,  we  have  (see 
Vol.  I.  p.  5S)  for  the  electrostatic  measure,  Ft,  of  the  difference 
of  potential  between  them 


(5) 


and  by  a  formula  given  by  Maxwell  f  for  the  effective  a 
protected  disk  of  rudius  Jt,  in  an  openiog  of  radius  S", 


=  (fl'  -  Jt)  (log  2)/ff  -  '221  (ff  -  S)  nearly. 
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Thus  the  working  equation  for  V,  was 

r,-  umd-n{\+'^\  ....   (7) 

Tlie  irtandari]  condenser  conBisted  of  two  conceotric  ipherea. 
The  Bplieres  were  very  accurate] }■  constructed,  nnd  the  inner  waa 

tiling  concentrically  witliin  the  outer  by  a  silk  con)  (see  alao  p.  629 
below).  Two  bills  of  different  diamcterH  were  provided  for  um 
OH  inner  eplieree.  Tlie  electrostatic  cnpacily  was  obtained  by 
determining  tlie  diameters  of  the  balls  by  weighing  in  water, 
and  was  60'0C9  C.Q.S.  or  29-556  C.G.S.  according  as  [he  larger 
or  anisller  inner  sphere  was  used. 

The  galvanometer  used  for  the  dlBcharges  was  a  specially 
constructed  and  carefully  insulated  instrument.  It  had  two 
coilB,  encli  of  about  5600  turns  of  No.  36  silk-covered  copper 
wire.  These  were  fixed  on  the  two  sides  of  a  plate  of  vulcanite. 
The  needle  was  surrounded  by  a  metal  bos  to  screen  oS  possible 
electrostatic  action  of  the  coils  from  the  needle. 

The  constant  of  this  galvnnomelei  was  determined  by  com- 
parison with  the  galvanometer  described  above  (p.  S4T).     The 
constant  of  this  had  been  slightly  altered,  and   was  now  found 
Stan!  ol     jQ  ]jg  ^y  measurement  of  its  coils  1832'24,  by  comparison  with 
ijaivano-    ^^  electrodynainometer  1BD3'67,  and  bj-  comparison  with  a  single 
""■'"'■•     circle  {p.  5J8)  1832-56,  giving  a  mean  of  1832-82  instead  of 
1t<33'19  as  before.    The  ratio  of  the  constant  of  the  new  gtiU 
vunonieter  to  this  was  found  to  be  1IJ''1141,  so  that  for  the 
ballistic  galvanometer  used 

G  -  19087, 

including  the  factor  for  the  number  of  turns. 
Di't«r'         An  absolute  electrodynnmo meter  on  Helmholtz's  double-coil 
mination    principle,  similar  to  thai  described  at  p.  365  above,  was  used  to 
of  lltX     find  the  directive  force  U  at  tlie  ballistic  galvanometer,  at  any 
Itallistic    instant  during  the  progress  of  the  experiment,  so  as  to  eliminate 
Galvsno-    niagnutic   changes    which   were  coDtinually  going    on   in   tbe 
meter      buifdiug  used  for  the  investigation  ;  changes  wiiich  were  all  the 
more  important  us  //  wos  only  about  }  of  the  horizontal  com- 
ponent of  the  earth's  tield  at  the  place.     Tlie  suspension  of  the 
instrument  WHS  n  blliler  one,  and  it  woe  found  that  no  correction 
was  necessary  fur  Iho  torsion  of  the  wire. 

It  follows  froui  (10),  p.  368  above,  that  if  e  be  a  constant  de- 
ponding  on  the  cuiU,  and  the  electrodynamometer  be  set  up  bo 


Deter- 
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tliat  U  doOH  not  afEect  it,  or  re&dings  be  taken  bo  ua  to  eliminate 
it,  and  tlie  anine  current  pass  through  both  coila,  we  may  write 


c-Jf-J^, 


<8> 


where  fia  the  coeffiuienl  of  8in|9,  in  the  couple  applied  by  the  by  Em- 

hifilar,  ^  being  the  angle  through  wliich  tlie  Biispension  head  is  ployment 

turned  to  bring  llie  ausponded  coil  back  to  parallelism  wiih  the  "f  i.]x^ 
Cied  coil.     But  it  is  clear  that,  if  m<H  be  the  moment  of  inertia       ^'^ 

of  the  coil,   by  the  theoiy  of   simple  harmonic  motion  we  ^^^''" 
havej3/j3  =  -  Wjr,  and  ti  =  -  Feiafflmk*,  80  that 


v/J=? 


Thas,  including  Sir  in  the  constant  e,  we  have 


....     (9) 

for  the  electrodynamomcter. 

Tlie  value)  of  e  was  calculated  from  the  particulara  of  tlie 
coila  which  were 

Ijktgt  Colli.        BtupeDded  Colli.  I 

Mean  radius 13741  cms.  2-760  cms. 

Mean  distance 13-786    „  2-707    „ 

Kadial  depth -84    „  -41    „ 

Aiial  width -86     „  -38     „ 

No.  of  turns 240  126 

From  which  by  (10)  p.  368  above,  and  the  values  of  Cuy,,  given 
nt  p.  269 

e  =  -oiagu.* 

To  verify  this  constant  a  circle  80  cms.  in  diameter  wae  mode 
and  used  aa  the  coil  of  a  tangent  galvanometer.  The  ballistio 
galvanometer  was  set  up  so  that  itH  needle  was  at  the  centre  of 
thia  circle,  and  acted,  when  required,  as  tlis  suspended  needle  of 
the  tangent  galvnnoineter  of  which  the  circle  waa  the  coil.  The 
current  from  the  electrodynamomeler  waa  pasaed  through  the 
circle,  and  the  horizontal  field  intensity   Zf  deduced  from  the 

•  Ttiis  ia  double  the  valoe  given  by  Prof.  Rowland  ia  hia  papar. 
The  full  period  of  vibration  appeara  in  equation  (7),  whsreaa  Prof. 
Kowland  uacd  the  half  period. 

H  B   2 


«1S 
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falranometer  defleetion  and  the  current  as  given  by  tbe  electro- 
ynftmometer.  The  value  of  H  waa  found  alao  by  tbe  magTietic 
method,  and  tbe  two  resulta  were  found  to  differ  by  on]y  aboat 
1  in  1000.  Thus  the  Uneent  galvanometer  gave  }tf=006451, 
and  the  mean  006454  of  this  and  the  former  reaiiU  was  nHed. 

The  moment  of  inertia  »£*  was  found  by  placing  weights  at 
different  distances  along  a  tube  passed  througn  the  centre  of  the 
euBpcixleil  coil,  an<l  obBerving  the  period  of  free  swing  of  tbe 
coil.     It  was  thus  found  that  ixk^  =  8266  in  gramine-centiiDetre 

Uethod         The  value  of  H  at  the  needle  of  the  ballistic  galvanometer 
of  Deter-   ^^^  found,  when  required,  by  sending  the  same  current  through 
mining  H,  the  dynamometer  and  the  galvanometer,  observing  tbe  deflec- 
tions in  the  two  cases,  cnlculiiing  the  value  of  the  current  from 
the  deflettlon  from  the  former,  and  hence  deducing  H  by  tbe 
tangent  galvanometer  formul.i. 
Method  of     The  condenser  was  charged  by  being  connected  to  a  large 
Eiperi-     charged  hiittory  of  Leyden  jars.     This  battery  was  kept  con- 
mcnting.    nected   lo  the  electrometer.     The   potential   reading   was   firat 
observed,  (hen  the  battery  connected  to  the  condenser  for  an 
instant,  after  which  the  condenser  was  disconnected  from  the 
Leyden  jar  battery  and  discharged  through  the  ballistic  gal  van  o- 

that  the  galvanometer  received  that  number  of  very  nearly  equal 
impulses  in  the  same  direction  before  it  had  moved  far  from  the 
position  of  rest.  The  reading  of  the  position  of  the  electro- 
meter attracting  disk  was  again  taken  after  the  seriea  of  impulses, 
on  disconnection  of  the  battery  from  the  condenser,  and  waa 
slightly  lens  than  before  of  course.  Corrections  for  the  dis- 
placements of  the  needle  from  zero  at  the  times  of  the  successire 
impulses  were  calculated  and  applied. 

The  miiitn  of  the  electrometer  readings  before  and  after  a 
single  discharge  was,  with  a  correction,  taken  as  the  potential  of 
that  discharge:.  This  correction  arose  from  the  fact  tliat  the 
tirst  reading  was  higher  than  that  for  the  potential  of  discharge 
by  a  certiiin  smntl  amount  depeuding  on  the  capacities  of  the 
battery  of  jars  and  the  condenser.  It  was  obtained  by  multiply- 
ing the  mean  reading  d  of  iliatance  between  the  plates  by  a 
factor  I  —  ■0013,  when  the  larger  sphere  was  used  in  tiio  con- 
dcu'ior,  and  l)y  the  factor  1  -  '0008  when  the  smaller  sphere 
was  used.     Tiie  other  series  were  similarly  eorrecled. 

A  correction  was  applied  for  the  time  occupied  in  prodacing 
the  scries  of  impulses.  This  was  calculated  approximately  on 
the  supposition  that  the  time  between  one  impulse  and  tbe  next 
was  }  of  a  second,  and  without  taking  into  account  the  altered 
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position  of  tlie  magnet  relatively  to  the  coll  or  the  induced 
iiiQgnctiBLii  of  the  iieedlo.  Tbc  inclination,  however,  of  the 
magnet  to  the  plane  of  the  coil  would  cause  the  inipulait-e 
couple  on  tlie  needle  to  be  less  for  impulses  later  thsn  the 
first,  while  the  induced  magnetization  of  the  needle  brought  , 
nboiit  by  the  sauie  inclination  would  have  as  opposite  effect  ' 
Prof.  Ron'land  came  to  the  conclusion  by  experiment  tiiat  no 
sensible  error  from  neglect  of  these  refinements  of  correction 
could  result. 

The  principal  equations  used  in  reducing  the  results  were  (7) 
above,  aud  others  obtained  us  follows ; — 

First,  the  ballistic  galvanometer  equntion  for  the  quantity,  Q 
(in  electromagnetic  unite),  of  electricity  discharged,  is 


Time 


.    .    (10) 

where  0  is  the  ballistic  deflection,  corrected  for  everything 
tscept  damping. 

But  if  Ci  bo  the  capacity  of  the  condenser  in  electrostatic 
units,  and  A'  the  number  of  discharges, 


(11) 


Also  II  was  obtained  from  the  coastant  current  measured  by 
the  dyuamotiieter  while  it  flowed  round  the  80  cms.  circle,  at  the 
centre  of  which  the  ballistic  giilvonometer  needle  was  situated. 
Thus  denoting  by  tj)  the  de3ecrion  of  the  needle  produced  by  the 
constant  current,  by  r  the  radius  of  the  large  circle,  and  by  6  the 
distance  of  its  plane  from  the  centre  of  the  ballistic  needle,  we 
have  by  (9)  and  the  elementary  theory  of  the  tangent  galvnno- 


''  U  tun  A 


ulha 


'c  ■JmL^smti 


I  (10),  equating  to  (11),  and  solving  for  v  ^ 

HcV».fc'sin(3(l+JX;8inid' 


condetiaer. 
Dedac-  The  approximate  e<iuation 


Dellec- 

tiona  fiom 
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B  given  by  (7),  and  C,  by  the  dimeDsions  of  the 


-inj».j»(.-i5). 


,s  used  to  fiod  t)ie  toIuo  of  tin  ^6  from  the  observed  deflection 
b  and  the  acale  distance  D.  Tliia  approximation  is  easily  obtained 
as  follows :  since 


S/2)  =  Ud  iO  =  2  sin  tf  cos  d/(l  -  2  8in>0), 


,  ai-2Bin*g 


Putting  aind  — jd/Z)  on  the  riglit  the  equation  becomes 
approximately 

In  tlic  laxt  fnctor  on  the  right  which  is  not  very  different  from 
unity  sin  ^6  may  be  put  equal  to  iliD.    The  equation  tlien 

m  0  wua  cnlciilate 
ilue  of  tan  2^  give: 
lie  mirror,  so  that 

"*-'|0-»|H+»i;;) (■») 


The  vnliie  of  tan  0  wua  cnlciilated,  by  successive  approxi- 
mation from  the  vulue  of  tan  2^  given  by  d,  and  the  distance  2^, 
of  the  settle  from  the  mirror,  so  that 
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The  following  Are  tbe  resalu  obtained  : — 


-if.T'sx;' 

"JeJ^d™'' 

KnmbtrorreiulU 

ofwhleb 
■nnli  >*■  takML 

1 

2 
3 
4 
6 

298-80x10" 
298-48  xlO« 
297-26  X  10» 
297-15x10* 
296-69  X  10« 

9 
6 
5 
6 
6 

To  these  were  given  weiglile  inversely  as  the  number  of  dis<       Final 
charges,  except  in  the  case  of  the  first  which  was  given  twice    Besnlti. 
the  weight  of  the  second,  on  account  of  the  larger  number  of 
observBtions.  Thus  the  linal  result  obtained  was  C  —  2-981&X10"' 
in  cinu.  per  second. 

DetermiQations  by  method  II.  wliich  is  due  to  Lord 
Kelvin  (Sir  W.  Thomson)  have  been  made  by  Lord 
Kelvin  himself,*  Mr.  D.  McKichan,f  F.  Einer^J  ami 
Mr.  B.  Shida.§ 

A  current  is  made  to  flow  through  a  coil  the  absolute  ^^ 
value  R  of  the  resistance  of  which  is  known,  and  tbe  Hsthod. 
current  is  measured  electro  magnetically  by  an  absolute 
curreat-ineler,  while  the  diCTereoce  of  potential  between 
the  extremities  of  the  coil  is  measured  by  an  absolute 
electrometer.  If  V  be  the  difference  of  potential  in 
electrostatic  measure,  the  work  ilone  in  the  passage  of 
one  electrostatic  unit  of  electricity  is  V;  But  one 
electrostatic  unit  of  electricity   ia   \jv  of  an  electro- 

•  Phil  Tmnt.  B.S.  186S, 
t  Ibid.  1879. 
I    fyirn.  Bcr.  M,  1882. 
g  PhU.  Hag.  10.  1880. 
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magnetic  unit;  and  if  7  be  the  measured  current,  the 
time  t  taken  for  a  quantity  \jv  of  electricity  to  pass  is 
l/i"7.     Hence  the  work  done  in  the  conductor  or  ff*Rt 

isylilv.     Tims 

--'y (10) 

The  result  therefore  involves  the  absolute  value  of  a 
iL-sistance  li  in  electromagnetic  units.  Now  in  the 
eailior  ex[)enmenta  by  this  method  the  resi:ilaDce  of  a 
conductor  was  not  known  witli  accuracy,  and  the  results 
are  unreliabJe,  unless  some  means  exists  of  converting 
the  values  of  H  which  were  used. 

Lord  Kelvin's  first  result  {ccrrected  for  the  value  of 
tlie  B.A.  unit)  was  2'80S  x  10"  cms.  per  second, 
Mr.  1).  McKichan's  2-896  x  10'"  cms.  per  second. 

ShiJa's  determination  was  made  later  and  gave 
V  =  2955  X  10'"  cms.  jjer  second.  The  difference  of 
jxitcutial  at  the  terminals  of  a  battery  of  large  tray 
Danietl  cells  was  measured  by  a  Thomson's  absolute 
electrometer,  while  the  ciirreut  maintained  by  the 
battery  through  a  tangent  galvanometer  was  measured, 

III  rcdii.'iiig  his  retiiilU  Mr.  Shida  multiplied  botti  numerator 
iiikI  diiiioiiiliiulor  nf  (IG)  by  the  fuu(or(H  +  r)//f,  when,  r  was 
IhL-  rcsJBtAiiL'u  of  tlic  battery  unil  connectiuns.  On  this  account 
Ihi!  acuiiricy  of  the  result  wim  niiatakenly  called  in  (jueiition. 
VuT  llioiigli  Ihu  futtor  It  +  r  Man  gf  uncertain  value,  its  ititruduc- 
tiun  in  both  numerator  and  (lenominator  could  in  no  wuy  affect 
til-;  v.'iluc  of  the  ratio  yR/V.  The  real  ground  for  uncertainty 
lay  iti  the  I'onstruction  of  the  tangent  galvanometer,  which  coulil 
barely  woik  up  to  the  degree  of  accunicy  required. 

.\  meaiiireiiient  of  v  was  made  by  this  method  ogain  in  1889 
hy  Lord  Kelvin,  who  used  an  improved  nbaohilo  cleclrouieter  of 
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liis  own  iDvention ;  but  the  detnils  of  tlie  investif;ation  do  not  ,1"]^ 

ieeiii  }-et  to  have  been  publiBhed.    The  reeult  obtained  was  KeWiii's 

'                              '^  later 

e  =  3-004  X  10'"  eras,  per  second.  Eiperi- 
ExneHM  result  obtained  by  o  modification  of  thi»  method  was 
A-ilh  tlie  i-alim  -941  ohra  fur  one  Siemens'  unit,  2-92  x  10*  cniB. 


Another  form  of  this  method  has  been  given  by 
Maxwell,'  and  used  by  him  in  a  determination  of  v. 
Tlie  electromagnetic  repulsion  between  two  parallel 
coils  produced  by  the  same  current  Sowing  in  opposite 
directions  through  them,  was  balanced  by  the  attraction 
between  two  disks  to  the  backs  of  which  the  coils  were 
attached,  and  between  which  a  difference  of  potential 
was  produced  by  another  current  the  ratio  of  which  to 
the  former  current  was  known.  One  of  the  disks  was 
the  protected  disk  of  a  Thomson's  guard-ring  condenser, 
and  to  the  back  of  this  one  of  the  coils  was  attached 
directly :  the  other  coil  was  carefully  insulated  from  the 
attracting  disk  by  a  plate  of  glass  and  a  layer  of 
insulating  material. 

The  npp.iriitua  is  sliown  in  Fig.  139,  and  siiortly  deBcribed  in 
llic  list  uf  refer>in(;es  attHched.  The  aniall  d.ak  (diameter  four 
inches)  and  uttached  coil  were  carried  at  one  end  of  a  torsion 
balance  siiepcndcd  by  a  No.  20  copper  wire  from  n  gradiiutod 
torsion  head  ino/able  by  n  tangent  screw.  The  disk  and  coil 
were  protected  by  a  cylindrical  brass  box  7  inches  in  diameter, 
one  end  of  wliiuh  formed  the  guard-ring.  The  disk  carried  on 
iho  side  towards  tlio  interior  of  the  box  a  gloss  scale  divided  to 
y^U  of  an  inch,  which  was  viewed  by  a  reading  niicroscopo  fixed 
on  the  outuidc  of  the  bos. 

To  eliminate  the  turning  couple  due  to  the  earth's  field  a  coil 
was  attached  to  the  other  end  of  the  balance,  and  connected  with 
the  lirst  coll  in  such  a  way  that  tlie  current  flowed  through  the 
co;l9  in  opposite  direclions. 

•  F/til.  Trans.  Ji.H.  1S8  (1888),  or  U^.  of  Papen,  Vol.  11.  p.  125. 
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Tlie  attracting  disk  (which  wns  6  inches  io  diameter)  was,  with 
its  stlacheit  coil,  on  a,  slide  wurked  by  a  micromeler  ao  thnt  the 
distance  of  the  disks  could  be  varied  and  meuured.  The  piano 
of  this  disk  was  adjusted  parallel  to  the  guard-ring,  which  wae 
placed  exactly  vertical  by  means  of  adjusting  screws. 


Aiijuat.  The  gritdualions  of  the  glass  scale  and  the  micrometer  were 
went  of  conipnrud  by  pressing  the  suspended  disk  forward  by  a  light 
"1*1'*"  spriiiK  affftingt  the  large  disk,  and  tlien  working  the  screw  so  ns 
"'"^  to  send  the  nmnll  di-^k  batk  towards  iho  piano  ot  the  guard-ring. 
while  reudiijga  of   the  micrometer  were  taken   for 
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iliviaionB  of  the  glaM  scale.  This  motion  wu  quite  regular  until 
the  large  disk  came  into  contact  with  the  guard-ri.iK  at  one 
poinL  It  was  found  then  Ihat  a  motion  of  about  ^g^  of  an  inch 
aofBced  to  bring  the  whole  of  the  guard-ring  into  contact  wiili 
tlie  large  diak. 

Wheo  the  small  disk  hod  thua  been  brought  into  the  plane  of  Ailjuat 
the  guard-ring,  the  reading  microscope  had  ita  crosa-wires  ment  of 
focuBBed  on  a,  known  division  of  tlie  glasa-acitle,  and  two  pieces  Guard- 
of  silvered  glnsH  were  filed,  one  to  the  back  of  the  gaard-ring,  ring  and 
the  other  to  the  back  of  the  suspended  diak,  ao  that  when  the  ^"^  *" 
disk  and  guard-ring  were  in  one  plane  these  mirrors  were  also,  Co^lan- 
and  gave  a  continuous  imnge  of  objects  in  front  of  them.  This  ""''■ 
arrangement  gave  a  test  of  coplanaritj  of  the  surfacea  to  ys^ 
of  an  inch. 

The  torsion  wire,  which  was  of  soft  copper  stretched  to  straight- 
ness,  seemed  in  great  measure  free  from  imperfectness  o£ 
elasticity.  The  torsion  balance  could  be  adjusted  by  moving 
the  supporting  pilkr,  which  could  be  ndjusled  and  clamped  In 
position  by  screws  at  its  base.  The  balance  itself  could  be  raised 
or  lowered,  turned  about  any  horizontal  axis  by  sliding  weights 
attached  to  it,  and  about  the  axis  of  suspeneioa  by  the  torsion 

A  large  battery,  the  property  of  Mr.  Gassiot,  containing  2600    Arrange- 
cella  charged  with  bichloride   of  mercury,  was  used  to  electrify     ment  of 
tlie  disks.     One  terminal  of  tlie  battery  was  connected  through  a    Cnrre&ta. 
key  with  the  largo  disk,  the  other  with  the  case  of  the  instru- 
ment, and  the  circuit  between  was  composed  of  n  large  resist- 
ance of  over  a  megohm,  in  series  with  one  (hereafter  called  the 
first)  coil  of  a  standard  galvanometer  shunted  by  a  coil  of  resist- 
ance S. 

A  current  was  sent  from  another  battery  through  a  second  coil 
of  the  tangent  gulvunometer  (in  the  direction  opposed  to  the 
other  cuil),  through  the  coil  behind  the  large  diak,  and  thence  to 
the  suspended  coils  by  the  suspension  wires.  A  common  con- 
nection was  given  to  earth,  the  caae,  and  the  other  el«ctnide  of 
the  battery,  by  a  copper  wire  hanging  frotn  the  ceotre  of  the 
torsion  balance,  and  dipping  into  a  mercury  cup. 

When  the  suspended  disk  was  at  rest  at  zero  tlie  battery  con-    Mode  of 
tacts  were  made  simultaneously,  and,  according  as  the  suspended     Eiperi> 
diak  was  attracted  or  repelled,  tlie  other  was  cnoved  farther  from    menting. 
or  nearer  to  the  suspended  one.    It  was  necessary,  on  account  of 
the  instiihility  of  the  small  disk,  when  at  the  zero  position  under 
the  action  of  the  electric  forces,  to  work  the  micrometer  disk 
gradually  up  by  successive  trials  from  a  distance  initially  too 
great,  making  contacts  as  zero  was  approached,  go  as  if  possible 
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to  bring  the  suspended  disk  to  rest  under  tlie  action  of  the 
oi)]iOBiiif{  forces  due  1o  tlie  disks  and  coils.  An  observer  at  tlio 
gill  vanu meter  altered  tlic  shunt  S,  while  the  contacts  were  being 
inado,  BO  sa  to  briii);  tlio  needle  to  Kero. 

To  compare  the  niiigneti;  effects  produced  by  the  two  galva- 
nometer coils  at  the  needle,  a  current  was  scot  through  the 
second  coil  of  the  galvanometer,  then  througli  u  divided  circuit, 
'   consisting  of  a  resistance  of  31  B.A.  units  placed  ucross  a  brsneh 
made  up  of  the  first  coil  of  the  galvanometer  and  an  added  re- 
eratance  S'.     The  latter  resistance  was  varied  until  tbe  effects  on 
the  needle  balanced  one  another. 
Tlieoi-y  of      If  F  denote  in  electrostatic  units  the  difference  of  potential 
Method,     bctu'een  the  disks,  a  the  radius  of  the  small  one,  and  b  their 
''  "ion  between  them  was,  clearly, 


Com  pari 

son  of 
Coils  of 
GsIthuo- 


1  F  r 


r*. 


The  repulaion  between  the  two  coils  is  y'^dMjdx,  if  y  be  the 
curroTit  in  each,  x  the  distance  apart  of  their  mean  plunee,  und 
.1/  their  luutunl  inductsnt'e.     Thus  we  have 


8       4» 


dT 


(17) 


But  the  difference  of  potential,  ?',  between  the  di.-<ks  is  pro- 
duced by  the  Inrgo  battery,  which  Hcn<ls  a  current  y^  through  the 
resistance  J(,  and  a  current  y,£/((r  +  S),{^y\  say),  Ihrojigh  the 
tirst  coil  of  the  K>il manometer,  if  G  denote  the  resistance  of  ths,t 
ciah  lU'iice  if  £  he  the  elcctruai  ague  tic  niensure  of  this  difference 
of  poteiiliul 

■    .    (18) 


Again  if  Fi,  Fp  bo  the  magnetic  forces  produced  at  the  needle 
by  unit  current  in  the  two  ciiile,  we  have  F,y'  —  F^y,  or 
Fjy,Sj[G  +  S)  =  F^y.  But  if  in  the  comparison  of  the  magnetic 
forces  which  was  made  y',,  y\,  denote  the  currents  in  the  two 
coils,  F^y\  =  /'j>'j,  and  by  the  arrangement  of  the  circuits 
\M  +  i-jy'i  =  31  (y'j  -  y'l),  so  that  F^jFi  =  3l/(G  +  5"  +  31). 
This  substiiiitid  in  the  former  cipiation  gives 

G  +  S  31 


UNITS  OF  CAPACITY 
and  (16)  becomeg,  with  this  value  of  yu 


^=(f  +  .+  .) 


O  +  S  +  Bl' 


(19) 


But  if  yn,  y.,  denote  tlio  electromagnetic  and  electroBtatic 
valuea  of  the  snme  current,  fy.  =  fy,  since  tliey  denote  the 
Hame  rate  of  working  :  and  we  linve  vym  =  y^  Hence  y  =  Elv. 
Substituting  thia  value  of  Vm  in  (17)  with  that  of  E  given  by 
(19),  and  solving  for  v,  we  get 


1 


[-:-  +  R-\-c 


■'  +  31  4        fdM 


— '-=  .     (20) 


The  valu 
p.  402  nbov 
'm,«  „..,.,i,., 


I  of  liM/dx  given  in  tenns  of  elliptic  integrals  at 
was  UHcd  in  the  calculotion  of  v  by  this  formula. 
8  of  turns  in  the  coila  were  144  and  121,  and  their 
mean  radius  was  1-934  inch. 

The  mean  of  17  experiments  gave  Final 

*^  ^  Result. 

V  =  2'8798  X  lO",  in  eras,  per  second, 

on  the  assumption  that  I  B.A.  unit  was  lO"  CG.S.  The  corrected 
result  is 

It  •=  S'Sll  X  10<",  in  cms.  per  second, 

if  1  B.A.  unit  be  taken  as  -98674  ohm. 

Method  III.  has  been  nsed  by  Professors  Ayrton  and  Perry,  Third 
J.  J.  Thoinson,  B.  B.  Rosa,  and  others.  Method  of 

If  Cm  be  the  capacity  of  the  condenser  in  electromagnetic      peter* 

unite  determined  by  any  process,  and  C,  its  capacity  in  electro-   "uoiog  v 

-    " -n  by  measurement,  then  if  §„  and  Q,  denote 


the  electromagnetic  and  electrostatic  values  of  tlie  i 
wo  have  ^«IC^  =  ^,/C.,  since  each  denotes  the  b 
of  electric  energy.     Thus 


0  charge, 
B  quantity 


vt- 


(21) 


iaafa 


■ 
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and 
Perry's 
Experi- 
ments. 
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The  arrangement  of  Ayrton  and  Perry's  apparatus'*  is  shown 
in  Fig.  140.  The  attracting  plate  P  of  a  guard-riug  condenser 
was  connected  to  a  key  K,  by  which  it  would  be  put  in  contact 
with  either  terminal,  A  or  B,  of  a  resistance  of  about  10000 
ohms.  Unless  the  key  was  depressed  it  was  kept  in  contact 
with  £  by  means  of  a  spring.  The  resistance  wus  in  circuit 
with  a  battery  of  382  Daniell*s  cells,  and  the  point  B  was  con- 
nected with  the  earth  and  with  the  guard-ring  as  shown.  A  fork 
turning  round  a  pivot  was  used  to  connect  the  guard-ring  to  the 
projecting  electrode  of  the  protected  disk,  or  the  latter  to  earth 
through  the  galvanometer  G. 


^Eartk 

Fig.  140. 


Arrange- 
ment of 
Appa- 
ratus. 


Tlie  protected  disk,  7),  of  the  condenser  was  a  square  of  area  of 
132514  8(1.  cms.,  and  was  separated  from  the  guard-ring  by  a 
gap  2*5  luin.  wide.  The  distance  between  the  plates  was  '7728 
cm.  The  plates  were  supported  on  well  paraffined  levelling 
screws  of  ebonite,  and  were  strengthened  by  diagonal  ribs  on 
tlic  upper  side  of  the  plate  P,  and  the  under  side  of  the 
disk  D. 


*  Joum.  Soc,  Tel  Eng,  1879. 
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The  KBlvanometer  waB  a  Thomaos'i  astatic  inBtrument  of 
about  20  ohms  reeiHtance.  The  ordinary  needles  were  however 
replaced  ljy  small  spheres  ench  built  up  of  a  miinber  of  tioy 
magnets  having  tlieir  like  poles  all  turned  the  same  way,  the 
hpheres  being  completed  with  pieces  of  lead.  The  period  T  of 
tlie  needle  was  39'5  seconds,  and  ita  logarithiciic  decrement 
■1565. 

Tlio  mode  of   operating  was  as  fullows.     The   key   K  was     Mode  of 
depressed,  and  the  plate  P  thoieby  coimected  to  .^ ;  at  the  same     Experi- 
lims  the  electrode   t  was  connected  to /.     Thus  the  condenser   menting, 
was  charged  to  the  difference  of  potential  existing  between  A 
and  B.     Then  the  contact  was  broken  between  e  aiid_^  and  the 
key  released  so  as  to  make  contact  between  P  and  B.    This 
connected  P  and  the  guard-ring  to  earth  wtiile  i)  was  left  in- 
Kulated.     The  electrode  t  was  then  connected  to  g  by  the  fo;k, 
iind  discharged  the  di)ik  D  through  the  galvanometer,  the  reading 
of  which  was  observed. 

The  difference  of  potentiiil  ^given  by  the  battery  between  A  Theory  of 
and  B  was  measured  in  the  fallowing  manner.  A  very  hi^h  Method. 
resistance  li  was  put  in  the  circuit  of  the  galvanometer,  and  it« 
terminals  were  then  connected  to  d  and  another  point  C  in  AB, 
enclosing  between  them  a  known  fraction  k  of  the  whole  resist- 
iiiice.  The  diffcreoce  of  potential  between  A  and  C  was  thus 
kK.  The  galvunotneler  was  shunted  through  a  resistance  S,  so 
that  G  being  the  reaistnnce  of  the  coil  a  current  kBSj{R(G  +  S) 
+  GS)  was  sent  through  the  instrument.  The  deflection  thus 
|>roduced  was  observed. 

Now  if  6  and  a  denote  the  angular  deflections  given  by  the 
Iriinsient  and  the  steady  current  respectively,  and  Cm  the 
capacity  in  electro-magnetic  units  of  the  protected  disk  1),  we 
have  by  the  ballistic  and  tangent  gulvanometer  formula 

CmE r  sinj^ 

i£s;{R(0~+S)  +  a3\  "r  tana' 

C    =1  ■<■? sinjg 

■       ff  BCg  -(-,?)  +  CJ  tan  q" 

Thus  Cj  denoting  the  calculated  capacity  we  find 

.^C.   _  „  .r  H(0  +  S)  +  GS  tan  a  ,.,-, 
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Final  Three  series  of  experimente  wore  made  oonsistiDg  of  39,  41, 

Besults.    and  18  dischargee  fur  T,  25-3,  39'5,  422  saconda  respectively. 
The  mean  result  obtained  was 

V  =  2-9S  X  101"  JB  cms.  per  second. 

Tliie  however  must  ba  corrected  for  the  value  of  tlie  B.A. 


Klemen>  This  method  was  used  by  Klemencic*  with  the  modiKcK^on 

cie's  that  a  rapid  anccessiun  of  discharges  was  srot  through  the 

Eiperi-  galvanometer  so  that  a  constant  deflection  was  produced.    The 

monts.  mean  result  of  two  different  reaenrches  by  this  method  was 


D  =  3041  X  lO'O 
in  cms.  per  second. 
Similar  experiments  by  Stolotow  f  gave 


j.  per  second. 


llaivcH's  The  following  fortn  of  the  method,  due  to  Maswell,| 
Fonn  of  ''^  ^^^  advantage  over  that  just  described  of  being  a 
Method  null  method,  and  therefore  of  not  requiring  any  correc- 
tion for  torsion,  damping,  &c.,  while  it  shares  with  the 
former  the  advantage  of  involving  the  square  root  only 
of  •JC,jC„,  and  therefore  only  half  of  any  error  mado 
in  determining  C^  or  C,.  A  Wheatstone  bridge  (Fig. 
141)  has  a  gap  in  one  of  the  arms  at  p,  q,  and  a  contact 
piece  or  tongue,  u,  is  made  to  vibrate  across  the  gap  so 
as  to  connect  one  plate  of  a  condenser  alternately  to  p 
and  to  5,  while  tlie  other  plate  is  kept  permanently  in 
contact  with  the  point  C.    The  resistances  of  the  wires 

•   Jl'ien.  Btr.  83,  1881. 

+  So(..  Frnne.  de  Phy/i.  Nov.  i,  1881. 

{  El.  and  Mag.  vol.  ii.  arti.  775,  776. 
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Cp,  qB  are  made  inappreciable,  so  that  the  plates  of 
the  condenser  are  alternately  brought  to  the  same 
potential,  aad  charged  to  the  potential  existing  between 
C  and  B. 

A  succession  of  transient  currents  are  thus  produced 
in  the  same  direction  through  the  galvanometer,  and  if 
P,  Q,  S  are  properly  adjusted,  are  prevented  by  a  steady 
current  in  the  opposite  direction  from  producing  any 
deflection.  From  the  condition,  (29)  below,  fulfilled  by 
the  resistances  of  the  bridge,  the  value  of  £7«  can  be 


found,  and  compared  as  before  with  the  value  C,  of  the 
capacity  in  electrostatic  units. 

So  far  as  C,  is  concerned  the  error  of  this  method  Accnrtey 
(and  of  others  which  require  the  capacity  of  a  standard  Hjthod. 
condenser)  is  only  that  involved  in  the  measurement 
of  the  dimensions  of  the  condenser,  and  reduces  finally 
to  that  of  the  measurement  of  a  length.  Proper 
allowances  can  easily  be  made  for  want  of  acccurate 
adjustment  of  the  parts  of  the  condenser. 

VOL.  n.  s  s 
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The  determiDation  of  C^  is  limited  in  accuracy  only 
by  the  error  involved  in  the  use  of  the  galvanometer, 
which  must  be  so  sensitive  as  to  detect  a  sufficiently 
small  variation  of  resistance.  This  error  in  the  experi- 
ments described  below  was  well  within  the  limits  of 
accuracy  aimed  at.  In  Thomson  and  Searle's  investi- 
gatioos  below  it  was  estimated  that  the  error  from  the 
galvanometer  was  not  more  than  1  in  2500  in  the 
value  of  V. 

Thaory  of  Calling  the  resistnnoeH  F,  Q,  S  as  mdriced  on  the  figure,  nnd 
Method,  denoting  tlie  ciirrentH  from  Ctap,  Cio  D,  und  B  U)  A,hy  i,  i, 
*,  the  rt8intance'nnd  self-induction  of  the  galvanometer  by  G 
nnd  /,,  we  have  from  the  circuits  ACD.I,  ADBA,  the  eqnatioiiH 
i>f  ciirrciite,  aiippueing  all  the  brandies,  except  CD,  devoid  u£ 
inductance, 

m  +  i)  -Q{u-i-i)  +  Li  +  Oi  =  0  ;  ,    . 

q{u  -  X  -  •)  +  S[m  -  x)  +  Bi  -  E'-QS    '     '     ^     ' 

At  tlio  beginning  and  end  of  the  cltnTging  of  the  condenser 
the  currents  have  their  steady  values  and  therefore  these  equa- 
tions become 

Pi,  -  «(».  -  i.)  +  Oz.  =  0 

q{.i.'i.)-^(B  +  S)i.-E  =  Q 

where  the  sufliaes  indicate  the  aleady  values  of  the  cnrrents. 

Subtrnttiiig  these  las!  equations  from  the  corresponding 
cqiiiitionB  (23)  for  the  variable  state,  and  putting  ii,  i^,  for  u—  i,, 
i-.-„weiind 

'    Pii,  +i)-  Q(i,  -  i,  -  x)  +  li+Gi,  =  0\ 

<i{i,  -  i,  -  J-)  +  A-(«,  ^  f)  +  Jii,  =  0  /     •     ^     ' 

The  quantities  v,,  i,,  it  is  to  bo  notieed  denote  the  excess  in 
ench  case  of  the  current  flou'ing  at  any  instant  above  the  sleady 
current,  iu  conscqiience  of  the  charging  of  the  condenser,  while 
i  is  Iho  charging  current. 

Inligratiug,  from  the  begiiming  of  the  charging  to  llie  end, 
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tbo  eqaations  just  found,  remeiuberiiig  that  t  hnn  the  valnc 
butli  limits,  and  rearranging,  we  get 

(P  +  (?)x  +  (C  +  P  +  «)'.  -  «'i  =  0  1 
-  («  +  S)x  -  «^,  +  (C  +  5  +  £)«,  =  0  /  ■    ■ 

rge  of  llie  condenacr,  nnd  «,,  t^,  TMory  oi 

16  ofquanlity  of  the  electricity  conducted  by    Metiod, 
;,  above  thnt  wliich  would  have  flowed  in  tlie 
tame  time  if  tlie  current  had  remained  constant. 
Eliminating  v,  from  (25)  we  find 


-Ci2-!-s+B)((;  +  p  +  (?)  +  (? 


(26) 


But  when  the  condenser  ie  fully  charged  the  difference  of 
potential  between  its  coalings  is  rlCm,  and  this  is  Gi,  ■\-  Si§,  bo 
that 

x=  C^{Gi,  +  Si,). 

Also  clearly  ((?  + i*)i,=  (J  (i,- J,),  and  therefore 

.       Q+P+Q 


,-,C,(e  +  5^±|±«)i..     .    .     .     (27) 

If  the  condenser  is  charged  and  discharged  n  times  a  second, 
the  quantity  of  electricity  which  pasBea  through  the  galvano- 
meter over  and  above  tliat  which  passes  in  the  steady  current  is 
nij.  Hence,  if  there  in  no  deflection,  we  must  have  i.  +  nt,=0, 
or  i,  =  -  n«,.    Thus  (27)  becomes 


:.{o^s'^^^±.9). 


(28) 


Tliis  value  of  ^  used  in 


«+ 

s  s  2 
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If  P  and  S  are  very  great  ia  comparison  with  the  otiier  resist- 
anccs,  this  reduces  to  the  approximate  solution 


'C-=  ^^ (30) 


The  electromagnetic  value  of  the  capacity  of  the  condensei 
baving  thus  been  found,  tliat  of  v  ia  of  course  obtained  aa  bsTore 
from  the  ratio  JC,lCm. 

Tiie  uetliod  lias  been  carried  out  with  this  mode  of  determin- 
ing Cm  by  Prof.  J.  J.  Thomson*  in  a  very  careful  series  of 
experiments  giving  the  result 

B  =  2-963  X  10"',  in  cms.  per  second, 

tat  Bnllimore,  and   apain   by  Prof  J.  J. 
.  C.  Searlef  at  Cambridge  in  an  elaboruto 
research  made  with  improved  apparatus. 

We  shall  describe  here  Mr.  Hosa's  experiments  and  the  later 
investigation  of  Thomson  and  Searle. 
Beaa's         ji^.  Rosa  used  the  standnrd  spherical  condenser  described 
Ex|KTi-     abo\-e  as  used  by  Prot  Howland  in  his  experiments  on  this 
■"«■"»■      subject. 

The  vibrating  tongue  h  was  operated  by  one  or  other  of  two 

forks  madu  by  Kaenig,  of  Paris,  of  frequenuies  32  and  130  per 

eerond.     These  were  maintained  in  vibration  in   the  ordinary 

way  by  an  elcetroiciagnct  between  the  prongs  worked  by  the 

current  from  three  or  four  Bnnsen  cells, 

Arranfie-        With  the  slower  fork  a  couiniutalor  was  nsed,  but  with  the 

nieiit  of    faster  fork  a  different  arrangenient  was  adopted.     A  wire  led 

Appa-     from  the  inner  coating  of  the  condenser  was  forked,  and  a  branch 

ratus.       of  jt  connected  by  wax  to  the  end  face  of  each  prong  of  the 

tuning-fork.     The  plane  of  vibration  was  vertical,  and  each  wire 

was  turned  so  as  to  dip  into  two  mercury  cups  cut  in  fixed  pieces 

of  vulcanite,  ill  a  vertical  distance  apart  equal  to  that  between 

the  prnugs  iif  the  fork.     Tlie  upper  cup  whs  connected  with  the 

point  C  of  Fig.  141,  the  lower  cup  to  B.     Thus  when  the  prongs 

moved  apart  the  lower  wire  dipped  into  the  mercury,  connecting 

the  inner  ball  uf  the  condenser  to  Ji,  while  the  upper  broke  con- 

■  Phil.  Trana.  R.S.  18S3. 

+  Phil.  Mag.  Oct.  18S9. 

',  Phil.  Trans.  R.S.     Vol.  181  (1890). 
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tact ;  wlien  the  prongs  approached  one  anotlier  the  upper  con- 
tftct  was  made  and  the  lower  broken,  iind  tlie  Iwo  plates  of  the 
condenser  were  put  into  direct  conflict.  Tims  in  the  former  case 
the  condenser  was  charged,  in  tlie  latter  disdiargpd. 

The  galvanometer  used  waa  a  very  sensiLive  Thomson's  astatic 
instrument. 

The  batWry  conaislod  of  about  40  cells  of  a  storage  battery, 
giving  an  electromotive  force  of  about  60  volta. 

The  resistances  Q  and  S  were  taken  from  two  reBixtance 
boxes  by  Elliott,  contnhiing  1-J,000  ohms  and  100,000  ohms 
respectively. 

The  resisianL'e  P,  which  was  very  great,  was  made  by  rulnig  < 
pencil  lines  on  ground  gliisG,  and  protecting  the  surface  of  gloss 
and  graphite  with  n  thick  coat  of  shellac  varnish.  Connection 
was  made  at  tlie  ends  by  tinfoil  pressed  against  the  graphite  hy 
rubber  packing.  Ten  such  resistances  were  made  and  mounted 
in  cylindrical  cnneH,  so  that  their  temperatures  might  be  main- 
tained as  nearly  constant  as  possihle.  Their  values  were  deter- 
mined by  a  coioparison  (made  by  the  method  of  Wheatatone's 
bridge  with  a  ratio  of  about  100)  with  the  resistances  of  the 
boKCS  used  for  Q  and  S,  and  proved  very  constant  and  reliable. 

The  capacity  of  the  vibrating  piece  and  the  connecting  wires 
was  determined  experimentally  tiy  Bcparating  them  from  the 
condenser.  Special  attention  was  given  to  the  question  as  to 
whether  the  capacity  of  the  charging  wire  might  be  taken  as 
the  same  when  the  wire  was  in  contact  as  when  detached,  and 
no  appreciable  difference  was  found. 

The  inner  sphere  was  adjusted  by  lifting  off  the  unper  half  of 
the  outer  shell,  and  adjusting  tlie  position  of  the  ball  relatively 
to  the  equatorial  circumference  of  the  shell,  then  replacing  the 
hemiaphere,  and  moving  the  ball  vertically  from  contact  at  top 
to  contact  at  bottom  of  the  shell,  and  causing  the  contact  in  each 
case  to  be  indicated  by  the  closing  of  an  electric  circuit.  The 
readings  of  a  sliding  vernier  gave  the  ti>p  and  bottom  positions, 
and  the  menu  of  these  readings  the  central  position.  It  was 
estimated  that  the  bail  was  centred  to  '1  mm.  vertically  and 
-2  mm.  horizontullv,  or  to  un  error  of  less  than  1  per  cent,  of  the 
ball  and  shall. 
n  eccentric  cylinder,  theory  shows  *  that  a  similar 
displacement  of  1  per  cent,  from  eentrality  would  give  an  error 
of  capacity  of  l/lfOO  per  cent,,  and  n  smullcr  error  for  a  spherical 


distance  betwi 


*  J.  J.  Thomson,  '  Ou  the  Detcnninatio: 


•  Fhil.  Traiu.  S.S. 
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condenser.  A  diBpltcemeiit  of  fonr  per  cent,  it  wia  found  by 
trial,  caused  a  quite  inappreciable  change  in  cnpacity. 
MMTore-  The  dimenBions  of  the  outer  shell  were  determined  bj  filling 
ment  of  it  with  water  and  weighing,  and  of  the  inner  ball  by  weighing  it 
Diman-  gunk  in  water  by  an  attached  mass,  and  making  all  Decnssary 
■ioiia  of  correotiona  for  diaplaced  air,  &o.  The  results  were  checked 
Con-  by  measurements  made  by  callipers,  compared  with  a  standard 
*™*'"-  "  metro  bar.    The  results  were  ;— 


Sliell     .    .    . 
Ball  A.    .    . 
Ball  B  .    .    . 

Bacljua. 

BrwelgWnB. 

Bydireet 

12-G605  cms. 

lo-iieo  „ 

8-8736    „ 

126791  cms. 
1011B3    „ 

8-8736    „ 

The  experiments  were  made  with  the  larger  ball,  and  four 

aericH  were  made,  the  first,  second,  and  foiirtU  with  both  forks, 

the  third  with  the  slow  fork  alone. 

Final  It  was  found  that  the  rcBiilts  for  llie  fast  fork  were  slightly 

Resnits.    lower  than  those  for  tlie  slow  fork,  coming  out  according  to  tlie 

weights  given  to  Iho  observations, 

B  =  2'9994  X  lO'"  in  cms.  per  second  for  the  fast  fork,  and 

V  —  3-0023  X  10"  in  cms.  per  second  for  the  slow  fork. 

The  results  for  the  fast  fork  were  the  more  uniform  and  it 
was  thouirht  the  more  atcurale,  and  were  given  double  wciglil 
in  striking  the  final  mean.  Thus  the  final  result  of  all  tli« 
experiments  was 


.  3O004  X  low  it 


L  per  second. 


Tlie  reanlts  of  Series  II.  and  III .  were  greater  thnn  lliose  of  I. 
and  IV.,  and  it  was  tlioiight  possible  tliat  the  halves  of  the  outei 
shell  had  been  very  slightly  separated  in  the  former  case  by  ar 
obstruction  in  the  flange  of  junction.    It  is  to  he  noticed  thai 
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the  reiiilta  with  the  slow  fork  Ara  the  greater,  indicating  too 
small  a  value  of  Tin.  This  ie  the  kiad  of  ceiiult  which  the /ail 
fork  niigfat  be  expected  to  give  if  the  period  was  not  long 
enough  to  allow  tlie  condenser  to  be  fully  olinrged.  The  rejec- 
tion of  tito  obaervatioDB  of  Seriea  II.  and  III.  would  give 

V  -  2-9993  X  lO'o  in  cma.  per  second, 
which  only  difiera  from  the  former  value  by  <^  per  cent. 


In  Thomson   and   Rearlo'a  investigation  the  condenser  used  Thonmon 
was  cyliodHcal,  and  was  provided  with  a  guard-ring  at  top  and        and 

bottom,  BO  that  tlie  effect  of  the  ends  was  in  great  measure  Searle'g 

avoided.    The  condeoser  ie  shown  in  section  in  Fig.  142.    The  ^'^"- 
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ATninge-  dtmennone  of  the  inoer  cylinder  were  measured  by  accnrato 

ment  and  callipers  in  the  most  careful  manaer.    It  was  found  tliat  tlie 

Uwanie-  cylinder  was  slightly  elliptic  in  Hection,  as  ghown  in  the  follow- 

raent  jj,g  statement  of  results  of  measurement : — 

denser.  rj,^^  ^^^  .  „,,,;[„„„  diameter     .  ,  23-5S02  cms. 

„  minimum        ,.  .  .  23-SlHl     „ 

Bottom  end :  mazimDm  diameter  .  235348    „ 

„  iiiinimuiD         „  .  23'5169    „ 


The  internal  diameter  of  the  outer  cylinder  wan  measured  by 
callipers  specially  provided  for  this  purpose  with  projecting 
steel  pieces  on  their  jaws.  The  results  obtnined  for  two 
diameters  nt  right  angles  to  one  anollier  at  each  end  of  the 
cylinder  jrave  a  mean  diameter  of  25'4114  cms. 

Thn  internal  cylinder  was  supported   on   pieces   of   ebonite 

placed  on  the  lower  ring,  ami  the  upper  ring  cm  similar  pieces 

on  the  internal  cylinder.    The  outer  cylinder  wan  also  in  three 

parts,  two  ring  pieces  for  top  and  bottom,  and  a  long  central 

piei-e  correapondin);  to  the  internal  cylinder. 

Usasnre-       The  length  of  the  internal  cylinder  was  measured  by  applying 

meat  of    the  jaws  of  a  beam  compass  to  iln  ends  and  measuring  under 

Dimen-     microBcopeB  firat  the  distance  between  two  marks,  one  on  each 

V°n*       jaw,  then  the  distance  between  these  marks  when  the  jaws  were 

(S'neo-         '^^^  '«"etli  of  the  cylinder  wbh  found  to  he  60-9784  cms.    Tho 

tion  for     correction  for  want  of  equality  in  tlie  diatribution  caused  by  the 

Ouaid-     two  equal  sir  spaces  was  calculated  nod  foiin't  to  amount,  within 

ring  Gap.     1  P'^'^  in  2000,  to  a  lengthening  of  the  internal  cylinder  by  the 

breadth  of  one  air-apaco.     Tho  mean  allowance  for  tho  gaps  at 

tho  guard-ring  was  thus  foimd  to  be  '2907  cm.,  so  that  the  total 

effective  length  of  the  internal  cylinder  was  61-2C91  cms. 

The  distance  between  tlie  inner  and  outer  cylinders  was 
determined  by  fastening  down  the  internal  cylinder,  and  the 
outer  cylinder  of  the  same  lengih,  in  co-axiiil  poailiem  on  n  glass 

Elate  with  cement,  and  fixing  a  gloss  cover  on  top  ;  then  filling, 
y  means  of  two  openings  left  in  tho  cover,  the  annular  space 
between  the  cylinders  with  water.  Tho  water  was  taken  from 
a  llaak  containing  a  known  wei|{ht  of  water,  and  bo  by  a  second 
weighing  of  tlie  flask  the  weight  of  water  used  was  obtained. 
The  weighings  were  all  corrected  to  vacuum,  and  for  error  in 
weights,  effect  of  temperature,  &c. 
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Tlie  volume  was  found  to  he  441 208  cubic  cms,,  so  tli&t  tljo 
menn  dietflnce  d  between  the  cyhndors  wap,  with  the  radii  KJven 
),  -941^8  cm.     Tlio  ratio  of  external  im<)  internal  ndiia/O 


0800262.    ThuB 


H  1  + -94128/1 1-7622S 

2  log  3 

in  cen timet rc9. 

Tiie  measurement  of  onpocily  in  elcctroninguelic  units  wm 
mnile  by  the  method  nirendy  descrihed,  Homewhnt  inodilied  on 
account  of  the  esiHtence  of  tlie  i;unrd-ring.  The  arrangement  of 
appiirutiis  iti  bIiowu  in  Fig,  143.    The  condeneer  plate  ia  ahowii 


Electro- 
Value  of 
Capocity. 


Detenai- 
nation  of 
Electro- 
maimetia 
Vsfiwof 
Capacity. 


connocteil  n 
contact  aitu 
iiected  will 
alternately  witli  r 


before  to  a  contact-making  piece  u,  which  makes 

[Lately  witli  p  and  g,  wbile  one  guard-ring  is  con- 

~  111  contact-piece  v,  which  makes  contact 


Tho  p 


;h  p  and  g  represent  the  c 


tact-jilatea  of  a  coinimitator  which  alternately  c 
with  a  Hiiring  or  hnish,  a,  connected  with  the  inner  coating  of 
the  condcni-ur ;  r  and  ■  represent  the  cent  act' plates  of  another 
commiitalor,  v  a  bni«li  which  alternately  connected  thein  with 
the  guard- ring. 
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Action  of       The  two  commntttora  were  mounted  on  the  Rame  ixtE,  so  that 

Coinmn<    they  were  kept  alwajro  in  the  same  relative  position.    When  tlie 

tatort.      commntaton  were  worked  the  following  contents  were  made  in 

the  order  indicated  hy  the  numbers.     Vj,  Vg,  Vo,  denote  the 

potentials  of  the  points  J,  B,  C,  respectively. 

I    (  M  on  ; ;  condenser  discharged. 
}  r  on  « :  gnsTd-ring  discharged. 

a    (  *  on  p :  condenser  hegina  to  charge. 


a  on  j> :  condenser  charged  to  potential  V^  —  Vg 
tionr:  guard- ring  charged  to  potential  Vf,~F^ 

u  ori  g:  condenser  begins  to  discharge. 


u  on  ;  :  condenser  discharged. 
El  on  t :  guard-ring  discharged. 


TheoTT  of      Aocording  to  the  nolation  already  adopted  above  we  denote 
Hsthod.    tlie  currenta  in  Qi,  CJ>,  BA ,  by  x,  i,  « ;  in  addition,  in  tlie  pre- 
sent case  we  have,  when  v  is  in  contfict  witli  r,  a  current  in  Jt. 
Let  this  be  denoted  by  *.    The  circuits  JVI)A,  ABBA,  give 
the  equations 


Q(i-i-i-ai}  +  S{u-i-6>)+Bi- 


G:  =  01 
-B-O'   ■ 


At  the  beginning  and  end  of  the  charging  tlie  currents  have 
their  steady  values,  and  then  as  at  p.  626, 

-«(*.-i.)  +  Pi.  +  «.'.-0    1 

<l(i,-i,)  +  {B  +  S)i,-E-Ol'    ■    ■    ■    ^    ' 

These  Bubtracted  from  the  corresponding  pair  nf  equations  (31) 
for  the  varying  atate,  give,  if  Kj,  i^  denote  w-Vi,  J  — i|,  respect- 

-«(i,-j,-i-is)  +  p(i  +  i,)  +  iii  +  ei,-ft 
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Tlieie  integrated  from  thn  beginning  of  the  charging  to  tlie 
ond  yield 

-(«  +  ««-  «.,-(«  +  S)«.  +  W  +  «  +  «., -0/'°' 

where  ir,Be  before,  denotes  the  whole  chaige  of  the  inner  coating 
of  the  coudenaer,  while  w  denotea  that  of  the  guard-ring. 
Elimination  of  hj  from  (34)  gives 

{P{Q  +  S+B)  +  sqi,  +  MQ,c 

--{G  +  P+Q)iQ  +  S+B)-(^!i.    .    <36) 

This  differs  from  the  former  eqnation  (26)  only  in  having  the 
term  BQw  on  the  left. 
When  the  condenser  is  fully  charg^ed  we  have  aa  before 


=  (7_((?+5^ 


-y..  .  .  . 

and  further  if  Cm  be  the  capacity  of  the  guard-ring 

^.c.(a  +  p  +  s^±^y..  .   . 

since  the  multiplier  of  Cm  on  the  right  ie  the  final  differenc 
polcnliul  between  J  and  Jt. 

Agiun  if  there  be  no  galvanometer  deflection  i,-\-iiii=i 
i,=  -uxu  eo  tliat  (36)  and  (37)  become 


-nCjG  +  F  + 


0 


ThOBO  substituted  in  (35)  givo 

■n.{P(9  +  «+J)  +  -sais(e  +  p  +  i?)  +  eci 
+  nCBCi  1(0  +  p)  a  +  i(e  +  /.+  01 
-«;(i;  +  i'  +  «)(e+s+j»)-5'i 


tisl 
between 
Gurd- 

rrotected 
Cjlinder. 


C0MPARI801T  OF  UWITS 

Tli«  Mcond  term  on  the  left  woa  neg-licible  in  tlie  experiiDents 
made,  inasmuch  as  the  resistance  B  of  the  battery  was  amall  in 
comparison  with  tlie  other  resistaticeB.     Thua  the  vahie  of  Cm 

was  given  as  before  by  (29).  It  was  necessary  to  apply  a  cor- 
rection for  the  small  difference  of  potential  if  between  the 
guard-ring  sod  tlie  inner  cylinder  after  chnrging,  which  pre- 
vented the  distribution  oo  the  inner  cylinder  from  being  eo 
nearly  uniform  as  it  otherwise  would  liave  been.  It  is  shown  in 
the  paper  that  this  correction  could  be  made  by  adding  to  the 
internal  cylinder  a  strip  of  breadth 


where  Fis  the  difference  of  potential  between  the  cylinders,  t  the 
thickness  of  the  giiard-ring,  e  the  half  thicltnesR  of  the  pieces  of 

ebonite  supporting  die  guard-ring,  A  the  distance  between  the 
cylinders,  ami  t  the  bnse  of  tho  Napierian  system  of  logarithms. 
The  coBfliciont  of  a/'/F  was  appr.iiimnteiy  7-5,  and  from  the 
values  given  above 


br  = 


Q  Q         i  '        " 


so  that 

ar      1        , 

=         nearly. 


Thus  t)ie  correction  was  a  strip  of  breadth  7  5/183  c 
about  1  part  in  1800  of  the  whole. 
Tjg^^p.        Each  commutator  connintcd  of  two  rings  witli  projecting  semi- 


n  oV     cylindrical 


eboi 


B  0 verb] p ping, 
oiinii  tl 


Fig.  Hi,  mounted 


Two  springs,  shown  in  Fig.  146,  made  penoanent  contact 
with  grooves  in  the  ring  portions  of  the  con  tact -pieces,  and 
fonned  the  connections  to  the  points  CJ  and  jiB  of  the  bridge. 
The  charging  contucls  on  the  commutator  were  miule  with  a 
brush  of  Tine  brasn  wire.  On  the  aile  are  Bsod  tlie  drivinj^ 
pulleys  and  a  stroboscopic  disk  for  the  obgervntiun  of  the  speed, 
by  luusriB  of  a  maintained  fork  in  the  manner  alrc;:dy  safllciently 
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described  at  p.  569  iibo?e.  A  side  viewuf  the  etroboacoptc  disk 
is  shown  on  the  rieht  in  Fi^.  144. 

The  worm-wheel  and  endleas  screw  were  used  to  make  a  con- 
tact ivith  a  spring  at  every  revolution  of  the  wlieel,  that  is  every 
30  turns  of  Iho  commutator,  to  excite  ouo  of  the  electromagnets 
of  the  recording  apparatus  referred  to  below.  The  commutator 
was  driven  by  n  water-motor  and  long  cord  made  of  fiahing-Iine 
joined  in  a  long  Bplice  to  prevent  inequalities  in  speed.  The 
speed  was  regulated  b^  letting  the  cord  run  tliroiigh  the  tingera. 

The  strobuHcopic  disk,  Fig.  144,  bad,  as  shown,  five  circles 


contnining  4,  5,  6,  7,  8  black  npots  at  equal  intervals  ;  the  fork      Strotio- 
making  64  complete  vibrations  per  second,  and  the  commutator       sconic 
not  running  much  foster  than  60  revolutions,  tho  speeds  of  the       Qisk. 
disk  from  16  revolutions  per  second  upwards  when  a  stationary 
pattern  was  visible  were  tlic  fractions 

h  h  h  I  h  J.  3,  J,  t.  ?■  1,  ?.  I,  i,  i,  J> 

of  64  revolutions  per  second. 

The  electricully  driven  fork  mdntainedanotherof  about  twice 
its  frequency,  and  the  latter  gave  beats  with  Lord  Itayleigh'e 


«»  COHPABIBON  OF  UNITS 

flt&ndard  fork,  bo  that  the  ipeed  of  the  observing  fork  wa 
obtained, 
Dater-         The  frequency  of  the  standard  forit  wne  redetermiDed  bj 
'mtDation    cBnaing  the  wonn-wheel  driTen  by  the  commntator  to  make  i 
of  mark  on  a  rnnning  tape  every  30  revoliitiona  of  the  commutator 

Fmqiwiiaj  This  waa  effected  by  the  completion  of  a  circuit  which  excitec 
_  "'  .  an  electromagnet,  and  thereby  caused  an  armatnre  to  degcenc 
aUDdud  slightly,  and  bring  an  inked  roller  down  on  the  paper.  A  marl 
'  wag  aimilarly  made  on  the  tape  every  aecond  by  the  completioi 
of  a  circuit  by  the  laboratory  clock.  Fig.  14G  shows  the  electro- 
magnets, armature,  and  marking  roller,  with  an  inking  dnin 
above,  on  which  the  roller  made  contact  when  the  armature  wai 
not  pulled  down. 

The  method  of  experimenting  was  an  follows. 

The  beats  between  standard  and  auxiliary  forks  were  counted 


Mode  of  The  motor  was  then  started  and  the  commulntor  kept  at  a  con- 
Experi-  stant  speed  by  the  disk,  and  after  the  apparatus  wils  ntopped 
meutiug  the  beats  were  again  counted.  Thus  the  speed  of  the  observ- 
ing fork  was  directly  meaHured,  and  that  of  tlie  standard 
obtained  from  the  beats.  Three  observjilions  guve  a  mean  of 
128*1045  for  the  frequency  at  16'C.,  a  sliBhtly  Binaller  frequency 
than  that  found  by  Lurd  KiiyleiRh.  The  difference  was  attributed 
to  secular  aoftening  of  the  ateel  in  the  intervening  six  or  seven 


yeiir 


H  which  were 


The  resistaut'eH  were  taken  from  renisti 
carefully  cumpured  with  standard  coils. 

The  galvanometer  had  a  resistance  of  17380  ohms,  and  hod 
two  coils  of  about  16000  turns  each,    The  coils  were  very  care- 
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fully  insulated,  and  sliowed  no  leakaga  when  teited  by  a  gold- 
lenf  electroRcope. 

The  current  was  produced  with  36  small  etorasa  cells,  arranged 
in  two  parallels  of  18  cells  each.  It  was  also  carefully  in- 
BQlated. 

All  the  quantities  observed  were  corrected  with  groat  cnre  for 


Fio.  116. 

temperature  variations,  and  the  capacity  of  the  connecting  wires 
to  the  condenser  was  taken  into  account. 

Three  aeta  of  eiperimenta  7,  10,  and  6  in  number  were  taken, 
and  gave  as  mean  vhIubb  of  C«, 443-471  x  10"",  443-417x  lO"", 
443-569  X  10""  C.G.8.:  or  as  mean  of  all  G,  =  443'486x  10"^ 
C.G.S.  electromagnetic  units.     Thus 


/__397^;i27 

^  443-4H6  X  "lU-"  ' 


2  9955  X  1010, 


Methods  of  comparinjr  tbo  capacity  CU  of  a  condenser  with  Method 

the  Belf-inductnnce  i  of  a  coil  have  been  given  above,  Ctiup.  ^  ^"'   , 

Vm.     If  tlion  the  capacity  of  a  condenser  baa  been  thus  found,  "™™»- 

in  terms  of  i>  Bolf-incluctance  I,  which  can  be  exactly  calculated,  q^° 

the  value  Ci  in  clectroatntic  units  can  be  found  either  directly  Qo^p^^, 

by  calculation  for  tlie  condenser,  or,  if  that  is  not  possible,  by  ^j^ 

comparison  with  the  accurately  known  capacity  of  a  standard  lodact- 
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TliuB  if,  as  at  p,  491  sboi 


Method  y.       Tho   next  two   methodg  ore  mainly  of  theoretical    intereal 

Detennin-   According  to  Method  V.,  a  raacuet  is  rotated  within  a  coil  sub 

■tion  of     pended  with  its  plane  vertical  by  b  biiilar.   The  current  induce( 

Product  of  JQ  tiig  (,„ji  CBUBos  it  to  turn  ronnd  a  vertical  axis,  and,  if  tin 

■  ^*P«'*7  period  of  rotation  be  constant  and  email  in  coitiparibon  with  thi 

doefauice''  P*"'**'  •'^  vibration,  to  tnke  up  a  constant  deflection.    The  coi 

'    is  in  circuit  witli  a  fixed  coil  of  coneiderablo  eelf-induutancii,  si 

that  the  whole  inductance  of  tli^  circuities,  and  witli  a  condense 

of  capacity  C.     The  value  of  CI.  can  be  found  by  obeervinj;  thi 

deflections  D^,  D^,  1)^,  for  three  different  anguUr  velocilici 

"v  "v  "i>  °f '''°  magnet.    Then 


.  Jl,  ^  ' 


-",') 


If  the  induction  throuKli  the  coil  due  to  the  magnet  wlicn  itf 
axia  ia  paroUel  to  that  of  the  coil  be  31,  then  when  the  nmgnct  liat 
turned  thrniiKli  tho  angle  0  from  that  position  the  induction  ii 
Jlfcos  6,  or  .Vcosnf,  if  n  denote  the  angular  velocity,  and  (  b( 
reckoned  from  the  ingtant  at  whicli  0  =  0. 
Theory  of  If  i  be  the  whole  quantity  of  electricity  which  has  flowed 
Mothod.  through  the  circuit  from  the  era  of  reckoning,  the  current  is  i, 
and  the  induction  through  the  circuit  due  to  the  cnrrent  in  it  ia 
U.  Thus  if  E  denote  the  difference  of  potential  between  the 
plates  of  the  condenser,  the  electromotive  force  producing  the 
current  ia  E  +  d{Li  +  if  cos  ttt)dl,  and  the  equation  of  currents 

Si  +  I, (i*  +  -Vcos  «0  +  ^  =  0- 
But  CE  =  y,  so  that  this  equation  becomes 

a  J  +  ci(^  +  *=Cif«Bio«i .   .  .  <42} 
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From  (42)  it  ia  clear  that  the  valu«e  of  CL  Bnd  CR  are  the 

Bnnie  whether  the  electromagnetic  ur  the  electrostatic  sj-ateni  u£ 
units  is  useii. 

This  (liSerentinl  eqnation  is  one  of  forced  oscillation,  so  that 
for  *  we  have  the  equation 


MC» 


•Jl^CH^  +  iX-ClH^f 


.8  {«(-<•) 


(43) 


f,n  1  -  CLn* 

''" '  JiCit 

u  the  BUaponded  coil  produced  hj  electromng- 


ia  the  i>crioJ, 


of  this  over  one  revolution  is,  aince  Ivjit 
•In   yJjpCV  +  (1  -  VLh')'J 


•2  JPC^a^  +  (I  -  CLn*i' 


(44) 


If  the  coil  have  a  eufGciently  great  moment  of  inertia  the 
varial  iona  of  the  couple  acting  on  it  will  not  cause  it  to  oscillate 
sunailily,  but  it  will  tjike  up  a  position  of  equilibrium  depending 
on  the  "mean  couple  e.  _ 

The  mean  deiluclion  1)  ia  proportional  to  e  and  so 


P  1  =  ir-C-  +  (-  -  Cin)* 


(45) 


wliere  P  ia  a  constant.  By  means  of  three  different  angular 
velocities  three  equations  of  this  form  are  obtained,  which  give 
(41)  hy  elimination  of  F  and  B. 

If  the  oxporiinent  were  curried  out  it  would  be  deairahlo  to 
take  any  H,j  lis  that  for  which  ii,/Ji»n  minimum,  that  iaii^-  =  llCl, 
and  «[,  Hj,  ime  (jrenter,  the  other  less  than  m,, 

Siuco  I'-  =  C,,'Cm,  we  have,  if  L,,  Lm  denote  the  clettroalatic 
jind  electromagnetic  Viiluea  of  L, 
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Cmlm  ^ 

The  denominator  of  tlio  expression  on  llie  liglit  is  delormine 
experimentnlly,  aa  cxpluined  abova,  uud  tba  nuiuenitor  i 
oblaiitod  by  direct  calculntion  of  Ct  i>nd  Lk,  or  by  compariaon  t 
tlie  condenser  and  circuit  with  ]iruper  staiiditrdB. 

Method  VI.  involves  tlie  rietemiination  of  the  cleclrouteti 
-  value.  Hi,  of  a  high  TCRistance,  through  wliich  a  con  den  tier  c 
capacity  Ci  ie  discharged.  This  can  be  dune  by  mesKuring  lli 
rate  of  full  of  difference  of  potential  between  the  plates  of  th 
condenser  by  means  of  an  electrometer  connected  with  then 
If  y  be  the  electrostatic  value  of  the  difference  of  poteolial  t 
any  time  I  we  Lave 


C, 


where  ^  is  n  constant.     If  V  be  the  difference  of  potential 
siicoiids  after  it  wuh  Vq,  wc  get  from  this  equation 


If  now  Rh  is  known  wc  li 
C,'Cm  »  e\  and  therefore 


i   C,R,  =  CmSm,  RnfS,  • 


The  motliod  of  electrical  oscillations  has  been  used  by  Lodg 
and  Ghizcbrouk.*    An  air  condenser  was  made  to  disuharg 

*  B.  A.  Report,  188S,  or  Electrician,  vol.  23  (1889),  p.  644. 
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through  a   coil  of  menfliirahle   inductance   across   a  Siiark-gap  Meliio.1 

between  n  pftir  of  knoba  nbout  a  millimetre  njiBrt.     The  con-  ^'I'' 

dunaer  consiBted  of  11  Hqiinres  (each  2  feet  in  Bi;k')  of  plate  gla«g  By  Ilea- 

iilrurcd  on  Imtli  sides,  set  up   parallel  to  one  unuther  -with  a  »nremeiit 

distance  of  6  mms.  between  eacb  pair  of  oppoMed  silvered  aur-  r  ^^f'" 

faces,  and  the  silvered  siirfaceti  of  tbo   nllernate  plntes  joined  triMl' 

metallically  lo  form  the  coatings  of  the  condeiiBer.     It  bed  thus  Oscilk- 

a  capacity  of  about  ROO  metres  in  electrostatic  measure.     The  tionn. 

coil  was  composed  of  about  three  miles  of  india-rubber  covered  Loijse 

wire  of  No.  2'i  gauge,  and  bad  diameters  19  inches  and  1 1  inches,  und  gTmb- 

and  thicknesa  4  inches.    lis  inductance  was  about  4'5  x  10^  cms.  brook's 

in  electromagnetic  measure.  Eiperi- 

The  coodensor  was  charged  by  a  Voe«  machine  arranged  lo  uienta. 
give  a  brusli  discharge  acrose  half  an  incli  of  air  to  the  inner 


earth. 

The  sparks  were  photographed  on  a  revolving  sensitive  plate 
on  which  the  knobs  wore  focused  by  a  quartz  lens.  The  plate 
was  driven  by  a  water  motor  at  a  speed  of  about  64  turns  per 
second,  and  Ita  speed  measured  as  in  Lord  Rayleigh's  deteinni- 
nntion  of  the  ohm,  by  observation  of  a  stroboscopic  disk  through 
a  slit  alternately  opened  and  closed  by  tlie  vibration  of  an  elec- 
trically maintained  tuning-fork.  The  reanlt  was  that  a  palttm 
was  produced  on  the  plate  consisting  of  a  long  band,  with  a 
bi>ad-like  broadening  for  each  half-oscillation.  The  period  of 
vibration  was  tlius  measured  with  great  exactness. 

The  resistance  and  inductance  of  the  circuit  could  also  be 
obtained  with  very  considerable  accuracy,  as  the  resistance  of 
the  npark-gap  was  inappreciable.  The  value  of  L  for  the  coil 
could  also  be  obtained  by  direct  calculation  or  by  comparison 
witli  anotber  coil. 

Tbo  value  of  the  period  given  above  (p.  l?fi)  furnishes  for 
these  data  the  electromagnetic  value  of  tlje  capacity  of  the  con- 
denser. (Sec  also  Chap.  XIV.  below.)  Also  C,  can  be  found 
from  an  exact  coinparip^on  with  a  standard  condenser,  and  thus 
e  can  be  obtained  by  (21)  above. 

The  Bnal  results  of  the  experiment  do  not  seem  yet  (July, 
1892)  to  have  been  published. 

The  following  table  gives  the  values  of  p  obtained  by  different     General 
experimenters,  and  for  comparing  the  velocity  of  light  as  deter-    TaUe  o( 
mined  experimentally  by  the  methods  of  Fizeau  and  Foucault.     I'emlts. 
It  is  in  great  part  taken  from  Mr.  E.  B.  Bnsa'e  paper  already 
referred  lo.     The  various  results  given  were  corrected  by  Eosu 
where  necessary  to  tbo  value  '0S6ttl  ohm  for  the  B.A.  unit : 
XT  2 
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CHAPTKi:  XII 


Whex  a  circuit  in  wliich  a  current  of  electricity  is    AtUviiy 
flowing  contains  a  motor,  or  macliine  by  wliich  work  is  circuit  of 
done  in  virtiiu  of  electromagnetic  action,  the   whole  '■'Tj[ot°f 
electrical  work  done  in  the  circuit  consists,  as  was  first 
showu  by  Joule,  of  two  parts,  work  spent  in  heat  in  the 
generator  and  motor  and  in  the  conductors  connecting 
them,  and  work  done  in   moving   the   motor  agtiinst 
external  resistance.     The  total  rate  at  which  electrical 
energy  is  given  out  in  the  circuit  is,  aa  we  have  seen, 
Ef  watts,  where  E  is  the  total  electromotive  force  of 
the  generator  in  volta,  and  7  is  the  number  of  amperes 
of  current  flowing.     The  rate  at  which  work  is  spent  in 
heiit  is  in  watts,  by  Joule's  law,  7*^,  where  It  is  the 
total  reaist^ince  in  circuit  in  ohms;  hence,  if  we  call  W 
the  rate  at  which  work  is  done  in  the  motor,"  we  have, 

£>i  =  -f-R-{W (!) 

Wc  may  write  this  e()uation  in  the  form, 

v  =  ^^''^ P) 

•  Wu  consiiler  Iicte  n  systpin  in  whicli  7  ia  constnnt,  nnd  ncplcct 
\n»&  of  unerKj  due  lo  Wa\  i-urrruts,  ic,  in  tLe  nii.tor.  For  inrocnm- 
tion  rq^nrding  Ilie  coniitriiiTtioii  uf  iiroutiuil  motors  nntl  tlmir  ovtinn 
Bcc  n  |«iicr  l.y  Profi.  Ayrioii  ami  I'erry,  Proe.  Soe.  TrI.  Knga.,  188S, 
r<'|>iil)liiilic<l  in  tli«  eWtrical  juurnnli,  li.aii\i' a  Electrir  Tramimiiisiom^ 
Fuwer,  ouii  Prof.  S.  P.  ThoraiBnii'K  bsmino-ElettrK  J/neAiaerj. 
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which  shows  that  the  current  flowing  is  equal  to  tha 
which  would  flow  id  the  circuit  if,  the  resistance  re 
maining  the  same,  the  motor  were  held  at  rest,  and  th< 
electromotive  force  diminished  by  an  amount  equal  t4 
K.JI.F.of  If/-/.  This  is  what  is  called  tlie  laf-k  clcctroniotivc fore 
Motor.  qC  ^[jg  motor,  and  is  due  to  the  action  of  the  motor  ii 
setting  up  an  electromotive  force  tending  to  send  i 
current  through  the  circuit  in  the  opposite  directioi 
to  that  of  the  current  by  which  the  motor  is  driver 
We  shall  denote  the  back  electromotive  force  hy  E^ 
Hence  equation  (2)  becomes. 


R 


and  the  rate  at  which  work  is  spent  in  driving  th 
motor  is  Syf. 

To  determine  E  we  have  simply  to  measure  with 
potential  galvanometer  or  voltmeter,  the  difference  ( 
potential  between  the  two  terminals  of  the  generato 
Calling  this  V,  and  ^|  the  effective  resistance  of  tli 
generator,  we  have  plainly, 


E=V  +  fEt 


{' 


Again,  since  7  and  also  the  total  resistance  R  in  tl 
circuit  can  be  found  by  measurement,  we  find  by  (3) 

£,  =  E~yR (. 

where  all  tlie  quantities  on  the  riglit-haud  side  a 
known. 


EXTERNAL  ACTIVITY  IN  MOTOR  CIRCUIT 

The  ratio  of  ^,7,  the  electrical  energy  spent  per  unit  j 
of  time  in  the  circuit  otherwise  than  in  heating  the 
conductors,  to  the  whole  electrical  energy  Ey  spent  iu  the  ■ 
circuit  per  unit  of  time,  that  is  the  ratio  of  M^  to  E,  we  < 
may  call  the  electrical  efficiency  of  tiie  arrangeinent. 
Denoting  this  efficiency  by  c,  we  find,  by  equation  (4), 


E^_ 

''  E 


1  -  ^. 


13. 


E- 


(6) 


Hence  the  smaller  7  is  made,  that  is,  the  slower  the 
energy  is  given  out,  the  valne  of  the  efficiency  of  the 
arrangement  is  the  more  nearly  equal  to  unity,  the  value 
of  the  efficiency  of  an  an"angemcnt  in  which  the  energy 
in  the  motor  done  against  external  resistance  is  exactly 
eqnal  to  the  whole  electrical  enei-gy  given  out  iu  the 
circuit. 

When  however  energy  is  spent  at  the  maximum  rate 
in  working  the  motor,  E^y  has  its  greatest  value.  But 
by  (5) 

E^t  =  Ey-'fR=  W. 

This  equation  may  be  written, 

a  quadratic  equation  of  which  the  solation  is, 


ArraDge- 
ineut  of 
Maximnm 

Electrical 
Efficiency. 


E± 


2B 


Now  in  order  that  thcae  values  of  y  may  be  real,  iRW 
cannot  be  greater  than  E^.  Hence  the  greatest  value 
W  can  have  is  E^j^B,     When  W  bas  this  maximum 
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Amoge-  value,  7  is  equal  to  JS/iR,  and  thereforo  B^  equal  to 
Huiranm  S/i.  Hence  the  electrical  efficiency  is  \.  It  is  to  be 
Aetiritjr.  ygp^  carefully  observed  that  although  in  this  case  the 
arrangement  is  that  of  greatest  electrical  activity,  it  la 
not  that  of  greatest  electrical  efficiency,  as  it  has  only 
about  one-half  the  efficiency  of  one  in  which  enerjty  is 
given  out  at  a  very  slow  rate.  The  case  is  exactly 
analogous  to  that  of  a  battery  arranged  so  as  to  give 
maxitnum  current  through  a  given  external  resistance 
(see  Vol.  I.  p.  148). 

All  that  has  been  stated  above  is  applicable  to  the 
case  of  a  motor  fed  by  any  kind  of  generator  whatever. 
Tlie  generator  employed  however  is  generally  sonic 
form  of  dynamo-  or  magneto-electric  machine  driven 
by  an  external  motor,  such  as  a  steam-  or  gas-engine  oi 
a  water-wheel,  and  a  few  of  the  results  obtained  below 
apply  only  to  such  cases,  which  will  be  indicated  as 
they  occur. 
CiM  of  When  the  generator  and  motor  are  exactly  similar 
^"^tor  macl'iies,  and  the  same  current  passes  through  both, 
SiroiUr  the  ratio  of  E^  to  E  will  he  that  of  nAf{i)  to 
u'jt/{y) ;  where  ?t  and  n'  are  tlio  speeds  of  the 
machines,  A  a  constant  depending  on  the  form  and 
disposition  of  the  magnets,  and  ^7)  a  function  of  the 
current.  Hence  in  this  case  the  efficiency  is  measured 
simply  by  the  ratio  of  the  speed  of  the  motor  to  that  ol 
the  dynamo.  The  more  nearly  tlierefore  tlie  speed  ol 
the  motor  approaches  to  that  of  the  generator,  the 
greater  is  the  efficiency.  It  is  to  be  observed  liowevei 
tliat  two  machines  identically  alike  will  not  in  practice 
be  perfectly  similar  in  their  action,  even  with  the  same 
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currents  flowing  in  their  armatures  and  field-magnet 
coiU.  Tlie  armature  currents  tend  to  weaken  the  field 
in  the  generator,  and  to  strengthen  the  field  in  the 

motor. 

In  general,  the  higher  the  speed  at  which  the  motor 
is  run,  the  greater  is  the  eJectrical  efficiency  of  any 
arrangement,  for  it  is  obvious  that  the  higher  the  speed 
the  more  nearly  does  i'j  approach  to  E,  and  therefore 
the  vdue  oiEJE,  the  measure  of  efficiency,  to  unity. 

For  a  constant  difference  E  —  E^,  the  ratio  of  the 
energy  spent  in  heating  the  conductors  by  the  current 
to  tlio  whole  energy  expended  in  the  circuit,  may  he 
reduced  by  increasing  the  electromotive  force  E  of  the 
circuit.  If  E  be  increased  to  nE  wliile  .ff,  is  changed 
to  i"j,80  that  nE-E^  =  E~  ^j,  the  electrical  cfliciency 
is  raised  to  {ii-l)iH  +  EjliiE,  or  {(n- l)/n  +  l/)t'*'}  of 
the  former  efficiency.  Clearly  as  m  is  increased  this 
approaches  more  and  more  nearly  to  unity. 

Tlie  enerify  apont  in  lioat  is  y'ff,  or  {B- i',)*/Ji,  mi  tlie  ratio   Electrical 
of  tliin  tu  £y  is  yUfS.      But  yh  is  equal  to  thu  conxtnnt  differ-   Efficiency 
once   A'-A'„  Iichch   tlio   riitio   is  {E-Eij/K.  and   tliis   liccomes    inoreMed 
mnnller  as  E  U  incrciiseil.     A   grealor   efHcicncy   'in  therefore      ^7  >!■■ 
nbtninetl  by  using  liigli  potentials  tlian  by  using  low  potentials.  i.'^Tf'Sr"? 
IJunoo  a  ;ire!iter  eleulricnl  eHidenpy  ib  realiKed,  willi  d  given     ~      v"* 
nia^'nolo-  or  dymiuio- electric  niaclaue  tiseii  as  generator  and  a    '-'•^'"^ 
given  motor,  when  both  gi'nonitor  and  iiintdr  are  run  at  liighcr 
Bpeeils.    Consequently  tlie  generator  aliunld  ht-  run  as  fast  as 
possible,  and  the  motor  loaded  liglitly,  or  tbe  speed  with  which 
the  working  resistance  is  overcome  reduced  by  gearing  between 
it  and  the  niotor. 

Wlien  high  potentials  are  obtained  hy  tlie  use  of  macliinee  Effect  of 
wound  with  fine  wire,  or  hy  using  an  generator  a  battery  of  a  iuureased 
large  nunilier  of  cells  joined  in  series  to  drive  a  high  potential  E.M.F.  in 
tnotnr,  the  gain  of  electron lotive  force  is  accompanied  by  an  different 
incru.-i8e  of  rusistaNce  in  the  circuit     Itiit  if  wo  suppose  the      C«"s. 
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Rpeed  of  the  moior  to  he  eo  regulated  that  the  diiTerenco 
between  the  total  electromolivo  force  in  the  circuit  nnd  tlie  back 
electromotive  forre  of  the  motor  remaiiia  the  Riinie  ia  llie  differ- 
ent cuKCH,  it  iu  easy  to  show  thnt  the  electrical  efficiency  of  the 
arrangement  is  greater  for  liinh  electromotive  forces  than  for 
low.  If,  as  aiippoHed,  E-E^  remains  constant,  while  E  is 
changed  to  tiE,  we  have  for  the  total  aetivity  of  the  motor 
iiEy-  (ff-  i'l)  y.  Diriding  this  hy  nEy  we  gel  fur  the  electrical 
elliciency. 


As  R  ia  made  cheater  and  grenter,  the  first  term  on  the  riglil 
becomes  mure  nnd  more  nearly  equal  to  unity,  nnd  the  lost  term 
to  zero,  llence,  on  the  supposition  made,  the  efficieney  is  in- 
creased by  increiising  the  working  electromotive  forces.  Tuking 
as  a  particular  case  «=2,  wo  see  that  the  efficiency  ie  i  togetliei 
with  one-half  of  tlie  former  efficiency;  if  n  =  4,  the  ellieicncy  ie 
J  together  with  one-fourth  of  tl  e  former  efficiency,  and  so  on  for 
other  values  of  n.  This  result  holds  for  any  case  whatever  in 
which  the  condition  that  E  —  E,  should  remain  constant  u 
fulfilled;  and  hence  it  is  independent  of  any  change  that  may 
have  been  made  in  the  resisianceu  of  the  generator  or  motor  in 
order  to  oblaiii  tlie  higher  electromotive  force  n£.  For  example, 
it  is  plain  that  no  scuaible  change  in  the  actual  rate  of  Iohh  by 
heating  of  the  conductors  by  the  current  will  be  produced  by 
increasing  the  resistances  of  the  generator  nnd  motor,  if  these 
be  very  small  in  comparison  with  tlie  remainder  of  llic  redstance 
in  circuit;  as,  since  £-£,  remains  constant  and  the  resistance 
is  {iractieally  the  same  as  before,  the  current  streagtli  will  not  be 
perceptibly  altered.  Tiie  ratio,  however,  of  tlic  activity  wasted 
in  lieating  to  the  total  activity  will  be  only  1,'iith  of  what  it  wae 
before.  In  tlie  opposite  extreme  case,  in  which  the  generatoi 
and  motor  have  practically  all  the  resistance  in  circuit,  Iht 
current, ■y(  =  (£-£',)/fl)i "9  diminished  in  the  ratio  in  which thf 
resistance  is  increaied ;  and  the  actual  rate  of  loss  by  heal 
according  to  Juulo'e  law,  (£-£,)'/fi,  is  diminished  in  the  saint 
ratio,  so  that,  as  in  the  former  case,  its  ratio  to  the  total  activity 
n^  is  I/nth  of  what  it  was  for  the  electromotive  fori'e  E.  W( 
see,  therefore,  that  here  also  the  efficiency  must  be  the  same  it 
both  ca^ee. 
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We  have  called  EJS  the  electrical  e£icie>icy  of  the  ^JfY^ 

...  ,  1.         1    1      -  1      1       Efficiancy 

arrangement,  but  this  is  not  to  be  cnnfounded  with  the  of  Motor. 

efficiency  of  the  niotoi  itself.  The  activity  £,7  in- 
cludes the  wasted  activity,  or  rate  at  which  work  is  done 
against  frictional  resistances  in  the  motor  itself,  and  in 
the  gearing  which  connects  it  with  its  load,  as  well  as 
the  useful  activity  or  rate  at  which  it  perfonns  useful 
woik.  Heuce,  although  the  electrical  efficiency  of  the 
arrangement  be  very  great,  only  a  small  amount  com- 
paratively of  the  energy  given  to  the  motor  may  be 
usefully  expended,  and  vi-ce  versd;  and  we  define  there- 
fore the  efficiency  of  a  motor  at  any  given  speed  as  the 
ratio  of  the  useful  activity  to  the  whole  activity,  taking 
as  the  latter  the  total  rate  at  which  electrical  energy  is 
expended  in  the  motor ;  that  is,  S^y  -\-  y'R^,  or,  which 
is  the  same,  Vy,  where  V  is  the  difference  of  potential 
between  the  terminals  of  the  motor.  Accordingly,  if  A 
be  the  useful  activity,  we  have  for  the  efficiency  of  the 
motor  the  ratio  A(  Vy.  We  may  call  this  the  working 
efficiency  of  the  motor. 

To  determine  tliie  ratio  in  any  pitrticiilar  esse  tlie  motor  is  run  Meagiin- 
at  tlie  required  speed,  V  is  measured  with  a  potential  galvano-    ment  of 
moter,  and  y   witli  a  current  galvanometer,  and  tlieir  product   Working 
token,  or  fyxa  determined  witli  some  f urm  of  eloctriual  activity-   Efficiency 
meter,  while  A  ie  detcrmiued  by  means  of  a  suitable  ergometer,   "^  Motor. 
A   very   convenient   and   accurate   friction   ergometer   may  bo 
formed  by  passing  a  cord  once  completely  round  llie  pulley  of 
tlie  motor,  and  banging  a  weiglit  on  the  downward  end,  while 
the  other  is  made  to  pull  on  a  spiral  spring  fixed  at  its  upper 
end  and  provided  with  an  index  to  sliow  its  extenxion.     The 
weight  is  adjusted  xo  that  the  motor  runs  at  the  reijuired  epeed, 
while  wasting  all  its  work  in  overcoming  the  friction  of  the 
cord,  and  tiic  extension  of  the  spring  is  noted,  and  the  corre- 
sponding pull  found  in  the  same  unitu  of  foroe  as  those  used  Id 
estimating  the  downward  pull  due  to  the  weight.  Let  the  weight 
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a^ed  in  nny  experiment  be  tnken  in  grammes,  and  be  denoted 
by  a,  and  let  v'  be  tbc  number  of  grammee  required  to  xtretch 
tlie  Hpring  by  gravity  to  the  same  amount,  tlien  tlie  total  force 
overcome  lain  dynes  (■I'  —  w')^,  wliere^ia  the  acceleration,  in  ceti- 
tinetres  per  second  per  second,  produced  by  gravity  at  the  place  of 
experiment  (at  London  g  —  981'17  nearly).  If  »  be  tlie  number 
of  revolutions  per  second,  and  c  tlio  circumference  in  cms.  of  tlie 
pulley  at  the  part  toucliod  by  tbe  rope,  tlie  velocity  with  wbich 
this  force  ie  overcome  is  nc,  and  therefore  the  activity  in  ergs 
per  second  is  ne(io  —  w')g.  If  ji  la  reckoned  in  watts,  we  have 
the  equation, 

^-i^«'<"-«')y («> 

If  V  —  ttf  be  taken  in  ponnds,  and  t  in  feet,  and  n  be  the 
number  of  revolutions  per  m'timtt,  the  activity  in  horse-power  is 
given  by 

■'-iko'"---'^ '=> 

and  in  watts  approximately  by 

A  -  ■0226«<^(«>  -  »') (9') 

GuieiHtor       \Vg  have  now  considered  cases  in  which  electrical 
Charging 
Storage    energy  is  transformed  into  mechanical  work  by  means 

Electrical  ^^  motors  working  by  electromagnetic  action,  and  have 
Effloiancy  seen  that  the  whole  electrical  activity  £■/  In  the  circuit 
Arrange-    '^  equal  to  the  useful  activity  of  the  motor  together 
ment      ifi'iWy  the  unavailable  part  spent  in  heating  the  con- 
ductors in  circuit,  and  in  overcoming  the   frictional 
resistances  opposing  tbe  motion  of  the  motor.     Part  of 
the  electrical  energy  developed  by  a  generator  may 
however  be  spent  in  effecting  chemical  decompositions 
in  electrolytic  cells  placed  in  the  circuit,  as,  for  example, 
in   charging   a   secondary  battery   or   "  accumnlator." 
Each  cell  in  which  electrolytic  action  takes  place,  so 
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that  the  result  is  chemical  separation  at  the  plates  of  the 
constituents  of  the  solution  acted  on,  opposes  a  counter 
electromotive  force  to  that  causing  the  current,  and  the 
work  done  per  second  in  each  cell  over  and  above  that 
spent  in  heat  according  to  Joule's  law  (p,  75),  is  equal 
to  the  product  of  this  counter  electromotive  force  into 
the  strength  of  the  current.  In  most  cases  the  counter  ' 
electromotive  force  exceeds  the  electromotive  force  re- 
quired to  effect  the  chemical  decompositions,  and  the 
energy  corres|Jondiiig  to  the  difference  of  electromotive 
force  appears  in  the  form  of  what  has  been  called  local 
heat  in  ths  electrolytic  cells. 

In  the  case  of  a  secondary  battery  charged  by  tlie 
current  from  an  electrical  generator,  which  is  the  only 
case  we  shall  here  consider,  the  activity  spent  in  the 
battery  while  it  is  being  charged  is  equal  to  the  product 
of  the  difference  of  potential  existing  between  the 
terminals  of  the  battery  while  the  current  is  flowing, 
multiplied  by  the  strength  of  the  current.  Let  V  be 
this  difference  of  potential  in  volts,  and  7  the  current 
strength  in  amperes,  then  Vy  joules  is  the  whole  work 
per  unit  of  time  spent  in  the  battery.  The  whole 
activity  spent  in  the  circuit  is  £y,  or  Vy  +  y'Ji,  where 
H  is  the  total  electromotive  force  of  the  generator,  and 
.B  is  the  resistance  of  the  generator  and  the  wires  con- 
necting it  with  the  secondary.  Again,  if  Ji^  volts  bo 
the  electromotive  force  of  the  secondary  battery,  which 
may  be  measured  by  removing  the  charging  battery  lor 
an  instant  and  applying  a  potential  galvanometer  to 
the  terminals  of  the  secondary,  the  activity  actually 
spent  in  charging  the  battery  may  be  taken  as  i'jy. 
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Hence   the   ratio   of  the   activity   spent   in   charging 

the  battery  to   the  whole   activity  in   the   circuit   u 

SJi  V  +  Sy)  or  SJU,  and  the  activity  wasted  in  heat' 

ing  the  conductors  in  circuit  is  {E—E-^.     This  ratic 

E^jE  is  the  same  as  that  found  above  in  the  case  of  i 

generator  and  a  motor,  and  may  bo  called  as  before  tht 

electrical  efficiency  of  the  arrangement. 

Arrange-       Hence,  in  order  that  as  nearly  as  possible  the  whok 
tuentof     ,       .     ,  .       ,       .       . 

Muimnin  electncal  energy  given  out  in  the  circuit  may  be  spcn1 


in  circuit  as  suffice  to  nearly  balance  the  electromotive 
force  E  of  the  generator,  that  is,  the  cliargiog  should  be 
made  to  proceed  as  slowly  as  possible.  In  practice; 
however,  a  very  slow  rate  of  charging  is  not  economical 
as  the  work  spent  in  driving  the  generator,  if  a  dynamo- 
or  magneto-electric  machine,  against  frictional  resist- 
ances would  be  greater  than  the  useful  work  done  in 
the  circuit ;  and  if  the  speed  of  the  generator  slackened 
for  a  little  the  battery  would  tend  to  discharge 
through  it. 

Effect  of  Aa  in  the  case  of  the  motor  (p.  265),  the  electrical 
E.M.F.  in  efficiency  of  the  arrangement  can  be  increaj^ed  by  in- 

Circnit.  creasing  .ff  and -ip  SO  that£— i',  is  maintained  con- 
stant. E  may,  in  the  present  case,  be  increased  by 
running  the  generator  faster,  or  by  using  a  machine 
adapted  to  give  higher  potentials.  As  before,  if  .ff  be 
increased  to  nE,  while  A\  is  changed  to  E"  so  that 
nE  —  E  =  E  —  E^,  the  electrical  efliciency  becomes 
(n  —  l)/re  -(■  EJnE  as  in  (7)  above. 
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Tbe  electromotive  force  of  a  Faure  or  storage  cell  is  rntlnfr  Measnre- 
over  2  rolts  when  fully  charged,  but  is  consiilerobly  less  wlieti  ment  of 
nearly  disci inrged.  When  the  cell  ia  plnced  in  tbe  cbnrgirg  ^""M" 
circuit,  the  counter  electromotive  forco  wliicb  it  opposos  riseB  ™|'*"  -  '" 
quickly  to  a  littlo  Iohb  than  this  value,  and  thereafter  gradually  t'''"K'>'B- 
increases,  while  the  charging  current  falls  in  strength.  In  order 
to  measure,  therefore,  the  wbolu  energy  spent  in  charging  n 
secondary  battery,  wo  must  either  use  some  form  of  integrating 
eDergy-mcter  which  C'VO"  accurate  rosulln,  or  nicaHiire,  at  tiliort 
intervals  of  time,  Fwitb  a  potential  galvanometer,  and  y  with  a 
current  gulvanonietor  placed  permanently  in  the  circuit.  After 
the  battery  baa  been  charged,  tbe  total  number  of  joulea  apent 
in  obtained  by  multiplying  each  value  of  /y  by  the  number  of 
aeconda  between  the  instant  at  which  the  corresponding  readings 
were  token  anrl  that  at  which  the  neit  pair  of  readinga  were 
taken,  and  adding  all  the  results.  Or,  more  exactly,  values  V 
and  y  are  obtained  for  each  interval  by  Rnding  the  aritbmetic 
means  of  the  values  of  /'  and  of  y  at  the  beginning  ami  end  of 
each  interval,  and  taking  the  product  of  these  two  means  as  the 
value  of  the  activity  for  that  interval.  Each  product  is  multi- 
plied by  the  number  of  Beconds  in  the  corrcHpunding  interval, 
and  the  sum  uf  the  products  is  the  whole  energy  spent.  The 
integral  work  in  joules  having  been  thus  estimated,  the  elBuiency 
of  the  battery  may  bo  obtained  by  finding  in  the  same  manner 
the  total  number  of  joules  given  out  in  the  external  working  circuit 
while  the  battery  is  discharging.  The  ratio  of  the  useful  work 
tliuB  obtained  to  the  whule  work  spent  in  charging  is  the  efficiency 
of  the  battery.  In  discharging  in  an  electric  light  circuit,  the 
greatest  economy  is  obtained  when  tlie  resistance  of  the  working 
part  of  the  circuit  is  very  great  In  comparison  with  that  of  the 
battery  and  main  conductors.  Neglecting  the  latter  part  of  the 
resistance,  we  see  that,  if  a  large  number  of  lamps  are  arranged 
ID  multiple  arc,  a  large  number  of  cells  should  also  be  joined  in 
multiple  arc,  so  that,  while  the  requisite  difierence  of  potential  is 
obtained,  the  resistance  of  the  battery  is  still  small  in  comparison 
with  that  of  the  external  circuit. 


As  regards  the  mcasureinent  of  energy  spent  in  electric  Mrarore- 

light  circuits,  in  which  continuous  currents  arc  flowing,  ^*tivitv 

we  have  alread)'  sufficiently  indicated  above  how  this  Spent  in 

may  be  done.     To  find  the  activity,  or  work  spent  per  current 

unit  of  time,  in  any  part  of  a  circuit,  we  liave  only  to  Circuits. 
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find  the  difference  of  potential,  Y,  in  volts  between  its 
extremities  with  a  potential  galvanometer,  and  the 
current,  y,  in  amperes  flowing  through  it  with  a  current 
instrument.  If  the  activity  be  constant,  we  have  simply 
to  multiply  Yf  by  the  number  of  seconds  in  any 
interval  of  time,  to  find  the  number  of  joules  spent  in 
that  time  in  the  part  of  the  circuit  in  question.  If 
the  activity  is  variable,  the  whole  energy  spent  in  any 
time  may  be  estimated  by  finding  V'^  at  short  in- 
tervals of  time,  and  calculating  the  integral  as  just 
explained. 

Klectric«l       fJQ  far  ^e  have  been  considerinE;  only  measurements 
Activitym  ,      .       ,        ,        .         .,  .       °        ."^ 

Altemat-  made  in  the  circuits  of  battenes  or  of  continuous  cur- 
Cnmnt  "^^^^  generators.  Alternating  macliincs  in  which  the 
Oircuiu.  direction  of  the  current  is  reversed  two  or  three  hundred 
times  a  second  are,  however,  fre fluently  employed, 
especially  in  electric  light  circuits,  and  it  is  necessary 
therefore  to  consider  the  methods  of  electrical  measure- 
ment available  in  such  cases. 

The  only  electromagnetic  instruments  which  can  be 

used  in  alternating  circuits  are  such  as  depend  on  the 

mutual  force  between  two  current-carrying  conductors. 

E lee trodynamo meters  generally,  and  current  weighers, 

such  as  those  described  in  Chap.  VII,  are  instruments 

which  act  on  this  principle,  and  can  bo  used  both  in 

alternating  and  in  continuous  current  circuits.      We 

have  only  to  indicate  here  how  they  can  be  applied  to 

measure  currents,  differences  of  potential,  and  activity 

in  constant  or  alternating  current  circuits. 

Practical       Jq  practical  work  the  instruments  on  this  princiulc 

Instm-  ,.11  1  1  ,    . 

menu      usually  employed  are  such  as  require  to  have  tiieir  con- 
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stunts  determined  by  comparison  with  standard  in- 
struments, such  as  a  standard  tangent  galvanometer, 
or  a  standard  dynamometer,  and  are  dealt  with  in 
Chap.  VII.  We  may  here  mention,  in  addition, 
Siemens'  olectrodynamometer,  in  which  a  suspended 
coil  is  acted  on  by  a  fixed  coil,  and  the  strength  of 
the  current  deduced  by  means  of  a  table  of  values  for 
different  angles,  from  the  torsion  which  must  be  given 
to  a  spiral  spring  to  bring  the  coil  back  to  the  zero 
position. 

When  an  instrument  on  this  principle  is  arranged  for  Activitf- 
use  as  an  activity-meter,  one  set  of  coils,  the  fixed  or  ^ 
the  movable,  is  made  of  thick  wire  so  as  to  carty  tlie 
whole  current  in  the  circuit,  while  the  other  set  is  made 
of  high  resistance  and  is  connected  to  the  two  ends  of 
the  part  of  the  circuit  in  which  the  electrical  activity 
is  to  be  measured.  In  this  case  the  force  or  couple 
required  to  restore  the  movable  coils  to  the  zero  posi- 
tion is  proportional  to  the  product  F7  of  the  difference 
of  potential  and  current,  that  is  to  the  activity,  for  that 
part  of  the  circuit;  and  if  the  instrument  has  been 
properly  graduated  this  can  be  at  once  read  off  in  watts, 
or  in  any  other  chosen  units  of  activity.  InstmmentB 
of  tills  kind  have  been  made  by  Professors  AyrtoQ  and 
Perry,  Sir  William  Siemens,  and  Lord  Kelvin,  Lord 
Kelvin's  form  •  is  a  modification  of  the  balance 
described  above  (Chap.  VII),  in  which  the  main  current 
is  sent  through  one  set  of  the  mutually  acting  coils, 

•  For  a  fall  dwcriplion  act  the  anthor'i  Smaller  TrMtiie,  Chap.  Til. 
VOL.  11.  U  n 
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which  are  therefore  of  low  reBistance ;  while  the  otiu 
sat  of  coils  are  of  high  resistance  aad  ore  applied  i 
the  terminala  of  the  porUoa  of  the  circuit  in  which  th 
activity  is  to  be  measured,  and  therefore  cany  a  cuirei 
proportional  to  the  difference  of  potential  between  thoi 
two  points. 
HeuuM*  We  shall  now  consider  the  measurement  of  current 
Altanifa  ^^^  differences  of  potential,  and  therefore  also  of  elec 
CnrnDt  trical  energy  in  the  circuits  of  alternating  machines  « 
of  transformers.     In  all  such  circuits  the  march  of  tfa 


Cfnuitt, 


current  in  each  complete  alternation  may  be  state- 
roughly  as  a  rise  from  zero  to  maximum  in  one  direc 
tion,  then  a  dintinution  to  zero,  then  a  change  of  sigi 
and  a  rise  to  maximum  in  the  opposite  direction 
followed  by  a  diminution  again  to  zero.  The  law  ac 
cording  to  which  these  changes  take  place  is  more  o 
less  complex  in  the  various  cases,  and  the  complet 
mathematical  leprcsentation  of  the  current  strength  a 
any  time  would  require  an  application  of  Fourier' 
method  of  representing  any  arbitrary  periodic  functioE 
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by  means  of  an  infinite  seriea  of  simple  bannonic  terms 
of  the  fonn  Af»m{int-e{),  where  n  is  2ir  divided  by 
the  period  J"  of  a  complete  alternation,  Ai  and  «<  con- 
stants and  i  any  integer.  It  has  been  fuund  ezperi-  L«w  of 
mentally  by  M.  Joubert  that  the  variation  of  electro-  Ait«n«rte 
motive  force  in  a  Siemens'  alternating  machine  can  be  Current 
expressed  by  the  single  harmonic  term  ^sin  nt,  where 
we  reckon  t  from  the  instant  at  which  the  electromotive 
force  was  zero  when  changing  from  the  direction 
reckoned  as  negative  to  that  reckoned  as  positive. 
The  values  of  £ainTt^  are  shown  graphically  by  the 
ordinates  of  the  curve  in  Fig.  147,  (  being  measured 
from  A  along  AB.  The  maximum  and  minimum  ordi- 
nates CS.  DF  are  in  length  numerically  equal  to  the 
electromotive  force  E.  This  law  applies  fairly  to  many 
alternating  machioes,  and  we  assume  its  truth  in  most 
of  what  follows  (see  however,  Hopkinson's  experiments 
on  rapid  cycles  of  magnetization,  curves  A,  Chap.  XIII. 
Sect.  III.).  The  more  general  case  can  be  dealt  with, 
when  results  for  it  are  interesting  or  useful.  By  means 
of  a  proper  contact  arrangement,  which  makes  connec- 
tion with  an  electrometer  at  different  instants  during 
an  alternation,  the  values  of  the  diffarence  of  potential 
between  the  terminals  at  these  instants  can  be  obtained. 
If  the  difference  of  potential  does  not  follow  the  simple 
law  of  si^QS,  the  simple  harmonic  constituents  can  be 
deduced  by  the  method  of  Least  Squares  (see  Appendix), 
from  a  sufficient  number  of  such  observations. 

The  current  strength   is  affected   by  the  action  of 
self-induction  to  a  greater  or  less  estent  in   all  such 
u  u  2 
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machmes  independently  of  the  disposition  of  Hb 
external  circuit,  especially  if  the  revolving  armatui 
contains  iron ;  but,  aa  shown  below,  it  Follows,  with 
difference  in  phrase,  the  same  law  as  does  the  electrc 
motive  force.  The  effect  of  variations  in  the  fiel 
magnets  produced  by  the  rotating  armature  has  also  i 
a  rigorous  theory  to  be  taken  into  account,  but  this  effec 
in  well-designed  machines  without  iron  in  their  arms 
tures  is  not  great,  and  where  experiments  have  bee 
made  to  detect  it;  has  been  found  to  be  slight,  and  w 
shall  therefore  neglect  it. 

Mean  Writing  then  v  for  the  cnireTit,  at  a  time  t,  reckoned  froi 

Currant    the  instant  at  wliicli  ilie  current  was  zero,  we  have 
in  Alter- 

S.  >-^-"'     ■     ■         ■ 


Ci: 


fTI2  fT/i  JT 

j      ydl  =  AJ      »innldl  =  —      .     .     .     .      (1! 

Hence  if  £7  denote  the  mean  current  in  thnt  time,  we  have 

T-  =  — (tS 


Heatnre-       Now  if  an  clectrodynainometeT  bo  placed  in  the  clrcmt  s 

ment  of    that  the  same  current  poHseB  through  botli  its  fixed  and  movabl 

Mean       coIIh,  llie  current  in  both  will  be  reverHcd   at  the  same  inetani 

Current,    and  their  mutunl  action  will  be  the  anme  for  the  eome  cnireu 

Btrongth,  and  will  he  proportional  to  C'  that  is  to  A*B\tftU,    1 

the  period  of  the  altomation  be  amall   in   comparison   with  th 

period  of  free  oscillation  of  the  movable  coil  system  of  th 

dynamometer,  the  mutual  action  of  the  fixed  and  movable  coil 
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will  be  the  same  as  if  »  continuous  current  y'  given  bjr  the 

equution 

'•■4/>-C""""""-   ■   ■   ■   <"'   'rf 

Current  to 
were  kept  flowing  througli  them.    But  by  iiitegratiun  Square 

Boot  of 
jp  Mean 

y''  =  — (15)   Square  o( 

*  Current. 

and  substituting  from  (13)  in  this  equation,  we  get 

y«  =  l^y=I)003/ (IC) 

In  order  therefore  to  find  the  actual  mean  current 
streugth  in  the  circuit  of  an  alternating  machine  from 
the  value  of  7'  given  by  a  current  dynamometer  we 
must  multiply  the  latter  by  '9 ;  in  other  words  the  mean 
current  strength  ia  9/10  of  the  strength  of  the  contin- 
uous current  which  would  give  the  same  deflection. 
The  product,  if  7'  has  been  taken  in  amperes,  multiplied 
by  the  number  of  seconds  in  any  interval  of  time  during 
which  the  machine  has  been  working  uniformly  on 
the  same  circuit,  will  give  the  number  of  coulombs  of 
electricity  which  has  flowed  through  the  circuit  in  that 
time. 

The  measurement  of  diflerences  of  potential  is  how-  Meaanre- 
ever  attended  with  more  diSiculty  on  account  pf  the  DifTereuce 
effect  of  the  self-induction  of  any  electromagnetic  in-  "tiaTby 
strument  which  can  be  applied  to  the  circuit  for  this  I'lioetatic 
purpose.  The  following  method  of  employing  a  meter," 
quadrant  electrometer  for  this  purpose  has  been  used 
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iditMtatic  by  lit,  Joiibert.*     The  needle  of  the  instrument  is  lei 

Elaoiro-    uncharged,  and  the  charging  rod  connected  with  it  an 

"'"'*''■     ased  08  a  third  electrode.     If  the  needle  be  connecte 

to  a  point  in  the  circuit  at  which  the  potential  is   1 

relatively  to  the  outside  case,  one  pair  of  quadrants  a 

a  point  at  which  the  potential  is  V^.  and  the  other  pai 

at  a  third  point  where  the  potential  is  P"j,  and  if  i)  b 

the  deflection  of  the  spot  of  light  corresponding  to  th 

angle  (supposed  small)  through  which  the  needle  ha 

been  turned  against  the  bililar  suspension,  then  subjec 

to  the  caution  below  we  have  (Vol,  I.  p.  297) 


=  4(^1-  r,)(r. 


.ri±l3\ 


(17 


where  k  is  &  constant.  M.  Joubert  connected  tb 
needle  (and  case)  to  the  pair  of  quadrants  at  potentie 
F'j,  so  that 


This  equation  is  applicable,  whatever  the  law  of  tb 
electrometer,  provided  k  be  determined  by  a  proces 
of  calibration  with  known  differences  of  potential. 

It  has  been  found  by  Professors  Ayrton  and  Perr 
and  Mr.  Sumpner  -|-  that  when  a  quadrant  electromete 
is  used  idiostatically  the  metallic  cheeks  left  where  tb< 
guard-tube  is  cut  away  for  the  needle  exert  an  influeoo 
on   the   needle   in   its   unsym metrical   position   whei 


*  CompUi  Bmdut,  Julj   1830. 
Hay,  1883. 

t  Phil.  Traia.  R.S.,  A.  ISBl. 
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deflected  which  rendera  the  formula  (17)  seriously  in- 
accurate. It  may  be  used  however  without  correction 
for  values  of  F  up  to  about  100  volts.  In  quadrant 
electrometers  now  (1892)  being  manufactured,  the 
guard-tube  is  dispensed  with.* 

A  multicellular  or  vertical  voltmeter  f  may  (pre- 
ferably) be  used  instead  of  the  quadrant  electrometer, 
except  when  three  points  at  different  potentials  are  to 
be  connected  to  the  electrometer  at  the  same  time. 
Any  doubt  as  to  the  applicability  of  the  expression  on 
the  right  of  (18),  with  k  a  constant,  is  avoided,  for  in 
these  instruments  the  values  of  different  deflections  on 
the  scale  have  been  fixed  by  experiment. 

If  the  terminals  of  the  electrometer  employed  be  con- 
nected to  any  two  points  in  the  circuit  of  a  machine  in 
which  the  period  of  alternation  is  short  in  comparison 
with  the  free  period  of  the  needle,  the  couple  acting  on 
the  needle  will  be  at  each  instant  proportional  to  the 
second  power  of  the  difference  V^  ~  V^  of  potential 
existing  between  these  two  points  at  that  instant. 
Also  as  in  the  similar  case  of  the  dynamometer  above, 
the  deflection  of  the  needle  will  be  the  same  as  that 
which  would  be  produced  by  a  constant  difference  of 
potential  V  given  by  the  equation 

v^-],\\r,-v;)Vt  ....   (19) 

*  To  ileMn.  Ayrton  Kud  Perry's  iiutniment  (IS)  wa«  tpplicablo 
only  wheu  tlie  dialance  apart  of  the  quadrants  was  3*9  mms.  The 
distance,  if  any,  of  the  quadrants  apart  for  which  the  fonnnla  is 
correct,  should  be  found  by  oxperiinent  for  each  electrometer  oted  in 
this  mamicr. 

t  See  Smaller  TrentiM  Chap.  VII.,  «&d  Vol.  I.,  p.  3Q1. 
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664  ELECTRICAL  ACTIVITY 

DiOVroocc        Jf  we  denote  the  actaai  maaa  diSdreace  of  poteatut. 

tial:  True  by  V^,  then  Since  tlie  difference  of  potential  followi 

^Sa''     ^^  same  law  of  variation  as  the  current  we  get  aUo 

"  K.  =  -90037' (20: 

If  we  know  the  resistance  in  the  part  of  the  externa! 
circuit  between  the  points  at  wliich  the  electrometei 
electrodes  are  applied,  then  calling  this  resistance  H 
and  supposing  that  tliis  part  of  the  circuit  contains  n( 
motor  or  other  arrangement  giving  a  back  electro 
motive  force,  aud  that  the  ratio  of  its  self-induction  U 
the  period  of  alternation  is  zero  or  negligible  in  com- 
parison with  R,  we  have  for  the  nieau  value  of  th< 
cunent  K_/7i,  and  thus  by  weans  of  an  electrometei 
alone  we  can  measure  not  only  the  diSercnce  of  poten 
tial  between  tLe  ends  of,  but  also  the  cuiTent  in,  tha 
portion  of  the  circuit. 

Eubancod       ^  jg  j^  ^e  noticed  that  the  resistance  of  the  con 
EeawUnue 

to  Alter-  ductors  iu  circuit  is  less  the  greater  the  frequency  o 
Current'  alternation.  This  variation,  as  explained  at  p.  32t 
distin-     above,  is  due  to  the  fact  that  as  tLe  alternation  in 


guished 


cieascs  in  rapidity  the  current  is  mure  and  more  con 
tilled  by  inductive  action  to  the  outer  strata  of  the  con 
ductor,  which  is  therefore  virtually  reduced  in  section 
This  is  not  to  be  confounded  with  the  fictitious  increas< 
of  resistance  seen  in  the  expression  JR"  +  n-I,'  (see  p 
667  below)  which  arises  directly  from  the  eloctromotivt 
force  of  self-induction;  but  is  a  real  increase  of  th( 
value  of  R  for  the  current  in  question.  (See  table  of  thi 
resistances  of  conductors  at  different  periods  of  alterna 
tion  in  Appendix.) 


b/>'- 
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Denoting  by  Am  the  mean  value  of  the  electrical  activily  in.  Mean 
tills  pnrt  of  the  circuit,  still  supposing  the  Belf-inductioti  of  tliis  Activity 
part  to  be  negligible,  we  Lave  plainly  "■  Alt**- 

n).*.^*.  .  .  .  (2.)  ^' 

In  the  .same  way,  einco  the  value  of  the  electrical  activity  at 
niiy  instunt  is  y'H,  we  have  from  the  results  of  experiments 
made  by  an  elect  roily  naniotueter, 

^,=  ^j'V'''-y''^ (22) 

From  these  two  results  we  get 

A^=ry' (23) 

Thnt  is 

The  true  mean  value  of  the  electrical  activity  is  equal  to  Effect  of 
the  procJuct  of  the  square  root  of  the  mean  square  of  the  induction. 
diEfereuce  of  potential,  by  the  square  root  of  the  mean 
square  of  the  current  strength.  It  can  therefore  be 
determined  by  means  of  an  electrometer  and  an  electro- 
dynamometer  of  negligible  self-induction  without  its 
being  necessary  to  know  the  resistance. 

We  shall  now  consider  the  case  in  which  the  self-induction 
cannot  be  neglected.  Let  R  be  the  total  resistance  in  the 
circuit,  y  the  current  flowing  in  it  at  the  time  /,  E  the  total 
electromotive  force  of  the  machine,  and  /,  tiie  inductance  for 
the  whole  circuit,  that  is,  the  number  which  multiplied  into 
dy'idt  gives  the  electromotive  force  opposing  the  increase  or 
diminution  of  the  current.  We  shall  suppose  L  a  constant, 
although  there  can  be  no  doubt  that  in  some  alternating 
mncliincs  its  value  ik  different  in  different  positions  of  tliu  armu- 
ture.  The  iron  cores  of  the  field  mngucts  act  to  a  greater  or 
less  extent  a^  cures  for  the  armulure  cuil>t,  and  aa  the  miignctic 
susceptibility  of  iron  is  a  function  of  the  strength  of  the  mag- 
netizing current,  £,  which  is  the  magnetic  induction  through 
the  armature  produced  per  unit  of  its  own  current,  must  vary 
accordingly. 


«H  ELECTBICAL  ACTIVITY 

Thtory  of  Still  for  cerUin  altenuttora  which  have  no  iron  in  tlieir  armi 
C&cnit  tuns  the  Tariation  of  L  with  the  position  of  the  armature  i 
^?°?'  alight.*  It  will  also  be  aaaumad  that  ibere  are  no  macBea  o 
^?''~ft     metal  in  which  local  currents  can  be  generated  moving  in  ^ 

^^^^     field.    On  theae  aaaiunptiona  tlie  equation  of  tiie  current  ia 
B.M.F. 

Jiy-B-L^y^ CM 

But  by  the  law  which  we  have  asflunied  for  the  machine, 

B  =  *q  am  nl  =•  En  m.n  nt '    (2G 

where  i)  ia  a  conetant  such  that  E^  ia  the  maximum  value  of . 
tor  the  given  apeed.    Substituting  lu  (24)  we  get 

Lp+Sy^Etiemnl (2f 

which  integrated  becomea 

y  -  A-£'  +  -r^ "in  (■<  -  ')      ■    •    &'> 

sin.=     ,    "^        .^coa.,-     ,     ^  .    .     {it 

The  term  At~t^  ia  only  important  immediately  after  the  circu 
in  closed,  and  will  therefore  bo  neglected. 

W«  may  remark  that  if  L  were  equal  to  zero  (27)  won! 
reduce  to  y  —  EJR.  sin  nt,  which  correapondH  to  (12)  above. 
Mean  From  (87)  we  get  for  the  mean  current 

Cnmnt. 

2E  riiK+T/t  2E 


"  See  the  diM;u«ion  on  Mr.  W.  M  Hordcy's  paper  on  "Altematii 
Current  Workiog"  Inst,  of  Elect.  Eng.  May,  1889  (TA«  EUOrieiOi 
Uay  21,  31,  June  7,  Aug.  2,  18SB). 
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Also  tot  the  mean  square  of  the  curreot  itreD^th  u  given  Hon 
directly  by  an  electrod^DBmometer  we  hare  by  (27)  the  Sqiu—  - 
eniiatinn  Cof 


/J.ta.(«--,*-^jj^.(30) 


Stiengtb. 


and  we  have  therefore  as  before,  the  relation 

From  (27}  we  ie«  that  the  effect  of  self-indtiction  is  to  diminish  DifferMiea 
every  value  of  the  current  in  tlie  rstio  of  EJiif  +  «'i*)*  to  of  Phw* 
Bg/fl,  and  to  produce  a  retardation  of  phase  which  messured  in  "^ 

time  is  t/n  aeconds ;  that  is,  the  resistance  ia  virtually  increased     Cumnt 
in  the  ratio  (^  +  n'/.*)*/*,  and  the  current  in  following  the  law     =  «  = 
of  sines  pasaea  through  any  value  e/n  seconds  after  it  would        ■'*■■'• 
have  passed  through  the  coiieapouding  value  if  there  had  bceii 
no  self-induction.    If  in  Fig.  147  above  the  ordinates  of  the  curve 
of  aines  reprcaent  the  values  of  the  current  at  different  instants 
of  time,  wlien  i  is  zero,  the  current  would   he  represented  for 
any  given  value  of  L  by  diminishing  the  ordinates  of  the  curve 
all  in  the  proportion  of  R  to  Ji*  +  n>i,>,  and  shifting  the  curve 
along  JB  from  left  to  right  through  a  distance  equal  to  ij.     It 
is  plain  also  that,  for  any  linite  resistance  £,  by  diminishing  T, 
that  is,  by  increasing  the  speed  of  the  machine,  the  current 
can,  by  ('27),  be  made  to  approach  the  limiting  value 


'{"-})■ 


(31) 


which  ie  independent  of  the  resistance,  and  has  a  retardation  of  Haximom 
phase  of  TH  seconds,  a  quarter  period  of  a  complete  alternation.       Mean 
Hence  integrating  over  a  half  period  from  zero  current  to  zero     Cntrent 
current  again,  and  dividing  by  T/i  we  get  for  the  maximum    for  Given 
mean  current  Resist- 

'-S <»>   ""■ 

To  find  the  mean  value  Am  of  the  total  electrical  activity  in      Mean 

the  circuit,  we  have  by  (26),  and  (87)  Eleetrieal 

'  Activity 

>         ^  r^jT  ^>  ^«*         f  ■  /  *       ^   ■      ,j.  ^  CircBlt 


1       E^'R 
"  2  .fi»  +  n»i»  ■ 


m 


ELECTRICAL  ACTIVITY 


Hence  by  (30)  if  the  a 


AM  =  i*R 


(S^ 


that  is,  the  tnte  dimd  value  of  the  total  electrical  activity  i 

equal  to  the  mean  square  of  the  current  etreagtb  multiplied  by  tl 

total  regiatance  in  circuit.    This  also  applies  to  part  of  K  circut 

Uaximnm        It  may  easily  be  shown,  from  (33),  by  the  ordinary  methc 

AotiTity.    that  the  total  activity  in  the  circuit  ia  greatest  when  R~iil 

\.   For      that  is,  for  a  giren  ipeed  and  a  given  value  of  L,  the  Bctivil 

Given       ie  ^  maaimum  when  M  =  nL.    It  must  be  observed  however  thi 

^j     ,     M  a  S'"i">  tetittaHee  R  the  activity  is  grenter  the  Hinallor  tt 

MM        *''"^  °'  ^'  *''"*  '^'  *''*  K^'ter  the  speed.    When  R  has  tl 

2,  ilgf     value  hL  we  have,  by  (37)  «=ir/4;  that  is,  tlia  retardation  ( 

GiTBn      phase  is  then  oae-eighth  of  the  whole  period,* 

Beaut-  Supposing    the    electromotive    force    and    current,    thoug 

ance.       periodic,  not  to  follow  the  simplo  sine  law,  then  as  we  hai 

seen  above  we  may  represent  either  by  a  Fourier  series.     Thu 

Complex-  E  =  2£(  sin  (i«t  -  ei) (26 

Periodic 

KU.F.     where  i  is  an  integer,  and  takes  all  the  values  required  for  tl 

simple  compoaentB  which  make  up  the  periodic  fuootion  whit 

E  ia  of  the  time. 
For  equation  of  current  we  have  now  instead  of  (26) 


*  The  conclusions  as  to  moximnm  wnrk  and  retardation  of  pha< 
oa  welt  as  most  of  the  theoretical  results  stated  above  as  to  the  acti 
of  alternating  machines,  weru  first  we  believe  given  by  M.  Joabm 
Cmnplcs  Ilrndia,  1880.  Tha  problems  of  altem&tins  machines  Join' 
iu  series,  or  in  parallel,  or  as  motors,  were  considered  by  Dr. 


b-tlow.     See  also  Ur.  Mordey'a  psjier  foe  cU.  p.  666  above 
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Aa  before  we  may  neglect  the  eiponential  terni  in  tlie 
solution. 

If  now  we  wish  to  find  the  mean  square  of  the  current 
strength  we  bnvo  unly  to  square  tlie  aeries  on  the  ri^ht  of  (ST') 
and  integp'Ate  over  the  whole  compound  period,  2n'/»,  that  is, 
over  an  interval  which  is  the  leuBt  common  multiple  of  the 
periods  of  the  compooeols.  Now  it  can  be  eaaily  shown  that 
an  integral  of  the  form 

Jain  {i«l  -ei-  .f.,)  sin  (j»(  -  ij  -  <P})dl 

vanishes  when  taken  over  an  interval  2)r/»i  unless  i=j.  For 
the  product  under  tho  integrul  sign  can  hy  elementary  trigono- 
metry bo  reaolved  into  the  difference  of  two  cosines,  each 
yielding  a  aiiuple  integral,  whicii  obviously  vanishes. 

Then  since  Mean 

Square  of 

.,..  J",'  Current 

Bin»(.«(  -  ,(  -  <l,t)dl  -  i  '  =a™  of 

Sqnuea  of 


r.J.  ■ 


'       "•ii.  +  .Vi- >~' 

Ih^t  is,  the  mean  square  of  the  current  is  the  sum  .'of  the  mean 
squares  of  the  currents  which  would  be  given  by  the  components 
of  y  if  each  existed  separately. 
The  mean  activity  is  given  by  tho  equation 


Activity 
=8nm  of 

"  2b>  J  0     ^"'  "■"  '  '"  AElirtdta 

of  Com- 
ponents. 


"'ilf.P"^'"'-^'"'-"' 


If  the  multiplication  of  the  two  aeries  on  the  right  is  performed 
I  number  of  integrals  of  the  form 

—  j  ^    «n  (w^  -  et)  ain  (jW  -  ej  -  <i,,)dl 


Iiefare    excppt   than 


n— i ,      „  /        HID  hnl  - 

2w/n  ^/J^^  +  iV/,«•'o 


-/JP  +  1%'i* 


""2  ■2r^  + 


(•n^i'    ■ 


3') 


that  is,  the  mean  activity  is  thsHum  of  the  mean  activities  which 
the  component  currents  would  give  separately. 
Also  by  {30')  and  {33') 

Jm=y^R (34') 

Practical       T^^'"  practical  importance  of  this  reault  lies  in  this,  thkt  it 
Applica-    proven  tiiat  any  method  of  measuring  poner  whicli  is  deraou- 
tioD  of     Htrated  for  a  current  fullowing  the  simple  sine  law  of  variation 
Result,      with  the  time,  is  also  true  for  any  periodic  current  whatever,  in> 
asmuch  as  such  a  current  can  be  regarded  as  made  up  of  aiuiple 
sine  currents  of  different  periods.     For  example,  the  generality 
of  the  metliod,  given  below,  of  measuring  power  in  the  circuit 
of  n  transformer  can  be  inferred  from  this  result,  as  baa  been 
remarked  by  Prof.  Perry .• 
Circoit         Jf '"  '■'■^  circuit  there  be  two  sources  of  electromotive  force  of 
with  two    the  same  period  T,  but  of  different  phases ;  for  example,  two 
B.il.F.iof  niFicliines  driven  so  as  to  have  the  same  period  of  alteroation, 
same        the   eolutiou   here   given    npplieB,     For  the  two   electromotive 
Period,     forces  combine  to  give  n.  single  electromotive  force  of  the  same 
periud  as  the  components,  but  differing  in  pliase  from  either;  no 
tliat,  to  use  the  solution  it  is  only  necessary  to  lake  this  resultant 
electromotive  force  aa  ^'osina^,  reckoning  the  timo   from   an 
instant  at  which  sin  «l  is  zero  and  increasing.     If  the  difference 
of  phases  be  20  recltoned  in  angle,  tlie  interval  between  the  suc- 
cessive instants  at  which  a  component  is  increasing  through  leru 
is  20/n.     Hence  taking  ihe  zero  of  reckoning  of  time  midway 
"   ots  WB  may  denote   the  two  compo- 


belween  these  t 


»  Phil.  Mag.,  Aug.  1891. 
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nentB  hy  SiS\a(nt  +  ip),  Et«ia(nt -<!>).    Calling  their  leanlUnt 

£o8in(nt-^),  wa  have 

E,  BID  (n(  -  ^)  =  £,  Bin  (b(  +  0)  +  £,  sin  (nl  -  #)     (36) 
By  elemeatary  trigonometry  we  get 

£(,»  =  El*  +  £,'  +  2E,£,c 


£]'+  £, 


«2*\ 


Wlion  0  =  0,  ^  =.  0,  anrt  £«  -^  E,  +  Ej,  as  is  evident  without    ■ 
calculation,  aioce  the  machinta  are  thea  in  tlie  same  phase.     If 
El  =  £,.  that  is  if  the  mochineB  are  equal,  the  reHultant  is  in 
phase  halfway  between  its  components.     When  thia  ia  tlie  caae 
we  have  also 

J5j  -  a£,  cos  ^ <37) 

which  when  ^  =  o  gives,  as  it  ought,  E^  «  fi£,. 

Considering  still  two  unequal  maciiines,  and  reineinbering  that  ^o 
*lien  the  vdiie  of  the  resultant  electromotive  force  is  increaa-  ^"l"'' 
ing  through  zero,  the  value  of  tlia  current  is  given  by  (27),  ^^■^■' 
that  then  the  electromotive  force  of  the  leading  machine  is  n-ff  t 
El  Bin  ("'  +  *  +  ^)i  ""'I  *'"*  of  ^"1  following  machine  pj^ 
ExMiJi  (Hf  —  ^  +  if),  we  heve  for  the  mean  activity  Jj.  of  the 
leading  machine 

{*  +  t  +  «) 


2' (A"  +  vifL- 
\        E„E, 


{iicos(*  +  V.)- 


f.LBin(*  +  f)(    , 


To  find  the  mean  activity  of  the  following  machine  wc 
only  to  change  the  sign  of  ^  in  this  expresBion.     We  get 


(38) 


^lficos(0  -  V)  +"t8in(*  -  f)}  (39) 


ELECTRICAL  ACTIVITY 
If  tho  macUineB  be  equal  Ej  =  £„  and  ^  e:  0,  eo  that  j 

(40) 


Tendency        Since  0  is  leas  tlian  n-/2,  botli  cos  ifi  and  sin  ^  are  posilire.  aad 

or  Two     therefore  the  following  inacliine  docs  ruore  work  tban  the  lead> 

Banal      ing  machine.     Hence,  unleSB  each  is  completely  controlled  bj 

Macbineg   the  prime-mover,  the  lending  machine  will  increaae  its  lead,  and 

to  Opposi-  this  will  go  on  until  Si^  =  ir,  when  the  two  raachineB  will  bo  in 

tion  of     exactly  opposite  phases,  and  will  exactly  neutralise  one  another. 

^'"^      This  tendency  to  nssiime  opposition  of  pimse  deperilB  on  the 

difference  Afm  -  A,m.  and  this  having  the  factor  tiLjilP  +  n*L*), 

has  a  maximum  value,  for  a  given  resistunce  and  a  given  period 

of  altcrnalion,  when  nL  =  R. 

The  machines  thus  arrange  themselves  so  tliat  no  current 
passes  in  the  wires  joining  iheir  terminals,  and  these  wires 
alternate  in  relutive  potential  with  the  period  of  the  machines, 
and  each  is  at  any  instant  very  approximately  at  one  potential 
throughout  It  might  therefore  oe  inferred  that  if  a  working 
circuit  be  joined  from  one  wire  to  the  other,  a  current  will  pasa 
through  that  circuit,  and  that  the  two  machines  will  control  ( 
another  so  as  to  keep  in  the  same  phase  in  supplying  it  ^ 
ehikll  consider  this  case  as  n  further  example  ot  llie  theory. 
Two  Equal  ^^^  2^  be  the  difference  of  phase  with  reference  to  the 
Alter-  external  circuit,  so  that  at  time  /,  Esin  {ii(+ *),  E  sin(«/-^) 
uatora  in  are  the  electroinolive  forces  of  the  two  machines,  7|.Yt  the 
Parallel,  currents,  L  the  coefficient  (supposed  constant)  of  self-induction 
for  each,  r  the  resistance  of  each  machine  from  one  point  of 
attachment  to  the  other  point,  and  R  the  resiBtance  of  the 
external  circuit.  We  shall  suppose  that  the  external  circuit  has 
no  sensible  self-induction,  and  that  the  whole  work  there 
developed  ia  spent  In  overcoming  resistance,  for  example,  in 
lighting  gli>w>Inmpa.  By  considering  the  circuit  through  each 
machine  and  the  external  reaiBtance,*  remcmbericg  that  the 
current  in  the  latter  is  y, +7]!  and  therefore  the  difference  of 
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potential  betworn  the  terminals  JR(,yi  +  y,),  we  find,  us  at  p.  i 

above,  tbe  eijuations 


Adding  and  Biibtrncling  we  t;et 

-^'ICVi  +  rs)  +  (2fl  +  r)  fy,  +  yj)  =  2Bco=.*.  iin  i 

Solving  tbeee  wc  find  an  in  (27) 


yi  -  y^  = 


I-  iiV.'it 
2ff_Rm  * 

tan  «■ 


(n/  -  e')  . 


f4J) 
(46) 

(46) 


'2H  +  r 
nee  if  ^^B  be  tlie  activity  of  the  leading  maclitna 

■  s?/,'*''  +  V.  +  T.  -  r.) "« (-'  +  ♦)* 

+ i,~T''^'ifyJ',""  '■"'  ~ ''' "° '"'  +  *■") 
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Activity  Tlie  mean  activity  A^^  of  the  following  macliine  may  be  | 

of  eiLCh  from  A^m  by  altering  tlie  eign  of  ^  throughout  the  expreati 

Machine,  on  the  right.     Hence 


2  C3fl  +  r)'  +  n'U 


\{2R  +  r)  COB'  ^  +  nZ  sin  ^  ci 


Theorj-  of 
Synchro - 
niiing  of 

Two 
Psralkl 
Alter- 


A^w^—A.^'H  ie  positive,  that  is  more  work  is  dona  bT  t 
leading  tliun  by  the  folloning  machine.  The  lead  11 
therefore  tend  to  zero,  and  the  macliineH  to  aettle  down  ii 
coincidence  of  phaHO  with  reference  to  the  external  circnit,  tl 
ia,  into  opposite  phases  with  reference  to  their  own  eircu 
which  ngrecB  with  the  result  alrendy  obtained. 

We  flhall  cunsider  only  one  ninre  case  of  this  theorj*,  th&t 
an  alternating  motor  connected  hy  its  tenjjinnls  to  ti 
condiictora  upon  wliich  an  alternating  difference  of  potential 
imprcsaed  by  other  ninchinee.  Let  the  motor  be  started  bo 
tohave'.ho  anme  period  of  alternation.  Then  denoting  by  £  t 
resistance  of  the  motor-armutiire  and  the  leads,  up  to  the  poi 
at  which  the  difference  of  potential  ia  impresaed,  hy  L  tho  ae 
inductance  for  the  name  part  of  the  circuit,  by  £'i8in(n(-J-^ 
the  impressed  difference  uf  potential  at  time  t,  by  E^  ain  (n(  -  y 
the  back  electromotive  force  of  tiie  motor  at  the  same  inatai 
we  have  for  the  equation  of  the  current 


?+«V  = 


Bin{n(  +  *)-i'jain(iit-^) 


Theory  of  This  equation  differs  only  ii 
Alter.  whit-h  (M)  and  (39)  above  u 
Bating  value  of  A^m.  in  (41)  we  havi 
Motor,      received  by  the  motor 


1    K.r... 


the  sign  of  ff,  from  that  frc 
e  deduced.  Hence  taking  t! 
for  the  mean  electric  activi 


P„iflcos(.^-f)  +  7,Lsin(*-^);    (5 


=  (£",'  +  I-:.-  -  Si'.ff,  COS  20)1  J 


ALTEBNATE-CDRRENT  MOTOR 
The  second  of  (61)  gives 

cos-l-  -  (^  -  ii)  con^lE^    Bin^  -  -  (B,  +  Ei»m<t>IEo, 
and  these  values  substitutetl  in  (50)  yield 


£, 


-\Ei(_R COS 2<f>  +  »L»in2<t>)  -  EjS\     (62) 


^      2R'  +  ,i*V 

Now  26  being  the  difference  of  phase  cannot  be  numerically  Mnximom 
greater  than  Wj  and  therefore  the  woik  received  hy  tlio  motor  is    Valus  of 
leas  when  20  is  negative  than  when  it  is  positive,  Ihut  is,  less    Activity 
when  the  motor  is  leiding  than  when  it  is  following.     Hence   "C  Motor, 
the  motor  will  lend  to  run  slower  when  lendiiig  aud  fiiater  when 
following  1  or  the  difference  of   phiise  will  tend  towardM  aero. 
Also  BO  long  as  2i^  is  not  far  from  zero  A^n  is  less  the  (greater 
the  load,  and  greater  the  greater  the  lag,  ai^d  in  nearly  the  aanio 
proportion.     Hence  when  the  machines  are  once  in  phase  any 
small  deviation  is  opposed  by  a  proporcional  corrective  tendency. 
This  defiends  alinosb  entirely  on  the  terra  involving  the  factor 
nLI(Pr--\-  n^L*)  in  the  value  of  j1,«  given  in  (62),  and  therefore 
for  a  given  resiBtuncc  R,  and  period  of  alternation   T,  has  its 
grcntest  value  when  nL~R,  or  L/  R--=T/2it. 

Writing  in  (62) 

Bin  20' =  ^/(yp  +  H*£»)i,     coa20'-n/,/(fl*  +  n«i*)t    (63) 
we  get 

i\StiJP  +  nn')iam2(.<t  +  <p')-£^      (54)ExplMia. 


-V  =•  .1 


(55) 

The  value  of  Afm  is  positive  if 

E,  R 

which  may  he  the  case  even  if  S.,>Ey  Hence  we  have  the 
curious  result  that  an  alternating  matliine  may  act  as  a  motor 
even  if  ita  electromotive  force  be  greater  than  the  imprcased  or 
driving  electromotive  force. 

X  X  2 
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A  qualilatire  eiplanatioD  of  the  results  given  above  for  two 
alteinatoTS  can  be  given  gcapliically  by  taking  tbe  areu  of  curTW 
drawn  to  represeut  the  activity  at  each  inatant.  From  then  it 
will  at  once  appear  which  macnine  is  doing  tl)e  greater  amount 
of  work.  Tlio  reader  may  easily  construct  tlieaa  curvea  by 
drawing  for  each  machine,  from  the  curvra  giving  the  current 
and  electromotive  force  at  each  instant  a  new  curve,  the 
ordinates  of  which  are  the  producU  of  the  correBponding 
ordinateB  of  the  former. 
Com-  The  theory  juat  given  of  the  working  of  alternating  macbinei 

pariwti  of  in  the  eanie  ciruuit  is  (apnrt  from  notation  nnd  mode  of  state* 
Thwny  ment)  substantially  that  due  to  Dr.  J.  Hopkinaon.*  It* 
and  Ex-    conclusions  were  verilied  by  liim  in  IS 81,  in  experiments  made 

perimant.  wjt),  two  De  Meriten's  machines  made  for  the  liglithouse  nt  'rino. 
Some  very  striking  enperiments  are  described  by  Mr.  Mordent 
in  a  paper  on  alternate  current  working,  which  contains 
moreover  much  interesting  practical  information  on  this  subject, 
Sonie  difference  of  opinion  has  been  expressed  as  to  whether 
Mr.  Mordey'x  results  are  in  accordance  with  the  mathematical 
theory.  It  is  to  be  remeriiljered  however  that  the  tlieory  does 
not  titke  into  account  the  action  of  the  armature  currents  in  tbe 
fleld-magnets,  nor  of  the  variation  of  self-induction.  The  subject 
requires  further  investigation. 

We  may  apply,  aa  we  have  already  done  repeatedly 
above  (see  for  eicample  p.  186),  the  mode  of  treatment 
adopted  for  the  whole  circuit  to  a  part  of  it,  taking  for 
E  tlie  impressed  electromotive  force  on  the  part  of  the 
circuit  considered,  and  for  £  and  L  the  proper  values 
for  that  part  only.  We  find  that  the  efTect  of  self- 
induction  is  virtually  to  increase  the  resistance  from  S 
to  ^Ji^  +  n*L^,  that  is  to  substitute  impedance  for  re- 
sistance, and  to  produce  a  difference  of  phase  between 
the  current  and  the  impressed  electromotive  force  given 
also  by  (27)  and  (28).     But  the  resistance  of  a  coo- 

*  Proe.  See.  Td.  Eng.  and  El,  Nov.  1884,  also  see  Thompwm's 
Dyitamo-Eleftric  ilachincni,  p.  691  H  teq, 

t  Inil.  El.  Eng.  May  1638  {Thr  EkctTician,  May  2*,  SI,  June  7, 
Aug.  2,  18SS). 
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(luctor  is  the  activity  spent  in  it  by  unit  current  in  pro- 
ducing heat ;  hence  by  (22)  and  (34)  tlie  resistance  in 
this  sense  is  not  increased. 

The  impedance  of  a  current  electrodynamometer  or  MeMure- 
current  balance,  through  both  coil  systems  ()f  whicli    carraut 
flows  the  whole  current  in  the  main  circuit,  cannot,  if  it  '"  i'tor- 
be  low  (as  it  generally  is)  in  comparison  with  that  of    circuit, 
the  rest  of  the  circuit,  affect  appreciably  the  strength 
of  tlie  current  by  its  introduction ;  and  since  the  whole 
current  passes  through  both  sots  of  coils,  the  instru- 
ment will  give  the  mean  square  of  the  current  passing- 
It  may  bo  otiierwise  liowevor  with  a  fine  wire  instru-  Measure- 
ment used  aa  a  shunt   to   measure  the  difference  ofD^erencB 
potential  between  two  points  of  the  circuit.     The  in-   of  Poteu- 
ductance  of  such  an  instrument  may  be  considerable,  and      Altei- 
if  it  be  used  alone  its  impedance  will  seriously  affect  the 
result.     Since  the  value  of  the  impedance  depends  on 
the  period  of  alternation,  it  will  have  different  values 
when'  connected  to  circuits  in  which  the  periods  are 
different.    To  obviate  the  uncertainty  and  inconvenience 
aridng  from  this  cause,  the  instrument  is  mode  sensitive 
enough  to  allow  a  considerable  non-inductive  resistance 
to  be  joined  iu  series  with  its  own  coils.     This  makes 
the  value  of  }ij  JB-  +  n-L^  approximately  unity.    Some 
calculations  raado  by  Prof.  T.  Gray,  for  Lord  Kelvin's 
vertical  scale  voltmeter,  give  for  this  ratio  with  only  the 
resistance  of  the  instrument  (640  ohms)  included,  and 
n  perioil  of  alternation  of -^Jj  of  a  second,  the  value 
■9976,  wliich  is  within  J  per  cent,  of  unity.    Plainly  the 
error  caused  by  the  impedance  in  this  case  is  small  with 
any  period  commonly  employed,  and  can  be  made  still 
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smaller  by  the  introduction  of  non-inductive  reustaoce. 
The  difference  of  phase  between  the  currents  through 
the  coila  of  the  instrument,  and  the  difference  of  poten- 
tial [given  by  (28)  above]  is  therefore  email.  This 
difierence  of  phase,  it  is  to  be  remembered,  does  not 
affect  the  value  of  the  mean  square  of  the  difference  of 
potential,  provided  the  amplitude  be  corrected  for  the 
effect  of  inductance. 

9  however  of  importance  id  the  action  of  a  wattmeter,  of 
wLicli  one  coil  ia  placed  in  the  main  circuit,  and  the  other  as  • 
!F~T  .r^  ahunL  between  the  extremitiea  of  the  portion  of  tlie  circuit  in 
in  Alte/  '^'''''''  ^^^  activity  is  to  be  eatimated.  For  let  tlie  circuit  divide 
-.>{....  into  two  parts,  eacli  forminf;  a  derived  current  with  the  other, 
and  Li,  L^  X„  Sf,  ay,,  ■'^n  be  the  inductances,  the  reaiatancea 
nnd  the  inniimuni  currents  in  the  two  pnria,  my  the  maximum 
total  current  in  the  circuit,  and  e\,  f'^.  the  diifcrence  of  pbaae 
between  sy  and  syj,  nye  reapectively,  then  the  general  formula 
(91),  p.  1B7,  above  for  the  difference  of  phase  6  between  the  total 
current  in  the  circuit  and  the  applied  electromotive  force  at  the 
jinals  of  a  multiple  arc  gives  in  this  caae 


(56) 


Circuit. 


and  by  (89),  p.  186,  the  difference  of  pha^e  «^  between  the 
impressed  electroiootive  force  and  the  curreut  y,  is  given  by 


int',-tan(*,-  6)= 


-ff,(^  +  ^i)  +  n'^(A  +  ''.) 


(97) 


An  interchange  of  euffixes  in  this  result  of  course  gix-es  ton  e^^ 
A   method   of  determining  the  difference  of  phaae   between 
the  currents  in  two  brunchea  of  the  sume  circait,  or  between  two 
a  of  the  same  period,  will  presentlj-  be  explained. 
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By  (80),  p.  186,  the  value  of  the  square  of  the  maximum  total 

current  is  oaeUy  found  to  be 


id  by 

(89) 

-!^: 

E^ 

•  +  Mfl     ■    ■    ■ 
E' 

that 

V-r"*V 

V  +  «'V  ■  ■  • 

-Ti' 

-T,' 

-t" 

R^^  +  u'!?     if,«  +  .,*i,,'-(«,  +  /f^' +»"(/-!  + it)' 


of  PhBBC 

between 

Current* 

(59)   Id  Double 


(60) 


Hence  if  either  i,,  Zj,  be  both  small  or  L^jL^^RJIR^  CoDdition 
the  differeDce  of  phase  between  the  two  currents  _7i,  «7g,  Difference 
will  be  insensible.     If  the  first   condition   ia  fulfilled   of  Pbaao 
both  parts  of  the  circuit  will  have  currents  agreeing  in  ii^^^gjUe 
phase    with  the  difference  of  potential   between   the 
terminals,  and  on  the  usually  allowable  supposition  of 
negligible  mutual  inductance,  a  wattmeter  whose  coils 
are   included   in   them   will    measure    accurately   the 
power  expended.     It  will,  on   the   same  supposition, 
also  measure  accurately  the  power  expended  while  the 
wattmeter  is  on  cireuit,  if  the  i-atio  Mj^^H^  +  ti-L*  be 
approximately  unity  for  the  fine  wire  circuit,  since  the 
main  current  passes  through  the  other  coil,  and  it  can 
be  shown  that  the  deflection  will  be  the  same  as  would 
be  produced  by  a  constant  activity  A^  given  by  the 
equation 

A^=j^^Jrfdt.       .        .        .        (61) 

where  V,  y,  are  the  values  of  the  difference  of  potential 
and  the  current  at  time  t.     If  also  v/^  +  h'L'  for  the 
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thick  wire  coil  be  small  in  comparison  vith  the 
some  quantity  for  the  part  of  the  main  circuit  in  which 
the  activity  ia  being  measured,  the  inclusioa  of  the 
wattmeter  will  not  affect  the  circuit,  and  the  activity 
shown  by  the  instrument  may  be  taken  as  that  existing 
when  it  is  not  applied. 

Appmnt       Tlie  general  problem  of  findinf;  the  ratio  of  the  apparent 

•ndTrue   to  the    truu  mean  activit}'  as  shown  by  the  watUneter  can 

Mmd       DOW   be  solved  with  great  eoae.     For  let  A,  B,  be  the  point* 

ActiTitj.    St  which  the  terminals  of  ttie  fine  wire  coil  a/etem  are  attached 

to  the  lauin  circuit  ;  let  R^,  S^,  i.j,  X„  bo  the  reeiBtances  and  in- 

ductancex  of  the  fine  wire  and  thir;k  wire  circuita  between  A,  B, 

and  7,,  y„  tlie  ourrcnta  iii  tlietii ;  tlien  by  (2T)  if  the  differenceof 

potentialti  between  tbe  terminals  AD  ie  E^  sin  nt. 


^'     W  +  -.'V)».      '        '' 

^'  ^  W  + '"'"AV  "'"  ^^'  ~  "'' 

witli  tan  e 

,  =  »i,/if,.  tan  ,,  =  «/.' J?,. 

The  current  through  the  fine  wire  coil  is  therefore  the  same 
an  if  the  rcRistance  in  its  circuit  between  the  points  A,  B,  were 
without  inductance,  and  the  difference  of  potential  hnd  the 
viiluo  obtained  by  multiplying  the  above  vtiliie  of  y^  by  Jjt^. 
Honcc  if  Am  be  the  apparent  activity 


■nt   ■ 


Activity 
by  Watt- 


1_ iV^i _r  ■   (nl- 


=  i 


W +«»£,')*(*»' +  »=i.*)' 


that  ie  the  apparent  activity  is  i  the  product  of  the  inaximutn 
values  of  the  two  currenta  by  the  reaiatance  ^,  of  the  fine  wire 
branch,  and  by  the  coaino  of  the  phaae-angle  between  the 
currenta. 
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The  true  mean  activity  At^  would  be  oblaiiied  if  the  eurrent 
thruugh  the  fine  wire  branvli  hud  the  value  E^tin  n(/£,.  In 
tliat  case  tlie  pliaae-augle  between  the  two  cutreutH  would  be  r,. 
Hence  as  before 

>_  =  i-/»l^^^_ (64)TrueMBan 

^m      2(^,^„,ia^j  Activity. 

Katia  of 


J^        (jf,'  +  ^'/.,')* 


C09  fj  ,.,,  Apparent 

,,,     \.-     ...     (66)     tVTrue 
H^i-«i)  Mean 

«  e,  =  R,IW  +  »'ii')t.  ^^'''''y- 
terma  of  /,,.  ij,  A„  «£. 


A^   _  R^    -ff.* +  "'/.,'        l+t.T,'  fgj,, 

J',       A,  A,As+/.ii""  i  +  aSra  ■     "     '     ^      ' 

where  r,,  r^,  are  written  for  LJR„  L^jR^  respectively  tlie 
ao-called  lime  constants  of  the  two  [larts  of  ihe  circuit 

Now  in  gKMornI  r,<Tj,  lience  aa  a.  rule  the  wattmeter  will 
give  a  too  high  result.* 

Mr,  Blukeslej't  has  shown  how  the  angle  ^   of  difference  of    Measure. 

Ehase     between     the    currents    in    two    such    branches    may    ment  of 
o    measured.      We    have  seen   that  a  current   dynuinomuter  DilTerencs 
in  any  brunch  ineuaures  tbe  mean  B([iiare  of  the  current  in  that    of  Phaie 
brantJi.      TIiIh  has  tbe  value  ■.y-/2,  wlicre  wy  denotes  the  mini-     between 
mum  value  of  the  current  in  the  branch.    Now  let  .yi,  .yj  bo  Two  Altei>- 
tho  niaiinium  currenta  in  the  two  braiichcH,  and  let  two  dyna-      """^B 
inometers  be  nrrsngeil   one  to  uientiure  nyi'/a,  and  the  other    l-iffen"- 
iiy,'/2,  itnd  let  a  tbinl  be  placed,  with  one  coil  in   one,  and  the 
otiier  coil  in  tlio  other  of  the  two   branches  in  question.     The 
action  on  tlie  third  dynainonioler  at  any  instant  will  be  propor- 
tional to  y,y,  COB  ^.     Hence  the  instruinent  will  give  a  reading 
proportiunal   to  ^  oyimy]  cos  ^i.      If   then    /),,  B^   D^,    bo   tiie 
readingH  of  the  dyniimojiieters,  A,II,C,  thuir  constants,  so  tl)at 

^.,U  =  -yi-/2,  D,IB  =  My,'li,  I'./(7=i-y..y,eoe*, 


•  This  rv.sult  was  first  staled  (without  proof)  by  Prof.  Ayrton  Proc. 
Soc.  T,.t.  E„y,  aud.  El.  Feb.  1888. 

f  Eledrician,  Oct.  2,  18S5,  and  Fhil.  Mag.  Apnl  ISSS. 
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If  die  dynKmametera  are  direct  reading  bo  lh«t  ./=  B=  C-=l, 
the  factor  V^fi/C  is  unity. 

Of  couree  if  iliree  djEiimometerB  ore  not  avnilnble  a  aio^e 
d^nainotneteT  may  be  used  to  t«ke  the  three  rendingm  in  aucc«i- 
eion  (or  to  eliminHtq  error  several  sets  of  readings  may  be  takcD 
and  combined).    In  that  case  A~li=  C  and 


coa  ^"» 


{6CT 


Mr.  BIsketiley*  lins  also  f^iven  an  exceedin;;ly  rimple  ond 
ingenious  method  of  measuring  the  total  activity  apent  in  the 
primary  circuit  of  a  transformer,  lliat  is  of  finding  tlie  wbule 
electrical  n-ork  dune  per  unit  of  time  in  feeding  the  secondary, 
and  directly  or  indirectly  in  dissipation. 
Trans-  A   trnnsfomiur  oonsisls,   as  is  wel!  known,  of  a  primary  and 

former,  aacondary  drcuit  wound  round  a  euro  of  laitiinatcd  iron,  in 
general  in  bucIi  a  manner  that  an  nearly  db  posstble  all  lines  of 
muf^netic  induction,  which  pasa  throjgb  any  spire  of  one  of  the 
coiU,  also  puss  through  every  other  B|.>ire  of  the  snmo  or  the 
other  coil.  It  is  not  however  safe  to  asEmne  that  tins  is  always 
the  case,  and,  tis  has  been  pointed  out  by  Prof.  I'erry,  soriuuP 
crrurs  may  iLriac  througli  niakitig  the  assumption  iu  all  circnm* 

Blokes-         Now  let  a  current  dynamometer  he  placed   in  the  primary 

ley's        circuit,  and   another  be   arranged  with  one  coil  in  the  primary 

Msthodof  and  the  otiiercuil  in  tlie  secondiiry  circuit.     Then   if  i),  be  the 

Measuring  dcflecliun-reiwling   «f  the   first   instrument,  A   the  constant  of 

Activity    reduction   of  tlie   readings   to   {current)*,  U-^^  and   li    the  cor- 

Tnna-      re^pi^nding  quantities  fur  ilie  other  iiiHtrumeut  (both  deflections 

former      '"''"j;  taken  positive),  JT„  A'„  ihc  number  of  turns  in  the  primary 

and  uecundary  rosi>ectively,  J?,.  J,,  their  resistances,  and  Am  the 

mean  activity  to  be  measured 


,   ", 


+  -»! 


Jl'i  I>n 


(67) 


under  certain  assumptions. 

This   tuelhod   is   applicable   whateve 


Theory  of       The  equatiuns  of  a  primary  and  sec 
Method.     (77)^  p.  I8;t,  may  bo  used,  and  may  ho  i 


may  be  the  law  of 


indary  circuit  given  in 
bililied  by  writing  A' for 


•  Phil.  Uiig.  1891  01  Proe.  Phys.  Soe.  11,  pt.  2,  ia«l. 
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ice  we  make  hers  no  ftsBumption  aa  to  the  mode 

.  of  the  current  or  electromotive  force.  These 
equntiooB  hold  for  any  primBry  or  BeronJary  whether  or  not 
containing  iron.  We  shall  first  also  write  Bi,  Bit  ff>^  the  total 
inductioiiB  through  a  single  turn  of  the  primary  and  tl)o 
Bcondury  respectively,  and  A'j,  N^,  for  the  number  of  ti 


the  t 


Thus  ' 


the  eqiiB 


n  referred  to  in  the 


by  the  first  of  (68). 

If  D;  be,  in  the  saine  way,  the  rending  of  the  second  instru- 
ment, taking  account  ot  the  aign  o£  the  deflection,  and  S  its 

by  the  mieonJ  of  (68). 

If    now   we  aHsuiiie  that  Bi  ■■  B»  we  get  from  tlie  last 
equation 

Substituling  from  this  in  (6D)  we  lind 

and  the  quantity  on  the  left  is  tlie  mean  value  of  the  total 
activity.  Thus  the  total  activity  is  jfiven  by  the  expresHion  on 
the  right  in  terms  of  tlie  reading  of  the  dynamometers. 
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It  IB  to  be  noticed  thiit  eince  y,,  y„  ore  on  tlio  whole  in 

■  opposite  directionw,  Iho  sign  of  ZJj  must  be  opposite  to  that  of 
Dy    TIma  tbe  setond  term  of  tllu  sipreBsiou  on  the  riglit   of    ' 

■  (71)  is  really  negative,  and  the  total  rate  of  working  is  greater 
than  the  lirst  temi,  whicli  represents  tlie  activity  spent  in  heat 
in  the  circuit.  Hence  if  we  agree  to  tsko  the  positive  numerica] 
value  of  the  reading  of  tlie  second  inatrutuent  for  i),^  we  may, 
putting  J^^K  for  the  mean  activity  on  the  primary,  write  (70)  in 
the  form 

.     (TO 


R,^  +  Rt 


This  method  and  result  were  given  by  Mr.  T.  H.  Blakesleyfoi 
a  transforinor  on  the  assumption  that  the  currents  followed  the 
simple  sine  law  of  variation :  in  the  demonstration  given 
above  no  assumption  at  all  is  iimde  except  that  Bi-Br  "^^^ 
method  is  therefore  so  far  applicable  tu  any  trnnsfurmer  what- 
ever the  law  of  variation  followed  by  Ihe  current  provided  Bi 
niny  be  taken  as  equal  to  Bj-  '^ ''>s  u'^h  tiret  pointed  out  by 
Prof.  Ayrton  and  Mr.  J.  F.  Taylor*,  whose  method  of  proof  is 
similar  to  tliut  here  given. 
I  It  has  boon  shown  also  by  Prof.  Perry  ^  that  this  method  holds 
.  even  if  Bj  be  not  equal  to  Bi>  provided  *(!  suppose  the  perme- 
ability constant  during  a  cycle.  In  this  case  tlie  equations  of 
current  niny  be  written  in  the  form. 


■ffiTi 


since  /,„  T.^,  M,  do  not  vary  in  a  cycle  if  tlie  permeability  does 
not.  Hence  multiplying  the  first  of  these  by  ^,,  and  calculating 
the  tueaii  value  of  each  quantity  by  integrating  over  a  whole 
period,  we  get 

''.■4/>*-f/:"--f/:'.t-- "" 

since  the  integral  of  yidyjdf .  ilt  over  a  period  is  zero. 
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But  if  WB  multiply  tlie  socoiid  of  (72)  hy  y^  and  take 
vdlues  08  before,  we  find 

ijince  the  last  integral  vniiislies  oa  before.    Tliun 

Substituting  in  (73)  we  get 


jf «,  f  ,, 

■  Cri,-'--"" 


at  putting  in  the  reailiDgs  of  the  dynamometcra  (taking  iJ,j 
positive  as  before) 


■Kx    }+R, 


Nt  B 


(76) 


since  approximately  J/=.V,A''i,  L^^N^.  This  ia  the  aume 
reault  as  before,  but  uhtuinea  under  a  different  aaBumption,  not 
liowever  involving  any  hypotheaia  aa  to  the  mode  of  variation 
iif  the  current. 

It  ia  to  be  olxierved  tliat  tliis  aiippnaition  of  no  variution  of  Conatanl 
/,],  7^  or  M,  ia  eiiuivnlent  to  aupposing  that  uU  the  activity  ia  Pormot- 
employeii  in  generulinc  lieat  in  the  two  circuits.  For  if  tiie  ,  ^"jV 
second  nf  (72)  bo  multiplied  by  y,,  and  then  integrated  for 


i,itfiiv 


^'  /'■    .1,  _L  ^f  ('^      ^Vl  J. 

a  added  to  (73)  gjvea 


involTei 
Zero 


dl, 


And  tlio  Inst  titrin  vanishes 
cycle.    TliuB 


the  integration  is  round  a  closed 
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or  the  total  mean  activity  is  equal  to  tlierateof  genemtionof  hMt 
in  the  secondary  plus  that  in  the  aecondAiy.  The  activity  could 
in  this  cane  be  equally  well  meanured  by  placing  &  curreDt 
dynamometer'  in  the  primary,  nod  another  in  the  Bocondary,  •■ 
by  Mr.  Blakesley'a  method. 
Hyitemi*  Tlie  Btippoaition  thua  made  by  E'rof,  Perry  therefore  exclude* 
all  diasipation  of  energy  otherwise  tliiin  by  direct  beating  of  ibe 
circuits  by  the  currenta.  It  lias  been  urged  by  him  that  on  the 
analogy   of   tho    beliaviour   of    ordinary    bodies  under    Btraia 

Sroduoed  by  etrees  varied  in  rapid  cycles,  there  ouglit  to  he  no 
iflsipntioD   of  energy   due   to   logging   of    the    magnetization 
behind  the  magnetic  force  in  the  cycle,  as  explained  at  p.  SIS 
above    or,   as    it   is    now    callrd,    hy»Urt*i»    action,    in    iroB 
subjected   to   rapid   cycles  of   luagiietic  Btress.     On  this  view 
magnetic  like  elastic  hyslcresie  is  only  iniportunt  in  slow  cycles. 
This  analugy  appears  a  reasonable  one,  but  any  opiuiun  founded 
on  it  niiist  be  tested  by  direct  eiperiment.     Now  it  hna  been 
Hysteresis  gi^en   as  the  result  of  eiperiment  by  several  ohservera*  that 
in  Bspid    there  is  in  rapid  cycles  disslpatinn  of  energy  In  the  core  of  the  same 
CycleB.      order  of  magnitude  an  in  slow  cycltH ;  but  that  there  is  niucli 
loss  wlion  tlio  transformer  is  loaded  hj  closing  the  secondary 
circuit  through  a  low  resistance,  than  when  tho  secondary  circuit 
is  open. 

This  result  is  questioned   by  Prof.   Ewing,  who  gives  ne  the 
result  of   experiments  iin   a  transformer  cure,  an   nnchor   ring 
mode  of  iron  wire  insulated  to  prevent  ed<iy  ciirrentw,  that,  for     i 
the  eiime  frequency  of  revcrKsl  and  IbnilB  of  magnetization,  the     I 
losu    by    Ringnelic    hysteresis    is    just    as    grent     when     the 
triinsfonner  is  heavily  loaded,  as  when  its  secondary  circuit  is     | 
open.f 

The  rate  of  Iosn  by  hysfercsia  ia  however  in  all  caxea  nmall     | 
in  comparison  with  tiio  whnle  activity.     [See  also  Chap.  XIII. ]■      - 

Assuming  the  truth  oC  )lr.  Blakealcy  b  formula  as  deduced 
from  the  hypotliesis  of  no  magnetic  leakage,  we  can  find  the 
amount  of  energy  spent  in  eddy  currents  and  magnetic 
hyatereBia  in  tlie  iron. 

Assuming  for  simplicity  that  the  dj-uauionieters  are  direct 
reading  inKtruinents,  or  if  not  that  1)^,  ]>ij,  are  reduced  readings 
axpresaing  ench  u  mean  aquare  of  current  measured  in  amperes, 
80  that  the  Constanta  A,  ii  =  l,  then  if,,  J?j,  being  taken  in  ohms, 

•  Warburg  and  Hiinig.      IVied  Ann.  20,  1883. 

+  Tanakadate,  Phil.  Mag.  Si-pt.  1869.  Sec  also  F.winK,  Ifiignelitm 
tn  Iron  and  other  itctaU,  §§  83,  ISO,  See  also  below.  Chap.  XIIL, 
Section  III. 
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Jim  will  be  given  in  watte.  If  now  weauppoae  a  third  Energy 
dynimometer  placed  in  the  secondary  circuit,  and  i>,  in  like  Spent  w 
manner  be  he  reading,  we  shall  have  Hy*t«rem 

Thus  we  have 

The  two  firnt  terms  on  the  right  exprean  the  whole  work  done 
in  heating  the  wirea  of  the  primary  and  secondury,  tho  third 
term  that  spent  in  heating  the  iron  by  eddy  currente  and 
hyatereHis. 

If  if  J  be  the  resiBtance  of  the  eitemal  part  of  the  secondary, 
and  the  work  done  in  that  be  wholly  spent  in  heat,  the  enortty 
there  spent  is  R'^U^.  Thus  if  e  be  the  electrical  efficiency  of  the 
transformer 


R\D^ 


SiD,  +  S,^'. 


(78) 


From  the  expression  for  Aim  can  be  found  at  once  the  Difference 
difference  of  potential  between  the  terminals  of  the  primary,  ofPoten- 
For  if  ^'i  ho  the  external  resistance  of  tho  primaiy  circuit  ti«l  be- 
between  its  terminals,  we  have  instead  of  (68)  tween 

TonnmaU 

J'.y.  +  iv.f'-o 

Squaring  the  first  of  these  we  get 

ncnre   if    7'"   be   the    mean   aquare   of    tho    difference    of 
potential  /', 


^w:i?T*+^/>.f'* 


incut  of 
Actirity 

by 
Current- 


Method 
Beustance 
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The  first  intefcrnl  is,  as  we  linve  neen  &bove,  £',*D,,  and  tlia 
third  2H\}iiDaN,IA\.  The  second  integral  can  be  fonnd  by 
the  second  of  (fii)  since  Q,  is  taken  as  e((iial  to  B|-     TtiUB 

TJi,\dt/  N^Tja  JVV 

Substituting  llicae  values  fiT  the  integralu  we  get 

The  above  results  are  all  independent  of  the  law  of  variation 
of  the  eiirrent  and  involve  only  tlie  sssiimption  Bi~^  Bt-  Thejr 
are  due  to  Mr.  Bhikesley,  hut  were  iirst  proved  by  methods 
similar  to  those  used  above,  by  I'rof.  Ayrton  and  Mr.  Taylor  in 
their  paper  above  referred  to. 

In  nny  practical  cnae  of  iiieasnreinent  of  power  in  which  a 
wattmeter  is  inapplicable,  if  the  actual  resistance  of  the  portion 
of  the  circuit  considered  is  kiinwn  and  the  mean  square  of  tha 
current  can  bo  measured  with  iieeuracy,  tlie  product  of  the  two 
will  na  shown  ahove  (p.  668)  be  the  true  mean  value  of  the 
activity  if  that  is  spent  in  heat.  This  of  courxe  will  be  given 
in  wattH,  if  the  resistance  is  taken  iu  ohms  and  the  current  in 
atnperes. 

As  wo  have  seen  above,  the  proper  men n  viiliie  of  the  current, 
and  of  the  difference  of  potential,  and  therefore  also  of  the 
activity,  can  ba  found  for  any  jiart  of  a  circuit  in  tlio  case  of 
negligible  self-induction,  cither  by  means  of  an  electrodjna- 
nioiiieter,  or  by  means  of  an  electrometer,  when  tlie  resistance 
of  one  part  of  the  circuit  is  known.  When  the  Tcsistauce  it 
unknown  or  uncertain,  ns  for  example  in  the  ease  of  incandes- 
cence lumps,  the  current  and  differeiice  of  potential  may  be 
measured  for  the  lump  circuit  in  the  following  manner.  A  coil 
of  german  silver  wire,  having  a  resistance  considerably  greater 
than  that  of  the  lamps  as  iirninged,  constructed  so  as  to  have 
no  Bclf-inductance,  is  connected  in  series  with  a  current- meter 
between  the  tanninals  of  the  machine  so  as  to  bo  a  shunt  on  the 
lauip^H.  The  lamps  are  brought  to  their  normal  brilliancy,  and 
the  mean  sijuare  y''  of  the  current  through  the  gerninn  silver 
wire  measured.  If  H  be  the  resistance  of  this  wire,  including, 
if  appreciable,  the  resistances  of  the  current-meter  and  its 
connections,  and  R  be  great  in  comparison  with  the  self-indnc* 
tance  of  the  current-meter  divided  by  T,  we  have  for  the  mean 
square  F'\  of  the  difference  of  potential  between  the  temtinaU 
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of  tlie  lamp  system,  the  vilue  ■/*«".  The  curreiit-metflr  ie  now 
employed  to  meaeure  the  whole  current  flowing  to  the  Umps 
while  their  brilliancy  is  kept  the  eamo.  Denoting  the  mean 
square  of  tliia  current  by  y\*,  we  have  for  the  value  Jwt  of  the 
mean  activity  spent  in  the  lamp  system 

j^=rW  =  y'y\R (80) 

Messrs.  J.  and  E.  Hopkinson*  have  employed  the  Testing 
following  method  of  testing  the  efficiency  of  dynamo-  Machines, 
machines,  which  obviates  the  difficulty  of  measuring  ^^  Mesars. 
accurately  the  mechanical  power  transmitted  to  the  Hopkin 
driving  shaft  of  a  dynamo  by  a  steam  engine  or  other 
motor.  Two  equal  dynamos  of  the  type  to  be  tested 
are  used,  and  one  of  these  is  run  as  a  motor  at  the 
required  speed  and  with  the  proper  amount  of  electrical 
activity  in  the  circuit  This  can  be  adjusted  by  suit- 
ably varying  the  magnet  resistances  of  one  of  the 
machines.  The  motor  is  made  to  spend  the  available 
activity  which  it  gives  out  iu  driving  the  generator, 
and  the  difference  in  power  required  is  supplied  by  a 
steam-  or  other  engine,  and  measured  by  a  Hefner- 
Alteneck  dynamometer,  or  by  any  other  similar  method 
by  which  the  difference  of  tensions  of  the  two  parts  of 
the  belt  is  determined.  This  latter  amount  of  power 
represents  the  losses  in  transmission,  and  addod  to  the 
power  returned  to  the  generator  by  the  motor  gives  the 
mechanical  power  required  to  drive  the  generator. 
The  errors  inherent  in  the  determination  of  mechanical 
power  transmitted  to  a  driven  shaft  are  thus  made  to 
affect  only  the  comparatively  small  balance  of  power 
*  FMl.  Traill.  K.S.     Part  I.  1886. 
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and  the  efficiency  is  obtained  to  a  much  Uigljer  pe^ 
ceiitage  of  accuracy. 

The  whole  electrical  power  Ey  developed  by  tlie 
generator  is  thca  found  by  calculating  tbat  spent  on 
eacli  part  of  tlie  circuit  from  tbe  observed  difierencei 
of  potential  between  the  terminals  of  the  generator 
and  motor,  the  current  in  the  circuit,  and  the  known 
resiataacea  of  the  different  parts  of  the  machines.  By  I 
adding  to  this  the  power  w,  in  watts,  wasted  in  the 
machine,  the  power  spent  in  driving  it  is  obtained  and 
hence  at  once  the  gross  efficiency  JSyl(Ey  +  w). 

Then  tlie  sum  "ftliopoweniilevclnped  intheannHtureandmitr- 
noto  of  eaoli  ninchino,  and  in  llie  leada  and  other  reaist&nces  in  tua 
circuit,  flubtnicted  fruin  tlie  power  tninsmittcd  from  the  engine 
niid  measured  by  the  dynnmometer,  f^lves   b  balance  whicb  re- 
presents the  total  lues  in  the  circuit  over  and   above   those  here 
enumerated.     Thin  is  msdo  up  u£  power  wasted  in  the  ircn  cores 
of   the   armatures   and   in   tlie   pole  pieces   in  consequence  of 
hystureHiB  or  eildy  curreutu,  in  reversals  of  the  currents  in  the 
Hoctiuns  of  the  iirniaturos,  in  connexions,  in  spnrking-  if  any,  and 
in  the  friction  of  the  bearings  and  brashes.     Half  of  this  balance 
GroM      may  he  taken  ns  spent  in  each   machine.     The  whole  power 
Efficioncy  s|ient  in  driving  the  ji^nenttor  is  therefore  the  sum  of  the  whole 
of         electrical  power  Ey  tiiven  outin  thecircuit,  and  half  tlie  balance, 
Dynamo    „  say.     Thus  the  elFiciency  is 


~  Ky  +  io  iy 


Svin-  ^''''  Swinburne  incasureR  electrically  the  loss  of  power  10  here 

hnme's  described,  (ind  rerjuircs  only  one  ninchii.e  of  the  type  to  tie 
Method,  tested.  The  inaRnuta  uf  the  iiiacliine  are  eicited  Beparnlely  m 
that  the  armiilnreii)  under  the  induction  which  would  exiet  if 
the  iiiaohine  were  workiuf;  under  the  load  epeciRed  for  it. 
The  luachinc  is  lln'n  driven  by  a  small  ilynsino  which  fur* 
nitihcs  current  iil  the  electromotive  force  of  tlie  inachiDC  juel 
BufliciL-nt  lodrive  it  at  the  requisite  speed,  without  any  food 
beyond  that  involved  in  if,  namely  the  losses  in  eddy  carreoti^ 
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liystcreBU,  and  friction  in  tl)e  machine  being  tested.  The  opeed 
cnn  Iio  adjusted  aa  in  the  tests  ftbove  described  by  siiitubly 
varying  the  reuietiince  of  the  magnet  circuit.  Tlie  power  spent 
on  the  machine  by  the  Bmnll  dyimmD  ia  determined  electrically 
in  the  onlinary  way  by  measuring  the  number  of  volts  difference 
of  potential  between  the  terminals  end  Die  current  in  amperes. 
The  former  will  of  course  be  approiiiiiiitely  ibe  full  electro- 
motive force  of  the  machine  when  working  under  the  prescribed 
load.  The  power  thus  detennined,  diminished  by  that  spent  in 
heat  in  the  armature  (which  is  generally  negligible),  is  the  u-asto 
power  »  rei]uired. 

Tlio  efficiency  can  then  be  found  bv  calculating  the  total 
electiiciil  activity  in  the  circuit  when  t'le  mai:hine  is  running 
under  the  prescribed  load,  by  adding  to  the  activity  in  the 
external  circuit  the  electrical  aclivilies  in  the  aruiature  and 
magnets,  found  in  watte  by  multiplying  the  resistance  of  ouch 
part  in  ohms  by  ihe  square  of  the  current  in  amperes.  Call  this 
electrical  activity  Ef,  as  above,  p.  G45.  Then  ;  he  mechanical 
power  spent  in  driving  is  Ey  -|- w.  The  gross  efliciency  of  the  „_  . 
machine  ia  thus  £'y/(£'7+ lo).  The  electrical  efliciency  of  tho  EfficicnciM 
jirrangument  is  E-^lEy,  if  £,  be  the  difference  of  potential 
between  the  terminals  of  the  external  circuit.  Finally  tlie  net 
efficiency  is  EifliEy  +  v)). 

On  the  aniilogy  of  the  Messrs.  Hopkinson's  method  of  testing   Sumpner's 
dynamos  just  described,  Dr.  Snnipner  lias  hnsed  the  following  Method  of 
[uethtid  of  testing  power  supplied  to  transformers.     Two  equal     Testing 
tranpfomiers   have   their   primary   coils  Cje,  joined  in    parallel       Trans- 
ncrosa   the   tenuimils   of  un  alternating  dynamo  as  shown   in     lonnera. 
Fig.  14R,  and  their  secondaries  (7,(7)  also  juined  in  parallel  between 
the  points  AS.     Non-inductive  resistances  r  and  It  aie  included 
in  file  primary  and  seconilary  circuits  aa  shown. 

Supposing  the  transformers  to  be  ulike,  and  the  primary 
circuits  to  have  the  same  resistance,  the  magnetizing  currents 
will  be  the  name  in  both,  and  there  will  bs  equal  electromotive 
forces  at  any  instant  in  the  secondaries.  Thus  tio  current  will 
flow  in  tho  secondary  circuit  whatever  the  resistance  Ji.  A 
imn-indnt'tive  resistance  r  in  the  primary  of  either  will  cause  the 
currenta  in  the  primaries  to  be  different,  and  if  r  is  in  tho  circuit 
of  Cf  a  current  will  flow  In  the  secondary  which  will  toad  (lie 
transformer  c.C,,  and  help  to  magnetiiic  the  core  of  e.;C,, 
thiiH  raising  tbe  electromotive  force  in  the  primary  of  tliat 
tranaformcr. 

If   however  the  transformerit    be  somewhat    different,  for 
example,  so  that  (to  take  Dr.  Sunipner's  example)  No.  1  cim  verts 
from  100  to  2100  volte,  and  the  otiior  from  100  to  20O0  voile, 
Y  T   2 
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then  there  will  be  an  eleotromutiTe  force  of  100  volts  in  tin  | 

circait  of  the  eecondariee  which  will  prodnce  eny  desired  co 

if  R  be  properly  adjuBted, 

Determi'         If  then  with  two  unequal  tranefonnerv  the  current  flowing  ] 

nation  o(    through  the  aecondaries  be  of  the  proper  amoant,  each  tniit- 

WMte      former  will  be  fully  loaded,  hut  one,  the  more  powerful,  No,  1 

Power.      BB^,  will  trauHrorm  up,  nnri  the  other  down.     That  ia  the  fonner 

will  take  energy  from  the  mains,  the  other  will  return  enerffyto 

the  mains.    The  power-Iossee  occurring  in  the  double  trau- 

formntion  are  then,  in  the  ag-gregate,  the  difference    betn-een 

the   power  taken   by   No.   1,  and  that  given   bock  by  No.  X 


diminished  by  the  amount  abtiarbed  in  the  resistance  J{,  and  by 
the  amount  spent  in  heating  the  connecting  wires  and  iustni- 
■nienfs  applied. 

It  ia  only  necesanry  therefore,  in  order  to  oblnin  w,  to  nieaann 
the  balance  of  power  supplied  to  the  systetn  at  ab,  and  correct 
it  OS  dcacriheit.  This  may  be  done  with  a  wattmeter,  the  fini 
wire  coil  of  which  ia  placed  across  the  tenninnis  ab,  and  ibe 
current  coil  in  one  of  the  mnina,  or  by  the  electrometer-methiHl 
de$icribed  below.  To  calculate  the  emcieocy  we  have  thea  only 
lo  find  the  power  W,  say,  mipplied  to  No.  1  transformer,  Thu 
can  be  done  nearly  enough  by  measuring  the  load  on  either 
tranHformer,  say  by  placing  a  wattmeter  with  its  fine  wire  coilt 
across  ai,  and  iu  current  coil  in  e,  or  by  measuring  the  difference 
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ot  potentiftl  iDil  current  of  any  coil  of  eitlier  tranaformer.    TLen    CiictiU- 
the  efScieocy  of  tbe  double  transformation,  e'  any,  u  given  by         '■""  "' 


The  efficiency  of  each  tranBfonner  is  approximately  tlio  square 
root  of  tliis,  ur 

nearly. 

One  great  advantage  of  this  method  lies  in  the  fact  that  a 
considerable  error  in  the  estimation  of  to  can  only  slightly  affect 
that  of  e-  or  e,  if  e  he  not  very  different  from  unity.    Tliis  method     *-^  ™ 


Equal 


s  it  stands  is  only  upplicable  tu  two  traTisfurmers  the  olectro- 
motivo  forces  of  the  secondaries  of  wliicli  differ  by  at  lenst  Toms'- 
twice  the  '■  drop  "  in  difference  of  potential  between  tbe  tenninals  fanners 
of  the  secondary  of  either,  when  its  load  ia  raised  from  zero  to 
the  prescribed  value.  In  the  esse  of  two  similar  transformers 
Dr.  Simipner  uses  a  small  additional  transfonner  which  is  able 
to  supply  the  waste  lo  for  the  two  large  transformers  to  be 
tested.  The  primarv  of  this  is  connected  in  series  with  an 
adjustable  non-inductive  resistance,  x,  across  the  main  terminals 
ab,  and  the  secondary  is  placed  in,  soy,  No.  2  transformer,  in 
series    with    either  f^   or    Ct,   in    place   of   tbe    non-inductive 


This  small  transformer  will  supply  an  amotint  of  energy, 
depending  on  the  value  to  which  x  is  adjusted,  sufficient  to 
canse  any  required  current  to  flow  in  Ibe  secondaries  of  the 
large  transformers.  It  in  only  nt^cessary  tlien  to  measure  the 
energy  given  out  by  the  small  transformer  by  measuring  the 
current  and  difference  of  potential  on  its  primary  and  secondary, 
and  further  to  measure  as  before  the  power  supplied  by  the 
mnins.  The  sum  of  these  corrected  as  before  will  do  w.  Then 
jris  measured  es  before  for  either  of  the  large  transformers  and 
the  eflicicncy  is  determined  by  (81)  ahuve. 

Different  arraiigements  will  suggest  themselves  to  tbe 
engineer  carrying  out  those  tests  as  suitable  in  the  varying 
circumstances  tn  which  he  may  be  placed  by  his  instruments, 
&c.* 


etl  ELECTRICAL  ACTIVITi^ 

Threa  Prof.  Ayrton  and  Dr.  SumpDer*  have  siven  the  1 

Voltmeter   ,       .  ■'        ,  ^  .v   j      r  -         *v 

Uethod.    lowing  very  elegant   method  of  measuring  the  prn 

given  out  in  any  portion  of  a  circuit.     It  will  be  m 

that  it  is  intinaately  related  to  the  electrometer  metti 

described  below.     Three  points  on  the  circuit  are  tak' 

two  (Fig.  149)  AB  between  which  is  the  portion  of  1 

current  in  which  the  activity  is  to  be  found,  while  t 

portion  £C  consists  of  a,  non-inductive  resistance  of 

ohms.     Three  alternate  current  volt  meters  of  pro] 

construction  are  used  to  give  the  mean  squares  of  t 

differences  between  A  and  B,  B  and  0,  and  A  and 


If  7)j,  D^,  D  be  the  readings  of  these  voltmeters  et 
in  volts,  and  Am  the  mean  activity  in  watts 

^-  =  ^C^^-A'-A=)   ■   .   .   0 

For 

1    j-r 

Til  cor;  of  if  ^[  be  llie  difference  of  potcnlial  between  A  and  if  at  i 
Method,    instant.     But  if  /^,  be  the  diSerence  of  potential  existinj 

■  Pnc.  R.S.  Apiil  9,  1891  ai Oeetridan,  ApHl  17,  1891, 


MEASURED  BY  TWO  CUBBBNT-MKTBRS  AND  VOLTMETER 
the  same  instant  between  B  and  C  wo  liave  y=  VJB.     Henoo 

The  difference  of  potentinl  between  A  and  C  is  at  tlie  snmo 
instant  F^  -|-  A',,  anil  we  have 

Hence 


It  can  be  shown  by  tho  Theory  of  Errom  of  Observation  that 
on  the  asBiimplion  of  equal  proportional  errors  in  the  quantities 


observed  the  best  Brraiigenient  for  this  measurement  is  one 
wbich  tlio  mean  square  of  the  difference  of  potential  betwi 
A  and  B  is  equal  to  thnt  between  B  and  C.     This  however  is  a 
arrangeinciit  in  which  the  power  consumed  in  the  non-inductive 

resistance  isjiecjual  to  the  power  mcaaured. 

A  modiGcaliun  of  Ibis  method  has  been  proposed  by  Prof. 
Ayrton  and  Dr.  Siiinpner  in  which  two  current- meters  A-o  J^, 
nnd  a  voltmeter  V  are  arranged  as  shown  in  Fig,  150.  ab  is  the  i 
portion  uf  the  circuit  in  wliich  the  power  is  to  he  measured,  ed  ir 
a  non-inductive  resielance  placed  across  its  terminals,  K  ia  a  Volt- 
voltmeter  placed  pariillel  to  AB  and  CS,  and  measuring  the  meter, 
mean  square  uf  the  difference  of  potential  between  ac  and  bd. 


ELECTRICAL  ACTIVITV 


If  V  be  the  difference  of  potential  between  «  bdJ  6  at  i 
iastunt,  and  y  the  current  ot  that  iaBtant,  the  activity  ia 


=  !/> 


r  if  y  be  the  current  in  cd  at  the  same  iDstant, 


■f/>-- 


since  y'  =•  VjR.  But  if  Di  be  the  reading  of  the  current-m« 
Ji,  Df  that  of  Jj  (each  givtug  the  mean  square  of  the  cuireui 
aiiiperei),  we  have 

A  -  \.}\  +  y')''"  -  \  l\r  +  r'  +  syy'!* 

if  /)  be  the  reniiiug  of  the  vollmettT  espresaed  in  volts.  Hei 
by  («3) 


t  upon  a  methiid  propoi 
by  Dr.  J.  A.  Flemiug  in  whith  a  current- meter  ia  placed  in 
and  .^H  in  given  by  (84),  with  /J^put  for  the  reading  of  t 
curreiit-moier,  and  used  iiixteudof  tiietenii/V^-     The  curre 

meter  iiitrudnt'eHD  certain  aimiiint  of  inductance  into  rf/,altliDU 
tliiH  iiii(,'ht  be  made  negligible  by  Inking  ed  large  enough. 

Electro-  All  electrometer  may  be  used  iu  the  fullowing  mani 

srth^d  *"  S'^^  ^^^  mean  square  of  tlie  curreut,  and  of  t 

Measure-  difference  of  potential  for  any  part  of  a  circuit,  wLetV 

Mwn  containing   motors  or  arc  lamps  or  any  arraDgemt 

Square  of  vvitli   Of   without  counter-electromotive   force   or  8€ 
Current 

■  "  Alternate  Current  and  Potential  DilTcrenoe  Analogies,"  Pi 
itag.  Aug.  18«1. 
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inductance.  A  coil  of  thick  Qermaa  silver  wire  (or  to 
prevent  sensible  heating  a  set  of  two  or  more  coils 
arranged  in  multiple  arc)  having  no  self-inductance  is 
included  tn  the  part  of  the  circuit  considered,  so  that  the 
current  to  be  measured  also  flows  through  the  wire. 
The  mean  siiuare  of  the  difference  of  potential  between  sju^"" 
the  ends  of  thb  resistance  is  measured  as  described  DiairenM 
above  (p.  279)  by  connectii^  one  pair  of  quadrants  of  tj^^ 
the  electrometer  to  one  end,  and  the  needle  and  the 
other  pair  of  quadrants  to  the  other  end,  and  the  mean 
square  y'^  of  the  current  by  dividing  by  the  square  of 
the  resistance  of  the  wire.  The  mean  square  of  the 
difference  of  potential  between  the  terminals  of  the 
part  of  the  circuit  considered  is  then  found  in 
the  same  manner.  A  multicellular  electrostatic 
voltmeter  is  very  convenient  for  such  measurements 
on  account  of  its  great  range  of  sensibility  (see  Vol.  I. 
Chap.  v.). 

The  product  is  not  generally  to  be  taken  as  the  mean 
square  of  the  activity  in  the  part  of  the  circuit  con- 
sidered, for  it  is  evident  that  in  this  cose  what  is 
obtained  is  the  value  of 


\fv-dt  X  fi'dt. 


where  V  and  7  are  the  diEference  of  potential  and  the    Sqoiu* 
current  at  any  instant.     The  square  root  of  this  quan-  pmduet  of 
tity  is  not  generally  the  same  thing  as  t^"" 


j/Vt^I, 


not  Tnia 
Aotitity. 
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the  true  mean  value  of  the  activity.     This  is,  howeve 
given  indirectly  by  the  foUowiDg  method,* 
Electro-        Let   the   two   ends  of  the   reaiatance   coil   of   ze: 

He^od  of  self-inductance  and  known  resistance  B  be  called  A  ai 
Deter-     B,  and  let  the  extremities  of  the  portion  of  the  circu 

AotiritT.  for  which  the  measurements  are  to  be  made,  be  callt 
C  and  D.  One  of  the  pairs  of  quadrants  is  connects 
to  A,  the  other  pair  to  B,  and  the  needle  to  C,  ai 
the  reading,  d  say,  taken.  The  quadrants  remaining  i 
they  were,  the  needle  is  connected  to  0,  and  the  readii 
d'  taken.  Now  if  at  any  instant  V^^  be  the  potential  ■ 
A,  K,  of  B,  Fi  of  C,  and  T^  of  D,  we  get  if  (1' 
above  is  applicable  to  the  instrument  (see  p.  6f 
above) 


d  =  \,l\v,-v,){r\-  ^•*'^' 


-\\\v,-y,)[v; 


and  by  subtraction  and  division  by  kR 

But  it  is  clear  that  the  expres^ioo  on  the  right  hai 
side  of  (86)  is  the  true  mean  value  of  the  activi 
required. 

•  Thia  method  in  dewriljed  by  A.  Potier,  Journal  de  Phyiime,  t.  i 
p.  227,  1881,  bnt  w«a  inde[ieDdoiitIy  invented  also  by  Prof.  W. 
Ayrton,  sni!  Prof.  G.  F.  Fitigtrald  (see  Prof.  Ayrton  on  ' '  Telting  t 
Power  and  Efficiency  of  Trana formers,"  Proc.  Soe.  Tel.  Engi,  andJSI 


USE  OF  QUADRANT  ELECTROMETER 


+r,,  and 

J  IB,  by  (f 


If  A  ni«i  D  coinuido  f'j+F,,  and  the  nctivity  in  tlie  part  of  the 
circuit  between  C  und  J)  h,  by  (61),  given  by  (62)  alone  when 
put  in  tlie  form 


kJl 

This  observation  is  due  to  Mr.  Sayere,  a  pupil  o£  Prof.  Ayrton. 
It  is  thuB  possible  in  the  case  supponed  to  use  an  electromotor 
aa  a  direct  reading  wutCmeler. 

If  a  quaiirnnt  electroniater  is  used  aa  hero  esplotned,  care       Pre- 
muat  be  taken  to  see  that  the  equation  (IT)  holds  for  the  inetru-    eantioni 
ment  (nee  p.  633  nbove).   Dr.  Hopkinson  found  {Phil.  Mag.  Ap.    in  Uta  of 
18B6}thBt  the  indicntions  of  his  iDbtrument  were  very  exactly   Quadrant 
expressed  by  the  equation  Electtn- 


1 

'  1  +  «ir* 


(.1^1 


-r,(r-r^). 


where  «  is  a  amail  conatant.  Hence  for  high  values  of  V  it  ia 
necessary  to  know  and  use  thia  second  constaDt  if  its  value  ia 
sensible.  The  devialion  from  fulfilment  of  the  ordinary  equa- 
tion here  shown  was  found  to  bo  in  great  part  duo  to  downward 
electrical  force  on  the  needle  caused  by  its  hanging  a  little  too 
low  in  the  quadrants. 


CHAPTER  XIII 
ilAOh'ETIC  MEASUREilEKTS 

Section  I 
ilEASVREUEKT  OF  INTEJfSE  MAGNETK  FIELDS 

We  have  seen  (p.  118  above)  that  every  element  of  a 
conductor  carrying  a  current  in  a  loagnetic  field  is  acted 
OQ  by  a  force  tending  to  move  it  in  a  direction  at  right 
angles  to  its  length  and  to  the  direction  of  the  magnetic 
inductioQ  at  the  element,  and   have  stated   how    the 
magnitude  of  the  force  may  be  calculated  in  terms  of 
the  induction,  the  strength  of  the   current  aod    the 
MsMuro-   position  of  the  element.   Hence,  if  we  know  the  strength 
Field      **'  t''«  current  flowing  in  a  conductor  placed  in  a  mag- 
Intenaity   nctic  field,  and  measure  the  force  exerted  in  virtue  of 
Eleatru-     clcctro magnetic  action  on  any  element  of  the  conductor, 
"i^e '"  we  can  find  the  induction,  that  is,  in  air,  the  intensity 
of  the   field  at  the   element.     On   this  principle  are 
founded   the   following  simple  methods,  mainly   sug- 
gested   by   Lord   Kelvin,  of  determining   in   absolute 
measure  the  intensity  of  magnetic  fields   in  dyuamo 
machines  or  other  electromagnetic  apparatus. 

'We  shall  take  first  the  case  of  two  long  straight  pole  fncee 
oppositely  magnetized  iin<l  pliiccd  at  a,  short  diittsiico  apurt 
facing  one  anotlior,  with  tkcir  kngtha  vertical.     In  the  middle 
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701 


oftheipncebetweenthe  poleBBBtout  wire, w[Fig;.  191),  jomewhat  Fi«Id 

longer  than  the  polos,  bo  as  to  extend  a  little  above  and  below  between 

them,  is  hung  vertically  by   a   cord   four   or   five   feet  long,  ^"i  ?B 

attached  near  its  upper  end  to  a  fixed  peg  above,  and  is  stretched  SrP 

by  tiic  weight,  W,  attached  near  its  lower  end.  Two  pendulums  ^^ 
made  of  weights  I'^,  Pj,  carried  by  fiue  threads,  are  hung  from 


Fa««*. 


two  sliding  pieces  which  can  be  moved  along  n  graduated  crosB-  Pendnlnm 
bar  Si  above,  bo  placed  that  the  ends  are  as  nearly  as  poBsiblo  &[«tbod  of 
in  a  plane  parallel  io  the  pole  faces  and  passing  through  the  Meainnng 
middle  of  the  space  between  thorn.  The  two  pendulum  threads  °~"  ' 
and  the  wire,  w,  are  thus  nearly  in  one  plane.  One  of  these  pen- 
dulums is  made  so  long  as  Io  have  its  hob  below  the  level  of  the 


Force*. 
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lowest  part  of  llie  pole  faces,  while  the  other  has  its  bob  a  li 
below  lliB  IbvbI  of  the  lop  of  the  pole  focca,  and  the  forme 
placed  ut  the  greater  diataoi^e  from  the  aiiapended  wire.  A  I 
threiui  iittaclied  to  theupperciidof  IhesuRpended  wire  ia  can 
out  liomuntally  and  inaAe  fast  at  ita  other  end  to  the  auspeni 
thrend  of  the  neiirer  pendulum. 

A  eiiiiilHr  thread  is  attached  at  one  end  to  a  point  of  tlie  -v 
near  the  bottom  of  the  pule  fucea,  and  curried  out  similarly  i 
made  fast  at  ihe  other  end  to  a  point  nearly  on  the  aame  U 
in  the  suaprnsiun  thread  of  the  furlher  pendulum.  The  up 
uml  lower  ends  of  the  wire,  ir,  are  ulacDd,  as  Hhown,  in  uierc 
cupii,  tu  which  are  alao  connected  tlia  electrodes  of  a  bnttery, 
means  of  which  a  current  can  he  aent  through  the  wire  k>,  i 
meaaured  hy  nieuns  of  n  Balvnuumeter  in  the  circuit,  A  bc: 
fi„  \B  placed  a  little  behind  the  plane  of  the  threads,  so  that 
poKitiun  of  a  point  in  ench,  ou  the  lianie  level  neur  their  loi 
cuiin,  can  he  eiiaily  Tend  off. 

Wiicn  un  cxporiineiit  is  iiiikIc,  the  sliding  piecea, ^j,  jjj, 
moved  tuwardx  the  left  uiilil  the  threads,  (j,  fj,  nre  quiie  alt 
mill  tiiv  positions  of  each  threa<l  on  the  upper  nnd  loner  aci 
ure  read  off  aud  noted.  The  position  of  the  wire,  k,  when  I, 
!ire  quite  alack  is  also  marked  lit  the  upper  iind  lower  ende 
(li-i  pole  fucea  or  elsewhere.  A  current  ia  then  sent  through 
,e  eleclromogiiclic  force  acti 

" ",'L',;;, 

pull  the  wire  by  means  of  the  threnda  /,,  f^  back  a^aln  to 
iuitinl  position.  When  the  upper  and  hiwer  endn  hiivo  co 
hiik  to  their  former  puBitiona,  the  elcctrumiiKnetic  force  on  i 
wire-  ia  biilaiiced  by  the  pulls  exerted  by  the  pendiduiiiB.  1 
positions  of  ihu  pendulum  ihreada  are  again  read  (iff  on  i 
u]>pur  iind  hiwer  scales  and  noted,  with  the  strength  of  i 
current  flowing  in  ic.  From  theae  results  we  can  eaeily  eult-ul. 
the  nvcruge  intensity  of  the  tield  iit  the  phice  occupied  by  the  wi 
TC.  For  let  fK  he.  the  mass  of  each  of  the  pendulum  bobs 
i;r;mimes,  i/  the  diitance  through  which  tlic  tup  of  Die  pciiduli 
thri'iirl  Ims  be.'n  carried  by  p^  to  the  right  of  the  point  of  t 
threiid  opiioeile  to  the  lower  scale  S.^,  rl^  the  correcpoiidinfr  d 
fniiL-c  for  the  other  pendulum,  /  tlie  viTliCiil  distance  between  I 
IrveJH  iif  the  tops  of  the  jienduhmi  Hircude  anil  the  lower  si-. 
nienaiireil  in  tlie  aame  units  na  ih,  ''■..  L  the  length  of  I 
oi.piised  pule  faces,  nml  y  the  atrenglh  nf  the  current  in  C.G 
niiitx  (or.e-lcnth  the  iiumber  of  Diiii-fri's).  The  downwurd  foi 
in  dynes  on  ench  of  the  mnsai's  in  Wg,  where  g  it  liie  uccele 
tioii  in  cejitimetrea  per  second  per  second  (='961'4  in  latitude 
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Glasgow)  produceil  by  gravity  ia  a  falling-  body  nt  tlie  place  uf 
experiineDt.  Tlie  total  puli  lu  tlie  right  eserted  by  the  threads 
UTi  the  wire  U  therefore  It'G  (i/,  -f-  d^/l,  Bnd  ibis  is  equal  to  the 
pull  towards  the  left  on  the  wire  produced  by  the  electromag- 
netic action.  If  y  be  the  average  intensity  of  ibe  liehl  along  the 
wire  in  C.G.S.  iinita,  we  have  for  this  pull  in  dynes  J/g,  Hence 
we  get  the  eijuatiun 


In  an  experiment  made  uu  September  IG,  1882,  with  a  similar  Reniitt  of 

mngemetit,  (K  woe  100  grammes,  1 100  ceii  timet  res,  C   188  in     Aotuiil 

,U.S.  units  of  current,  Z  30  centimetres,  and  d^  +  tlf  25-84     EKjieri- 

■ntinif^trf-H       Hpitpp  Inelit, 


centimetres,     lleucc, 


100  X  981-4    25-84 


'  33X-18S 


100  " 


meat  of 

D  Circnit 
iu  Field. 


Tlie  wire,  k,  Bbould  not  be  so  flexible  as  to  bend  perceptibly 
under  the  influence  of  the  forces  to  which  it  is  subjected,  so 
that  the  value  of  /  fuuiiil  may  be  iieurly  enough  the  average 
value  of  the  intenbity  along  a  straight  line  in  the  space  between 
the  pole  faces. 

In  cu»es  in  which,  as  in  many  dyoarrio  m,-ic1iines,  the  opposite  Method  hy 
pole  faces  iif  the  electromagnets  are  ot  a  considernble  distonco  "-—"—- 
apart,  with  ur  without  pieces  of  soft  iron  in  the  iutermediate 
space,  it  is  practically  useful  to  find  simullaneously  the  magnetic 
Held  intensity  along  t^o  lines  in  the  surae  ]i lane,  one  in  the 
vicinity  of  eocli  pole  face.  This  may  bo  done  by  so  plating  the 
electromagnete  that  the  two  lines  along  which  the  Held  is 
nieasureil  are  in  a  horizontal  plane,  and  using,  instead  of  the 
single  wire  carrj-ing  the  current,  a  rectangle  of  copper  wire  or 
strip,  of  which  the  opposite  sides  are  in  these  lines,  supported 
on  knife-edges  in  the  bisecting  line  parallel  lo  the  pole  face  so 
that  it  can  turn  round  that  line  as  usik.  The  frame  should  be 
weighted  symmetrically  on  the  two  sides  of  the  line  of  knife- 
edges,  i>o  that  it  rcKtn  with  just  enough  of  stability  in  the  liori- 
zmital  position.  The  enda  of  the  wire  or  strip  forming  tlie 
rectangle  are  brought  out  one  above  the  other  at  one  of  the 
knife-edges  with  a  piece  of  insulating  material  lietwcen  them, 
and  bent  over  so  that  the  end  of  each  dips  into  a  nicruury-cup 


it)   lino   will,   thu   Unifc-odgos.      The  cJcctroJee  of  a  iiitUrj  art 

connected  to  the  mercury-cups  and  a  measured  cnirent  is  seat 
round  the  rectangle.  Sinco  tlie  polee  have  opposite  msgneUsmi, 
the  electromagnetic  action  causes  one  side  of  the  rect&ngle  to 
more  upwards,  tlie  other  aide  to  move  downwanJe,  end  tboi 
turns  the  rectangle  round  the  knife-edges. 
Calcn-  The  moment  of  the  electromagnetic  forces  is  balanced  by  the 

li^ion  of  action  of  weights,  which  may  be  riders  of  known  weight  made 
EkotTO-  of  wire,  placed  on  the  aides  of  the  rectangle,  which  Is  thus 
magnetic  brought  back  to  its  initini  position.  If  we  ciil!  /  the  average 
'-""""-  intensity  of  the  fieldH  along  the  two  sides  of  the  rectangle  in 
the  equilibrium  positinn,  and  C  the  current  strength,  both  as 
before  measured  in  C.G.S.  units,  L  the  length  of  each  side,  and 
d  the  distance  between  them  in  centimelrea,  tlie  moment  of  the 
electromagnetic  forces  round  the  hnifc-edgea  is  ICLd,  The 
opposite  moment  reBisting  the  motion  is,  if  only  one  weight  of 
W^  grammes  at  n  distance  of  d'  cms.  from  the  line  of  knife- 
edges  is  used,  IFffd'.    Hence,  equating  these  momenta,  we  get 


Couple. 
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WgiT 

CLd' 
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from  which  /  can  be  calculated.  If  more  than  one  weight,  W, 
is  used,  each  must  be  multiplied  by  its  distance  friim  the  line  of 
knife-edges,  and  the  sum  of  the  products  multiplied  by  g  tnt  tho 
equilibrating  moment. 

In  some  caaea  it  may  be  convenient  to  use  more  than  one  turn 

of  wire  in  tho  rectangle.     If  there  be  h  turns,  each  of  length 

L,  nL  is  to  be  used  instead  of  L  in  the  forniuU  above. 

Ciicnit         An  obvious  modification  of  this  arrangement,  which  may  b« 

Buapended  useful  in  some   cases,  is   a  rectiinglo  suspended  in  a  vertical 

by  Biiilsr   plane,  and  liept  in  equilibrium  in  the  proper  position  when  no 

'*''       current  is  flowing  through  it,  by  means  ot  a  bitilar  suspension, 

or  a  single  thread  or  thin  wire  under  torsion.     When  a  current 

is  sent  through  the  frame, it  is  deflected  round  a  vertical  axis 

by  tlio  electromagnetic  action,  and  is  brought  back  to  the  initial 

position  of  equilibrium  by  means  of  two  pendulums,  the  points 

of  aUHpcnidon  of  which   are  on  sliding  pieces   wliii-h   can   be 

moved  along  horixontnl  pariillel  liars  fixed  above  at  right  anngle 

to  the  plane  of  tho  rectangle  when  in  tho  equilibrium  position, 

and  in  tlie  same  vertical  planes  as  its  sidea.     Each  pendulum 

cord  has  attached  to  it  a  thread  which  piilla  horizontally  at  the 

middle  of  one  side  of  the  rectangle.    When  the  rectangle  is 

ilcHucted,  the  sliding  pieces  arc  moved  in  opposite  directions, so 

that,  in  consequence  of  the  opposite  inclinations  of  the  peiidu- 
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lums  to  the  vertical,  forces  reetoring  eqiiilibriuin  are  applied  to 
the  rectnngle.  Ae  before,  we  have  for  tbe  electromagnetic 
couple  lyLd.  Supposing  the  two  points  of  BuBpenaJon  of  tbe 
pendulums  to  be  on  one  level,  and  the  points  of  attachment  of 
the  pulling  threids  to  the  pendulum  cords  to  bo  on  a  level  lower 
by  a  distAnce  of  /  cme.,  the  distances  of  tha  verticals  through  the 
points  of  suspension  from  the  corresponding  verticals  tliroujib 
the  attachments  of  the  threads  to  the  pendulum  cords  to  be 
rf|,  </,  cms.  for  the  respective  pendulums,  and  ^grammes  tlie 
muss  of  each  hob.  we  hitve,  for  the  moment  of  the  equilibrating 
forces,  the  value  Wgd{di  +  rfj)/;. 

Hence,  equating  momenta,  we  get 


If  IL  is  the  same  for  bolb  sides  of  tlie  rectangle,  d^  and  if, 
will  bo  equal ;  Imt  in  general  there  wilt  be  u  small  difference 
between  the  two  values. 

In  some  important  practical  cases  the  pole  faces  are  of  small    Jiegnife- 
area  and  arc  ut  only  a  small  distance  apart.     If  there  ie  room,  a     moot  of 
small  rectangular  coil,  similar  to  tiiat  of  a  siphon  recorder  (see    Elsctio- 
Fig.  152),  but  of  comparatively  few  turns  of  wire,  and  witliont  an    magnetic 
iron  core,  may  bo  hung,  as  described  ubove,  between  the  poles,   Couple  on 
with  its  plane  parnllel  to  tlie  lines  of  force,  by  a  hifilar  or  a     Coil  by 
torsion  thread  or  wire,  and  a  measured  current  sent  through  it.  Puudnliun. 
A  rigid  projecting  arm  fixed  to  the  coil  at  the  middle  of  its 
upper  end  and  at  right  angles  to  tlto  piano  of  the  coil,  has  rest- 
ing agairist  it  tUe  Buspension  thread  of  s  pendulum,  attnched  at 
its  upper  end  to  a  sliding  piece  movable  along  a  horizontal  bar 
carrying  a  millimetre  scale,  above  and  at  right  angles  to  the 
prujecting  arm  ;  and  by  this  means  the  coil  is  brought  hack  to 
tlie  initial  position.     When  no  current  is  flowing  through  the 
coil,  the  thread  is  allowed  to  hang  vertically  just  touching  the 
bar  and  the  reading  on  the  scale  above  noted.   Let  the  difference 
between  this  reailing  and  that  obtained  when  the  pendulum  is 
deflected  be  d,  and  let  /  be  the  vertical  heif-ht  of  the  point  of 
Buspension   above   the   projecting   arm.     Tlie  horizontsl   force 
exerted  by  the  pendulum  is  IP^.d/l,  and  the  moment  of  this 
round  the  vertical  axis  about  winch  the  cuil  turns  JFgr.dll,  where 
r  is  the  distance  of  the  pendulum  thread  from  the  central  plane 
of  the  coil.     If  n  he  the  number  of  turns  in  the  coil,  h  cms.  its 
mean  breadth,  and  L  cnis.  the  mean  lengtli  of  each  side,  the 
VOL.  II.  Z  Z 
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moment  of  tbe  ulectroroagnetic  forces  is  nilLy.     We   have 
tiierefore, 

^     niyW t' 

This  method  has  fro<)uent1;r  been  used  for  the  detenninatio) 
of  tlie  iiisKnetic  Held-inteusity  of  the  magnets  of  siplion  re 
corders.  Tlie  coil  hanging  io  its  place 
wfts  uteii  as  the  meaHiiring  coil,  and 
when  no  current  was  Hnwiiig  througli 
it,  was  kept  hanginfi:  vertically  in 
stable  equililiriiiin  with  its  piano 
»arii1Icl  to  the  lines  uf  force  by  the 
oitikr  threads  nttaclied  beneath  it. 
Thuse  threnils  were  ki-pt  taut  and  bear- 
ing against  the  bridge  B  by  tlie 
wel/j'htN  ir,  resting  on  a  plane  sliglilly 
inchneii  to  Ihe  vertical.  A  current 
from  one  or  two  culls  ivas  then  sent 
tUrongli  ihe  coil,  and  the  ilifference  "f 
puteiitiul  between  the  lorminalx  tif  the 
coil  measured  by  mc»ns  of  n  potential 
KalvanonietiT.  The  thread  of  the  pen- 
dulum was  made  to  pull  agaicHt  the 
projecting  nluniiuinni  arm  to  wliirh 
the  siphon  in  altaclieil  ns  shuun  in 
the  iigure,  so  as  to  bring  the  coil  baek 
to  the  initial  poallinn.  The  value  of 
d  was  then  read  utl,  nnd  that  of  C 
deduced  from  the  known  resistuncu  of 
the  coil  and  the  result  of  the  measure- 
ment with  the  galvanometer,  and  being 
siibstilutud  with  the  values  of  the  other 
quantities  T,  n,  i,  &c.  in  (4),  gave  the 

Method  by      '^''"'   lield    intensities  of  siphon   re- 
D.itnping   corders   have   sonietinies   been   deter- 
uf  Coil      mined  liy  the  following  method,  which 
Oscillating  Im  interesting  theoretically, 
in  Fiuld.         Advantage  is  taken  of  the  signal- 
coil,  which  consists  of  a  rectangular 
coil  ii  little  more  than  o  ems.  lung  and 
S   ems.  broad,  made  of  thin  wire  <tnd 
Ki;p|i(>rted  by  a  silk  thread  above,  so 
lis  to  hang  in  a  vertical  ]>lanc  ronnd 
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a  rectangular  core  of  iron,  which  nearly  fills,  but  nowhere 
touches,  the  coil.  To  the  lower  end  of  the  coil  two  silk 
threndB  are  utloched,  as  ehown  in  Fig.  Ib'Z,  and  are  atretchcJ 
agoinct  u  brlH^e  S  by  two  weights  resting  un  the  iiicliaed 
plane  If.  Tliia  bifilar  arrangement  gives  a  directive  force, 
tending  to  bring  tlic  plane  of  the  coil  inio  parallelism 
witli  that  of  the  bifilar  threads;  ho  that  when  the  coil  ia 
disturbed  from  that  position,  which  is  one  of  stable  eqiii- 
librimii,  and  then  left  to  itsolf,  it  will  if  the  circuit  be  not 
closed,  vibrate  about  tVie  position  of  equilibrium  with  a  detenni- 
natc  period  <it  oscillation,  with  slowly  diminishing  range  until  ^ 
at  lust  it  cotnes  to  rest.  But  if  the  circuit  be  clostd  through  t 
high  resistance,  the  coil  will  conic  more  rapidly  to  rest :  and  i: 
resistance,  deflecting  the  coil 
loting  its  HubBJdcnce  at  each  diinl- 
e  more  and  more  quickly  to  rest, 
with  which  in  circuit  it  just  returns 
,m  without  passing  that  position, 
in  determined,  the  strength  of  the 


grnduiilly  diminish  this 
through  tiJO  Hnme  angle  n  ' 
nuticiQ,  wo  shall  find  it 
until  a  reHistauiie  in  obtai 
to  tlie  position  of  equili 
When  this  resistance  has 
field  can  bo  calculated. 

Let  d  be  the  defection  of  tlie  coil  from  the  position  of  equi- 
librium at  time  t.  and  T  its  period  of  oscillation  whon  the  circuit 
is  not  closed.  We  have  then,  neglecting  the  resistance  of  the 
air  and  other  disturbances,  for  the  equation  of  motion, 


$=0  . 


(5) 


Let  niiw  the  circuit  of  the  coil  be  closed ;  a  retarding  force  Theory  of 
duo  partly  to  air-resistance,  but  in   the  main  to  the  current    Method 
induced   in  the  wire,  and,  if   the   effect   of  self-induction   be 
neglected,  proportional  to  the  angular  velocity,  will  act  on 
the  coil;  and  the  equation  of  motion  for  this  case  will  be  of 
the  fonii 


<P0  .    ,i6  ,   4)r!  , 


dfi 


r,  +  iiv+ 


dr 


7d=0  . 


(6) 


For  let  I  be  the  mean 
space  occupied  by  the 


lensity  of  the  magnetic  field  over  the 
il  at  time  (,  L  the  inductance  of  the 
circuit  fur  that  position  of  the  coil,  R  the  total  resiatance  in  tlie 
circiiit,  /I  the  moment  of  inertia  of  the  coil  round  a  vertical  axis 
passing  through  its  centre,  I  the  effective  length  of  wire  in  the 
coil  (that  if,  the  length  of  wire  in  its  two  vertical  sides),  and  b 
the  mean  half-breadth  of  the  coil.  If  we  call  ^V  the  number  of 
Z  2   2 
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lines  nf  force  which  pass  tbron^b  tbe  coil  at  time  t,  and  y  the 
strength  of  the  induced  current  in  the  coil  «t  that  instant,  we 
have  plainly 

A'-bIl8ia6-Ly. 

The  rate  ot  which  If  increases  per  unit  of  time  is  therefore 


and  if  6  be  amall,  and  /  be  therefore  auppoacd  the  s 
every  iiosition  of  the  coil,  we  have  approximately 


But  dNjdl  v»  the  electromotive  force  due  to  the  inductive 
action ;  hence  the  current  y   ia  by  Ohm's  law  given  by  tbe 


{ly)- 


'~  R  dl      R  dt 

It  was  asBumcd  tlial  the  second  term  of  this  expression  for  y 
would  prove  negligible  in  comparison  willi  the  tirat ;  and  this 
nssumptioD  wa)i  bo  far  justified  by  the  results  of  the  experi- 
ments, which  agreed  fairly  well  with  resulln  obtained,  for  other 
inrtrunients  of  the  same  pattern,  by  a  modification  of  the  second 
method  deacribed  be  low. 

Tbe  couple  due  1o  tbe  action  of  tbe  field  or  tlie  current 
is  hUy;  and  therefore,  on  the  snppoBiiion  of  negligible  eelf- 
indnction,  the  retardation  of  tbe  angular  velocity  of  the  coil  at 


,a6 


in^ndB 

ItR   dt' 

■r-p  de 


rf?-" 


ixR    dl 


+  -^(J=0. 


(7) 


The  motion  represented  by  this  differential  equation  will  be 
osciUntory  or  n  on -oscillatory,  according  as  the  roots  of  the 
auiili  iry  quadratic  are  imaginary  or  real— that  is,  according  as 
iwIT  >  or  <4'  li  PjfiR.  Hence,  if  R  be  tbe  critical  resistance 
tt  which  the  motion  just  ceases  to  be  oscillatory,  we  hare 

"=S <•) 
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When  I  and  b  are  expressed  in  centimetres,  /i  in  grftuimeB 
nnd  centimetrea,  T  in  seconds,  and  R  in  cms.  per  eecond,  /  is 
t^iven  by  tliis  oriuation  in  absolnte  C.U.S.  units  of  magnetic  liclU 
intensity. 

Tlio  moHiod  of  oiperimenting  consiated  in  first  finding  the  Mode  of 
value  of  T,  the  free  period  of  vibrntion  of  tbe  coil  with  ila  ExMn- 
cirouit  uncompleted,  then  finding-  the  resistRnce  which,  being  nicnting. 
placed  in  circuit  with  the  coil,  just  brouglit  the  needle  to  rant 
without  oscillntiun.  This  resistance  was  conveniently  obtaiDcd 
by  means  of  a  resistance-box  included  in  the  circuit,  nnd  therefore 
ndded  no  self-inductance  to  that  in  tEie  coil.  An  ainmininm  orm 
attached  to  tho  coil,  and  carrying  the  sipht^n,  served  as  un  index 
to  render  tlie  motions  of  the  coil  visible.  The  rcHi^tance  li  was 
first  nioile  much  toi)  sreat,  so  as  to  give  a  slow  subsidence,  Uien 
gradually  diminished  ui:til  the  value  which  just  prevented  oscil- 
lalioQ  waa  reached ;  and  it  was  found  (but  this  value  cuuld  he 
determined  easily  within  fiO  ohtns,  and  with  great  care,  to  20 
ohms.  As  tlie  experiments  on  the  recorders  liod  to  be  made 
aoinewhat  limriedly,  and  disturbances  generally  were  neg- 
lected, nnd,  fiirtbcr,  as  n  was  taken  us  equal  to  Jl'i^,  where  JK  is 
tlie  mass  of  the  coil,  tbe  results  eould  not  be  tuken  as  giving 
more  ihan  a  rough  approximation  to/;  but  those  for  two  in- 
struments aro  given  holow  in  illustration  of  tho  method.  For 
both  instruntents  (be  values  of  W,  L,  and  li  were  the  same,  and 
were  respectively  tuken  as  3-343  grniiimes,  3338  cms.,  and  '9fi  cm. 
Kach  coil  had  a  mean  vertical  length  of  5'3  cm.,  a  mean  breadth 
of  1'9  cm,,  and  contained  45*72  metres  of  fine  wire  arranged  in 
290  turns,  and  had  a  resistance  of  about  SOU  ohms. 


R 
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nient. 

This  method  is  ohvionsly  applicable  in  any  case  in  which  a 
coil  can  be  suspended  by  a  torsion  wire,  or  bililar,  or  other 
arrangement  so  as  to  have  a  measurable  free  period  of  vibration.* 


*  The  niL'thod  just  duscribcd  gives  (thenreticolly)  a  means  of  deter- 
mining tlie  oliin.  For  sn|i|iose  tho  ceil  liung  in  a  sulHeienlly  intDUHe 
and  nnifrirm  fiulil,  tlie  intensity  of  which  hnn  been  meaanred  by 
another  ini'thoil,  uud  the  decrement  of  tlie  nscillatory  motiou  pnxlnccit 
by  the  induction  observed.    Then  the  reustanco  could  be  calculated. 
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Methoclby  The  following  method,  which  has  been  frequently 
CnrrentB.  used  ia  tlie  Physical  Laboratory  of  the  Uaiversity  of 
Glasgow,  is  very  convenient  and  useful  in  many  cases. 
It  consists  in  exploring  the  magnetic  field  by  means  of 
the  induced  current  in  a  wire  moved  quickly  across  the 
lines  of  force  over  a  definite  area  in  the  field.  The  wire 
is  in  circuit  with  a  reflecting  "ballistic"  galvanometer 
— that  is,  a  galvanometer  the  system  of  needles  of 
which  has  so  great  a  moment  of  inertia  that  the  whole 
induced  current  due  to  the  motion  of  the  wire  has 
passed  through  the  coil  before  the  needle  has  been 
sensibly  deflected.  The  deflection  thus  obtained  is 
noted,  and  compared  with  the  deflection  obtained  when, 
with  the  same  or  a  smaller  resistance  in  circuit,  a 
portion  of  the  conductor  is  made  to  sweep  across  the 
lines  of  force  over  a  definite  area  of  a  uniform  field  of 
known  intensity,  such  as  that  of  the  earth  or  its  hori- 
zontal or  vertical  component. 

In  performing  the  experiments,  it  is  necessary  to  take 
precautions  to  prevent  any  action  except  that  between 
the  definite  area  of  the  field  selected  and  the  wire 
cutting  its  lines  of  force.  For  tliia  purpose  the  conduct- 
ing-wiro,  which  is  covered  with  insulating  material,  is 
bent  so  as  tn  form  three  sides  of  a  rectangle,  the  middle 
one  of  which  is  of  the  length  of  the  portion  of  field  to 
be  swept  over.  This  side  is  placed  along  one  side  of 
the  space  over  which  it  is  about  to  be  moved  so  that 
the  connecting  wires  lie  along  the  €n<ls  of  the  space ; 
and  the  open  rectangle  is  then  moved  in  the  direction 
of  its  two  sides  until  the  opposite  side  of  the  space  is 
reached.     The  connecting  wires  thus  do  not  cut  the 
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lines  of  force,  and  the  induced  current  is  wholly  due  to 
the  closed  end  of  the  rectangle. 

Instead  of  a  single  wire  cutting  the  lines  of  force,  a  i 
coil  of  proper  dimensions  (for  many  purposes  conveni- 
ently of  rectangular  shape),  the  mean  area  of  wliich  is 
exactly  known,  may  he  suspended  in  the  field  with  its 
plane  parallel  to  the  lines  of  force,  and  turned  quickly 
round  through  a  measured  angle  of  convenient  amount 
not  exceeding  90° ;  or  it  may  be  suspended  with  its 
plane  at  right  angles  to  the  lines  of  force  and  turned 
through  an  angle  of  180°.  If  n  he  the  number  of 
turns,  A  tlieir  mean  area,  and  /  the  mean  intensity  of 
the  field  over  the  area  swept  over  in  each  case,  tlien,  in 
the  first  case,  if  0  be  the  angle  turned  tlirough,  the 
area  swept  over  is  nAsinO  and  the  number  of  lines 
cut  is  nIAs'mff;  in  the  second,  the  area  is  2nA, 
and  the  number  of  lines  cut  is  2nIA. 

In  onlcr  that  with  the  feeble  intensity  of  the  earth's  field  a  Earth 
Hufliuiently  great  deflection  fur  comi)ariHon  may  be  ubtaiiied,  it  Inductor. 
iH  necessary  that  a  relalively  large  area  uf  tlie  field  should  be 
swept  over  by  the  conductor.  One  convenient  way  is  to  niciunt 
on  tmnnions  a  coil  of  moderately  fine  wire  of  a  considerable 
niiiiiber  of  turns  wound  round  a  ring  of  large  radius,  like  tbo 
coil  of  a  standard  tangent  galvanometer,  und  arranged  witli 
stops  so  that  it  Clin  be  turned  quickly'  round  a  horizontal  axis 
.brough  an  ex:ict  half-turn,  from  a  position  in  which  its  plane 
in  exactly  at  right  angles  to  the  dip.  This  coil,  if  the  ballistic 
galvanometer  is  sensitive  enough,  may  always  remain  in  the 
circuit,  Tlic  change  in  the  number  of  lilies  of  force  passing 
thrnngb  the  coil  in  the  a.ime  diriiction  relatively  to  the  coil, 
produced  bv  the  hiilf-turn,  is  plainly  ei|ual  to  twice  us  many 
times  the  area  of  tbo  turn  of  mean  area  as  there  are  turns  in 
the  coll  (the  etfuclive  area  swept  over)  multiplied  by  the  total 
intensity  of  the  earth's  miigiietic  force  at  the  place  of  experi- 
ment. Or,  and  prefcralily  when  the  horizontal  component  of 
the  earth's  magnetic  force  has  been  determined  by  experi- 
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mcnt,  the  coil  mny  be  pUced  in  an  east  and  west  (mit^etic] 
vi-rtiinl  jilnnG,  niid  turned  tliToiigli  an  exact  lialf-turn.  Tbe 
iiiuffiii'iii'  Held  iiitennitv  by  which  the  effective  area  ia  to  be 
iiLiilti|ilicil  in  in  tliiti  c^ii'C  tlie  value  »t  //* 

A  HiitUciontly  Inrgo  nrca  uf  the  cartli's  field  for   compariaon 
he  ohtaiiied  very  renHly  by   carryiii);  the 
metrea   loag,  and 


ali>T: 
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iiliiii;  thiH  rnd  In  n  lioriKuntul  position  by  the  i 
tiiiMH  of  llm  ciiiiiliiL-tnr  nt  itH  ends  from  two  fixed  aupportsina 
hori>!<iiilnl  lineat 'I  ilinMDue  apart  cqunl  to  the  lengtli  of  the 
hmI,  itnd  Kti-urii)K  *!■■-'  ri-iu.iinitig  wirufl  in  circuit  bo  titat  they 
iiiuy  iM)t  iNiiiHc  iliKtiirlinnce  by  tlieir  accidental  motion.  The 
t<h1  will  thtiH  liH  frei!  to  swin^  lika  a  pendulum  by  the  two 
Hiiitpi-iicliiiK  wircH.  The  {>endulum  thus  made  ia  sfowlj  de- 
lii'i'ti'il  from  ihi-  vcrtknl  until  it  restx  atj^iiinHt  stops  arranged 
to  liuiil  ilN  niiitiiiii.  When  iho  needin  is  at  zero,  the  rod  is 
i|uii'k1y  thrown   lu  the   utlier  eide  ngninnt  ximilar  Htopa  there, 
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I'onilurtor  tliu 
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irth'u  field  e<iiial  In  the 
into  the  hurizontnl  distance 
onndiictor  nt  the  cxtremitirs 
IiIal'CiI  nt  any  azimuth,  as  the 
rliK-tiir  in  circuit,  moving  in 
iiirixont.il  line:*  of  force  ;  and 
coil  liiive  ojpoBite  directions 


i;  culciilfUiiiii  1)1'  the  results  is  very  simple.  By 
n'liry  "f  tlic  hiillistic  g;tlvimometer,+  if  q  be  the 
■  iiiiaiitity  (d"  clwtricity  which  passes  through  the 
t,  fuiil  ir  0  Im  tilt.'  iiiiglt:  through  which  the  needle 
I'i'ii  ilfllcrti'il.  or  the  "tlirow,"  we  have,  inflecting 
■Mistiuici.',  &c., 

2  /,,7/ .  e 


(?) 


•ults  of  o) HUT vnl ions  tn  alisolnte  meamra 
was  aM:\  l.y  I'ro^Kor  H.  A.  Kowland 
i;;iii'tiu  iKTiij ('ability  at  iron,  steel,  and 


BALLISTIC  METHOD  FOR  FIELD-INTENSITY 

wliere  ft  is  the  moment  of  inertia  of  the  needle  and 
attachtneots,  m  the  magnetic  moment  of  the  needle,  H 

the  earth's  horizontal  magnetic  force,  and  G  the  constant 
of  tlic  galvanometer.  If  0  be  small,  as  it  generally  has 
been  in  these  experimeots,  we  have 


sJ 


H'li 


(10) 


anil  the  quantities  of  electricity  produced  by  sweeping 
over  two  areas,  A  and  A',  are  directly  as  the 
deflections. 

Let  A  be  the  total  area  swept  over  in  the  field  or 
portion  of  field  the  mean  intensity  /  of  which  is  being 
measured.  A'  and  /'  the  same  quantities  for  the  known 
field,  a,  IS  the  respective  total  resistances  in  circuit, 
q,  q'  the  quantities  of  electricity  generated  in  the  two 
cases,  0,  0'  the  corresponding  deflections  supposed  both 
small :  we  have 
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(11) 


If  convenient,  ^  and  $'  may  be  taken  as  proportional 
to  the  number  of  divisions  of  the  scale  traversed  by  the 
spot  of  lifj'ht  in  the  two  cases. 
The  error  caused  by  neglecting  the  effect   of  air 
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resistance,  &c,  in  diminishing  the  deflection  will  be 
nearly  eliminated  if  R  and  B'  be  chosen  bo  that  0  and    : 
S'  are  nearly  equal 
Elolenoid        The  following  method  of  reducing  ballistic  obaenrsr- 
Baliicitis  ^>ons  to  absolute  measure  is  very  convenient  when  an 

Ballwtic    earth  inductor  is  not  available.     A  short  induction  coil 

SMQltt  to  ,  ,      ,  ,.  .- 

Abulnte    wound  round  the  centre  of  an   ordinary  mi^ietizing 

UeMnie.  i,eiij[_  whose  length  is  great  compared  with  its 
diameter,  is  kept  in  circuit  with  the  galvanometer.  A 
measured  current  is  sent  through  the  wire  of  the  helix,  ; 
and  when  the  needle  is  at  rest  the  circuit  of  the  helii 
is  broken,  and  the  galvanometer  deflection  read  o£  If  | 
A'  be  the  number  of  turns  of  wire  per  cm.  on  the  helis,  ' 
7  the  current  in  electromagnetic  C.G.S.  units,  the 
magnetic  force  within  it  is  iirXy  parallel  to  the 
axis ;  and  if  A'  he  the  proper  mean  area  of  the  cross- 
section  of  the  helix,  and  n'  the  number  of  turns  in  the 
induction  coil,  the  number  of  lines  (unit  tubes)  of 
force  passing  out  of  the  galvanometer  circuit  when  the 
current  is  stopped  ia  iirNii'A'y.  [See  (75)  p.  284. 
above.]  Henco  if  denoting  the  total  resistance  in 
circuit,  the  total  quantity  q'  of  electricity  generated  is 
iwNjt'A'yIB'  and  instead  of  (11)  we  get 

4'Rf) 


JDEAL  MAGNETIC  DISTRIBUTION 


The  ballistic  method  of  investigation  was  also  used  Magnetic 
by  Prof.  H.  A.  Rowland*  for  the  determination  of  that  bntioD* 
ideal   surface   distribution  of  magnGtism  on  magnets  .P"',''^''', 

1-1  .  .       «  ,  ,  ,  Methnd  of 

which,  as  shown  by  Gauss,  may  be  supposed  to  replace  InireBti- 
the  actual  distribution  so  far  as  the  production  of  the  ""  '""■ 
external  field  is  concerned, 

Tljat  Hiich  a  dietributinn  ia  possible  nnd  determinate  is  obvioue       IdesI 
from  tlie  electric  Hiinlogue.     Ooimtilcr  a  diatri button  of  electric     Surface 
poteiitifti  correBponding  precisely  to  tbe  gii-pn  one  of  magnetic      Distri. 
potcntiiil,  and   prwhiced   hy  a  volume  diHtribution  of  equal  bwion  on 
ipianliiieM  of  positive  and  negative  electricity,  correaponding  "Magnet. 
in  position  to  tbc  magpet    Tbis  is  obviously  possible.    Then 
Riippnxe   n  tliin    conducting   surface  to   be  placed  round  tbe 
electric   distribution,  correxponding  exactly  to  (be  surface   of 
the   magnet,    and  connected  to  tlio  eartli.     The  potential  at 
externiil  points  is  thereby  reduced  to  zero.     Thus  the  induced 
distribution   produces    a   diatribution    of   potential  equiii  and 
opposite  to  that  due  to  the  electric  system  within  the  shell,  and 
therefore  if  reversed  would  produce  precisely  the  name  distri- 
bution of  potential  as  the  latter  does.     The  total  amount  of 
this  induced  distribution  is  equal  and  opposite  to  that  in  the 
internal  system,  and  the  distribution  is,  as  we  have  seen  in  vol.  T., 
uniquely  determinate.     Hence  translating  back  to  tbe  magnetic 
case,   it   is    clear  that  a   distribution  of  magnetism  over  tlic 
aurfnce  of  the  magnet  may  be  supposed  to  exist  and  produce 
the  external  field,  and  may   be  made  the  subject   of   experi- 
mental reaearclh. 

When  found  it  expresses  tbe  mode  in  which  the  lines  of  in- 
duction enter  or  leave  the  surface  of  the  miignet ;  b^t  it  is  not 
to  be  taken  as  having  a  real  existence. 
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J?*!"*''  Rowland  u»el  a  thin  ring  of  wire  nude 
Xxpari'  enough  to  pass  round  the  magnet  experimented  m^. 
Btmtiiie,  and  placed  in  circuit  with  a  ballistic  galvanometer.  It, 
was  then,  while  encircling  the  magnet  and  held  with ' 
its  plane  at  right  anglei  to  tlie  axis  of  the  magoe^ 
slided  quickly  along  the  magnet  through  each  of  a 
mccOBsion  of  equal  short  distances,  and  the  deflectiai 
of  tho  needle  noted  for  each  motion.  The  deflectiou 
thus  obtained  gave  for  their  magnets  an  approximate 
estimate  of  the  density  at  different  points  along  the 
magnet,  of  the  ideal  surface  distribution,  and  the  result! 
were  reduced  to  absolute  measure  by  means  of  un 
earth  inductor. 
Dotercni-  This  method  with  any  convt'tiiunt  method  of  reduc- 
o"'pol"  -  ''''^°  °^  results  to  absolute  measure  (for  example,  the 
StrenRth  helix  arrangement  just  describeii)  give-s  a  very  ready 
means  of  estimating  with  much  exactness  the  total 
quantity  of  magnetism  according  to  the  ideal  distribu- 
tion in  one  pole  or  one  end  of  a  magnet,  whether  of 
bar,  horse-shoe,  or  other  shape.  The  ring,  which  for 
the  present  purpose  may  be  larger,  and  thick  enongh 
to  contain  any  convenient  number  of  turns,  is  placed 
at  the  central  or  nearly  neutral  region  of  the  magnet 
and  then  quickly  pulled  off  and  away  from  the  m^net, 
and  the  galvanometer  deflection,  0,  noted.  A  measured 
current  is  then  sent  through  the  helix,  and  the  de- 
flection 0",  produced  by  suddenly  opening  the  circuit 
of  the  helix,  also  observed. 
'^•o'TJ'f  Let  n  be  the  number  of  turns  in  the  ring  of  wire,  ^ 
the  total  quantity  in  C.G.S.  units  of  magnetism  in  the 
portion  of  the  magnet  swept  over,  then  the  number  of 
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Haes  of  iadaction  cut  through  by  each  turn  of  wire  in 
the  ring  is  ivip,  and  if  Ji  be  the  total  resistance  in 
circuit,  the  total  quantity  of  electricity  generated  is 
i7rnj)jB.     We  have  therefore 

4wn,},     JIT  .    e 
'         It        ttIi        2 

and  for  the  helix  we  get  from  the  calculation  above 
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and  if  the  deflections  are  small  angles 
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This  equation  is  of  course  also  applicable  to  the  re-     CbIcd- 
duction  to  absolute  measure  of  the  results  of  deter-  D^tT^of 
minations  of  magnetic  distribution  made  by  the  ballistic  W^l  J""- 
method.     The  value  of  ^  deduced  for  each  deflection 
ilividcd  by  the  ai'ea  of  the  correspondingly  small  portion 
of  the  magnet  is  approximately  the  surface   density 
of  the  ideal  distribution,  the  distribution  on  the  end 
faces  being  of  course  included  in  the  end  deflections. 


,  Deter-  The  baliiaiic  method  has  been  used  by  Rowland, 
nf  Totnl    Thomson,  Ilopkinson,   Ewing,  and  others  for  the  ic- 

-  ^f^|f-'''^  vestigation  of  thu  magnetit;  properties  of  iron.  We 
give  herti  some  examples  of  its  use  for  tha  determina- 
tion of  total  magnetic  induction  in  a  specimen  of  iron. 
Let  fur  example  the  specimen  tested  be  an  iron  rod  or 
wire  magnetized  by  a  helix  of  wire  io  which  a  current 
flows.  An  induction  coil  of  a  suitable  number  of  turns 
encircles  the  magnetizing  coil  midway  between  the 
ends,  and  is  in  circuit  with  a  ballistic  galvanometer. 
If  the  magnetizing  current  be  altered  there  wilt  in 
general  be  a  change  of  magnetic  induction.  An  in- 
duced current  is  thereby  made  to  flow  in  the  ballistic 
galvanometer  circuit,  the  corresponding  deflection  is 
observed,  and  the  change  of  induction  calculated  from 
its  amount.  Thus  if  d  be  the  angular  deflection  cor- 
rected if  necessary  for  damping  (see  pp.  304,  486  above] 
and  »  bo  the  number  of  turns  in  the  induction  coil, 
the  total  induction  through  each  turn  is  given  by  the 
equation 

n  ,p     nr  .  0 


The  determination  of  //,  T,  and  G  may  be  avoided 
by  the  use  of  au  earth-inductor  or  helix  as  already 
described  :  so  that 

,  _iTrNn'A'y^IlT  .    & 
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<ilB  =  iTtSA'f 


(15) 


By  bcKinninc  from  zero  current  and  incrcasiu?  the    Ballistic 

,  ,,  ,  .  ,       .  ,^      o  Method  of 

curreDt  by  small  steps  observing  the  mcremeot  ciB  of    Dutur- 

imiuction  at  each,  the  total  induction  at  any  stage  can   «'"""§ 

be   obtained  by  addition  of  tbe  previous  increments,  Induction. 
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fiom  zero.  The  results  can  be  represented  in  a  curve, 
with  inductions  as  ordinates  and  strengths  of  magnet- 
izing current  as  abscissa;,  The  abscissa;  will  thus 
(witli  a  certain  correction  specified  below)  be  propor- 
tional to  the  values  of  H,  the  intensity  of  the  magnet- 
izing field  at  any  point,  for  the  ditfereut  strengths  of 
current.     Such  a  curve  is  shown  in  Fig.  153. 
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Amnfte-  Tlie  Rcneral  irrangement  of  nppuratui  for  ballistic  eipi 
mant  ot  inentB  is  shown  in  Tig.  151,  whicli  is  taken  from  a  paper  bv 
Apparatoi  ,r.  Hopkinson  on  the  Mngnelization  of  Iron,*  Amagnetiringi 
(7,  C,  aurrouniia  a  rod  of  iron  sliown  as  B,  B\  in  Fi^  156. 
circuit  with  CC  is  a  battery  E  the  current  from  which  can 
viiried  by  the  liquid  rheoatat,  F,  ami  measured  by  the  cum 
inster  G.    The  iiiKgnetizing  coil  is  in  two  lialves  and  betwi 
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them  SLirraunding  the  Imr  '\*  n  small  indnPtion  coil  fl,  which 
in  circuit  wilh  the  ballistic-  piilvanoinctcr  (.",  through  a  pro 
kcv.  II  is  a  sLiii|>1e  make  nnd  break  nrrangement,  K  a  cnrr 
reveraur.  At  .V  ailciilioiinl  reHisIance  cnn  be  placed  in  the  1 
lialic  circuit,  nuil  iit  A"  the  (jalvanumeter  can  bu  shunted. 
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By  such  an  nrrniigement  it  is  possible  to  put  the inag'netizin};    Hopkin- 
ourronttLroughany  aeries  of  changes,  for  example  toincrensoit   wnsEi- 
by  aid  of  the  rheoBtat  from  zero  to  any  requirea  pOBilive  value,  penin*nt». 
grnilually  diminish  il;  again  to  zero,  then  roverse  the  current, 
gradually  increase  its  negative  value  and  finally  diminiali  it 
Again  to  zero. 

The  arrangement  here  tignred  may  of  omirae  be  varied  tu 
Huit  any  particular  cane.  In  l)r,  Hopkinaon's  ezpenmcnta  the 
bar  B,  Jf,  was  in  two  halves,  of  which  one  S  could  be  fuddenly 
withdrawn  by  the  handle  shown  m  Fig  165  When  this  wa« 
done  the  current  in  the  niagiioti7ing  circuit  uns  simultaneously 
broken  and  the  coil  J),  which  was  dttuched  tn  a  spnng,  was 
pulled  suddenly  out  of  the   held      Tims  at  any  tiiiR  i  reading 


Fio.  1C5. 

could  be  obtained  fur  the  whole  induction  in  the  cull  ;  and  the 
procedure  adopted  was  to  subject  the  bur  to  siiccesBive  spceiAed 
Rories  of  changBB  of  magna  tilling  force,  and  test  the  final  state 
of  the  bar  in  the  manner  just  indicated,  A  correction  was  nrndc 
for  the  excess  of  induction  duo  to  the  fact  that  the  nren  of  tlie 
induction  coil  was  greater  than  that  of  crosK-scr^tion  of  the  bar. 
Tliis  correction  was  found  by  suhslitiiting  a  rod  of  copi>er  and 
a  rod  of  wood  for  the  iron,  and  meaanring  the  induction  with  a 
considerable  magnetizing  force  apt)lied. 

Tlie  bar  hod  its  endc  embedded  in  n  mass  of  soft  iron,  jt,  A, 
the  action  of  which  will  be  discussed  presently.     Some  of  the 
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principal  rojulto  of  those  experimcntB  will  be  found   below 
(p.  731). 

In  general  there  is  included  in  the  induction  through  the  in- 

luctioQ  coil  a  certun  part  over  and  above  the  inducUon  in  the 

tion        iroiij  namely,  the  part  of  the  induction  which  paasps  between 

between     die  iron  and  tho  coil,  or  in  tlie  space  occupied  by  the  layerB  of 

J^^.   wire.     Aa  a  rule  this  will  be  slight   if   the    iron   nearly    fill" 

ifSn  '^'   *''®   moRnetiring   coil,    and   it   might  be  avoided  by   winding 

the    induction    coil   under    thu    magnet irjng    coil,    and   clone 

round  tho  iron ;  but  very  frequently  it  ia  deairable  to  be  able 

lit  any  time  to  withdraw  tiie  iron  from  the  inagneti^ng  coil, 

or  suildeoly  to  slip  the  magnetizing  coil  completely  off,  and  this 

renders  the  outside  poaition  of  tho  induction  coil  in  general 

more  convenient     The  correction  amounts  to  {A'  —  j4)H,  if  A' 

be  the  mean  area  of  croas-eection  of  the  magnetiEingcuil.^tlut 

of  Uie  iron,  and  H  tlio  field  intensity  produced  witliin  the  coil 

by  tlie  current.    Thus  if    B  denote  the  integral  induction 

(  fSdS\  through  each  turn  of  the  induction   coil,  the   part  of 

^"118  whieh  exists  in  the  in.n  i»  B  -  (^'  -  -^H- 
l!;[r«:tj!<  of        We  have  here  supposed  H  to  boconstsnt,  but  thin  will  not  be 
Ends  of    priictically  the  case  nnless  the  specimen  he  a  very  long  strnight 
r  f>  ""     "'"'  "iiiunetized  by  a  long  helix.     In  this  ciise  nt  poinln  within 
or  JJav.      t],e  |,^.|ix  „t  „  couKiderable  dintiince  from  the  ends,  the  value  of 
the  part  of  H  Hue  to  tho  current  m.iy,  ns  we  have  seen   above 
(p.  ^61),  bo  takeu  ns  cotiKtaiit  >ind  i.'qual  lo  iw«y,  where  »  is 
tho   number  of  turns  of  wire  per  unit  of  length  on  the  helix. 
If  ncceasarv  tho  cmis  of  the  hdis  can  be  taken  into  account  .-.« 
shown  at  ]>.  260.     There  rcmainw  however  even  when  this  part 
of  H  >s  constant  from  point  to  point  an  allowance  to  be   made 
_  for  the  mngnelic  force  [iioiliiceil   by  the  magnetisation   of  the 

mTtUi^'.     '"*"  ''^*"'-     '■^'''''  "'"""""*  "'  '^  '""S  *">■■  nnifonnly  magnetired 
Force'in     ''""P'y  *°  ''  coirectiou   for  iho  emiN,   iiml  ii  a  demagnetizing 
Prolate      f"''ce,  or  fiiroo  o[i])<ii>cd   to   the  other  pnrt  uf  H-     In  short  we 
EUipBoicl     have  if  H  be  the  field  intensity  ol  any  point 
H  =  H,  +  Ha 
where  Hj  ix  due  tii  the  current  ami  S.-  to  the  mag netiz^ tion  of 
the  iron.     Also 

H  =  4jr;/y  +  H',  +  H. (IB) 

where  Ki   d</n<>teH  the  effect   uf  the  ends  of  the  helix,  and  it- 
very  siuall  ill  generai. 

To  find  a  Buperior  limit  for  H^  for  n  long  bar  we  may  conaider 
the  bar  as  a  very  prolate  ellipsoid.     Then  by  (100),  p,  54,  we 


IKDPCTION 


have  for  the  lield   intenBity  within  the  bar  dae  to  its  <: 
mognetizatiun  Biippoaed  uoitorm  and  of  tntonRity  I 


where  L  haB  the  value  given  in  (101 ),  p.  54.     If  (B  -  H)/-br  he 
put  for  I, 


mparisun  with  H  as  is  generally  the 
H*=-r:B (18') 


Values  uf  L  and  /,/4n-  oalculatwl  from  tho  espreasion  (101)  Tabls 
have  been  given  by  Prof.  Ewing  for  different  ratios  of  length  fnrCalcn. 
of  barto  diameter  of  cross-section,  that  is  difiercnt  valuoa  of  1«^™  of 
l/N/l-e»,  wliereaistheeccentricityoftheellipsoid.  These  are  „etiMg 
given  in  the  following  table,  with  an  additional  number  for  the  j-oroe  in 
ratio  1000.  EllipMiJ. 


Dstiiiiig 

Force  in 

Sphere  or 

Disk. 


Kctio  of 

Length  to 

h 

■01817 

50 

■001440 

100 

■00540 

■01)0430 

200 

■O015- 

■000126 

;ii)0 

■0007  .J 

■000060 

400 

■00045 

■IXH)037 

soo 

■00030 

■000024 

1000 

■000089 

■000007 

o  foinparu  liiesu  values  of  the  coefficient  L 
vith  the  corresponding  quantities  for  ;i  imifomily  magneti/cd 
phero  or  -a  very  oblate  ellipsoid  of  rc-vniotion,  a  disk  in  fact. 
^r  the  sphere  tho  value  (p.  66)  is  Jir,  for  the  disk  4jr. 
3  A  2 


m 


MAGNETIC  MEASUBEUENTS 


Ratio  of       Tbe  ratio  of  the  magnetizing  force  H  actually  eziating  at  any 
Actnal     point  where  the  magnetization  is  of  intensity  I,  to  tEe  mag- 
to  Apphed  netizing  force  Hi  applied  by  tlie  coil  it 

Force  in  H  =  ^  _  ^  ^  1  _  '"«H 

Prolate  H,  H,  H,L 

EUipwrid : 

if  K  be  tlio  magnetic  Bueceptibility.    ThiiH 


(19) 


H 
Hi" 


1  +  i.«" 


(19-) 


If  i{be,8ay,SO0and  thelengtb  be  100  times  tbe  diameter,  the 
ralue  "09540  of  L  derived  from  tbe  abovo  table  gives 


r  tbe  demagnctiziDg  force  is  about  J 


applied  by  tlie 


For  the  ratio  500  aud  1000  of  length  to   ilinmetcr  the  values 

of   H/H,  arc  respectively   1-314,   10445.     The  demagnetizing 

force  is  ID  tbe  former  caxe  equal  to   ubout  ^,,  and   in  the   latter 

ubout  ■045  of  the  magnetizing  force  actuoUy  openvtive. 

Oraphical        The  vulucs  of  the  induction  thus  found   for   different  field 

Method      inteiLHilieB   nppHed   by    the   current    therefore    correspond ,  to 

of  smaller  mugnctlKiDg  forceK  than  those  directly  calculuted  from 

Correcting  the  current,  in  die  ratio  of  Hi/(H,+HJ.     In  the  graphical 

for  Effect    njp resent atiun  of  tlie  results  of  experiuientN  this  cnn  be  corrected 

of  EndB  of  f„r  very  enmly  by  drawing  a  lino  Or-  (Fig.  157)  inclined  to  the 

J*iig  Bar,  ]gfj  „f  tijg  „jig  ^f  py  ^i  a„  „„g|p  i'OJ^=tan-'  (Lfiir)  and 

measuring  the  vnliies  of  Hi  from  this  line,  instcnd  of  form  OF. 


H  =  H,  -  /.I  = 


(30) 


nearly,  that  in  any  induction  B  corresponds  to  an  operative 
magnetizing  force  Icbh  than  Hi  by  the  fraction  L/in-  of  B.  By 
the  construL-tion  given  therefore  tbe  points  in  tho  curve  are  laid 
down  at  once  in  their  correct  positions. 

The  condition  of  endlcsBiicBs  may  be  attained  by  the  use  of 
nn  anchor  ring  of  tho  material  and  wrapping  it  round  nnifonnly 
with  wire  ;  but  in  this  case  the  Held,  na  shown  at  p.  279  above, 
is  not  the  same  ot  nil  distances  from  the  axis.     In  fact  if  JP  be 


INDUCTION 

the  total  numbers  of  turns  in  tlie  inaj^etizin^  belix,  y  the 
current  in  each,  H  the  force  at  n  point  within  the  core  ftt 
diBtance  r  from  the  centre,  iicr^^inNy  tliat  is 


Field 
Within 
Anchor 

King. 


and  ra  may  be  made  aa  nearly  equal  to  r  Bs  we  please  by 
iliminishing  the  Uinienaiuns  of  uroax-Hection  relatively    to  ra. 


Magattliing    Furei 
Fid.  158. 

Experiments  on  anchor  rings  have  been  iiiadu  by  Rowland*, 
Bosanquet  f,  Ewing  %  and  others.  Of  coiirse  in  such  experi- 
ments the  ballistic  nier.liod  is  the  only  one  that  can  be  followed. 

Practically,  endlesBneBS  may  be  attained  by  placing  the  bar  Bir  with 
to  be  experimented  on  in  a  space  cut  in  a  block  of  as  permeable  Soft  Iron 
iron  as  possible,  so  that  the  ends  of  the  bar  fit  deeply  and  closely      "o"- 


•  fhil.  May.  Aug.  1873,  and  Nov.  1874. 
+  Ibid.,  Fob.  and  Mny  1S85. 

1  Fhil.  Tram.  II.  S.,  1885,  or  Magnetic  Indvetion  in  Iron  and  other 
Mrtah,  p.  70. 
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into  HOi^kets  in  tlie  end  faces  of  ihn  space,  nod  the  magnetic 
circuit  ia  completed  by  tlie  tdhm  of  iron  bo  that  no  Uqm  of 
induction  eacaiie  into  tlie  medium  uutaide  tUe  iron.  This  metlioil 
is  due  to  Dr.  J.  Hopkinaoii,  who  has  employed  it  in  ballistic 

esjieriments  on  the  magnetic  properties  oliron  roda. 
far   endlea 


Principle  <^''t'"iated    rery    conveniently    by  i 

ofMig-  ""ignetic   circuit   referred   lo    iit   p. 

netic  shown  that  the  integral  induction  kc 

Cirenit.  tbe  tubea  of  induction  ia 


IB  of  the  idea  of  ihe 
1  above.  It  liae  been 
n  surfuce  cutting  all 


laof  n 


n  element  of  dialnnce  alonf;  the  tuiie, 
K  the  number  of  turns  of  wire  carrying  current  y,  and  traversed 
by  end)  line,  iind  U  the  ratio  of  "Bdt  to  B'  The  numerator  on 
tbe  right  of  (S3)  ia  what  Bosnnquot*  haa  called  the  magneto- 
motive force  of  the  magnetic  circuit,  tlie  denominator  the 
magnetic  resiatHncc  (or  reluetanre,  as  proposed  hy  Ueaviaide}.f 


,  if  iiB 


is  .S',  and  length  /  we 


^S 


where  the  integral  in  the  Ocnominator  refers  only  to  the  portion 
of  tho  circuit  fonncd  hy  tlie  yoke ;  tlie  first  term  ia  obviously 
tbe  value  of  tho  integml  for  the  specimen.  If  we  consider  tbe 
iron  yoke  as  throughout  of  uniform  crona-Beotiun  ,9',  length  /' 
and  uniform  pcrineahility  /t  we  get 


Magnetii! 
Circuit  of 

Yok° 


B- 


4ir,VY 


^  +  4, 


(24) 


•  riiil.  May.  Marth.  1883. 

+  Till!  ttrin  ai>ipen:-turaj  ia  now  verj  gi-nerally  employed  in  ptxicli- 
cal  ivoi'k  lodofligiiatc  lOAy,  that  ia  tlie]>r<>ductorthenuniberof  torn? 
mid  the  current  in  atniwrea.  The  magnetomotiTe  force  is  thus  '4r 
times  the  nmpcre  turns  given  by  the  magnetizing  coil. 


EFFECT  OF  AIE-OAP 


1^    I  +  e^ 


or  H  in  the  iroD  ie  less  thnn  4irNy/l,  wliicli  would  be  the  value 
if  til e  rod  wore  iiiKnitely  long,  bj-  tlie  amount  4irAyy  iy/S'. 
TliuM  if  n'  in  great  in  cnmpaiiflon  witli  /i,  the  correction  uan  be 
mAde  vcT^  Btnall. 

There  iii  a  further  correction  for  the  ptiBaage  of  the  Unci  of 
iTiduction  to  the  iron  yoke.  For  one  thinit  tlio  effe«tive  size  of 
the  iron  nt  the  junction  is  uot  equal  to  the  croM-xcction  of 
the  iron  yoke,  though  this  nisy  bo  tukeii  account  of  by  an 
addition  to  r.  If  tlie  bar  were  welded  to  the  yoke,  or  formed 
one  piece  with  it,  the  proper  correction  would  be  that  applic- 
able to  a  conducting  wire  joining  two  lurge  iiiaeses  of  metal. 
TEio  joint  however  between  the  specimen  and  the  yoke  han 
<]uite  a  perceptible  efEect  and  ia  in  fact  equivalent  to  a  narrow 


Tlie  effect  of  nn  air-gap  in  a  magnetic  circuit  i 
Nfudied  by  calculating  it  for  tl;e  cubs  of  a  ring  spli 
narrow  gap.  There  ia  continuity  of  the  induction  in  the  iron 
ami  in  the  air  on  the  two  sides  of  the  aurfiiceof  separation,  and 
if  thu  gap  be  narrow  very  few  even  of  the  lines  near  tlie  edges 
will  spre^id  out  laterally  before  again  entering  the  iron.  We 
may  take  therefore  the  total  crosa -section  of  the  induction 
tubes  in  the  gup  as  equal  to  that  of  tlie  iron  ring.  Thus  taking 
the  total  induction   and  putting  x  for  the  width  of  the  gap  we 


nav  be  Air-gap  ii 

it   by   n  aUagnetii 


get 


B  = 


^(^') 


if  the  induction  B  be  taken  an  having  the 
If  IT  were  zero  we  fIiohUI  have 


B-i^ 
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Iron  The  width  r  ot  the  air-^ap  ia  tlius  aqniTaleDt  to  4  l«D|ctb  ft 

EqiuTu-  of  iron,  and  tberefore  cutting  onl  a  elica  of  tliickoeaB*  aoBt  an 
lant  of  iron  circuit  is  equivalent  to  intreosini;  the  length  of  the  iron 
Air^p.     circuit  by  an  amount  (/i-  l)r. 

If  //fi  may  be  taken  as  email  in  compariBon  witli  r,  aa  in  the 
case  of  eome  fonng  of  electrontagnst,  notably  ccTtain  "latge 
surface"  horae-shoFB  made  by  Dr.  Joule,  (27)  becomes 

B--*"f> CS7') 

'^l*?^'"  This  by  the  continuity  of    induction  ia  the  field    iotenn^ 

-fZ^^iA    between  the  poles,  and  gives  a  convenient  rule  for  calculating 

tSween'  ""*  ^^''^  intensity  between  tlie  poles  of  a  horsft-shoe  etectro- 

Qoie  Pole  •"•B°6t  with  close  pole  faces  of  considerable  surface,  and  a 

ft^eahy    short  iron  circuit      It  shows  tliat  even  if  the  iron    were  of 

Given       inlinito  permeability  the  Keld  intensity  due  to  a  current  •/  could 

Current,     not  exceed  ijiNyjx.     The  iron  sliould  in  such  n  case  aa  this  be 

considerably  below  qaturation,  otherwise  the  permeability  would 

be  low,  and  the  resistance  of  the  iron  part  of  the  circuit  Bcntuble. 

Dn  Bois  {Phil  ifag.  Nov,  1890)  li:is  compared  the   effect  of 

nn  air-gap  with  that  of  the  ends  of  an  ellipsoid.      Tho  force 

operative  in  tlie  iron  is  nearly  uniform,  uiid  lias  tlie  value 


H  = 


■In-.Vy 


'  +  l^>- 


Effect 
of  Air-ga]> 

Compared  B„t  the  force  applied  by  the  current  is 

with  that  '^'^  ' 

of  Ends  of  4TrAv 

Ellipsoid.  H,  =  '■ 

iitid  tlicrefiire 

'  /-  +  ^h-  /  +  fj- 

Hut  p  =  1  -I-  4v*,  if  K  be  the  susceptibility.     Ileni-e 

iipproxinintely.     But  this  givcK 

H-H, -'!^>H-H,-*4^I     .    . 


EFFECT  OF  JOINT  OR  AIE-OAP  728 

Coinparing  this  witb  the  cam  of  an  ellipeoid  diBcnsMd  above 
wa  see  that  iirt/l  takes  the  place  of  L,  aitd  that  thsrefore  the 
Tine  with  air-gap  is  equivalent  to  an  ellipsoid  with  this  value 
of  L. 

It  is  clear  tliatwhen  an  air-gap  is  made  in  a  ring  the  reaidua!  Effectof 
magnetism  must  bo  raunh  less  than  when  the  ring  is  whole.  *'.'''?■?''' 
For  if  Ir  he  the  intensity  of  the  residual  magnetism  at  any  IJumg^- 
instaot,  a  demagnetizing  force  is  operative  of  amount  Anxlrll.     "'Siul*'' 

The  effect  of  a  joint  on  lengthening  the  magnetic  circuit  is  w^" 
easily  estimated.  The  induction  produced  by  a  succession  of  qq^q 
different  values  of  H  is  first  observed  so  thai  a  curve  showing  yXkX  of 
the  reeults  can  be  drawn,  then  a  joint  is  made,  and  the  forces  jaiiA  on 
again  applied  and  the  induction  observed.  Then  for  the  Magnstie 
uncut  bar  Resiatance 

B        4,.V,  "•^- 


when  the  bar  is  cm  we  have 


where  x  is  tlie  widtli  of  the  equivalent  air-gap     Tbus  Width  of 

Air-gap 
— ,         ,        ,  aquivalent 

1  ^  *•        '  to  Joint 

B      /.  /  +  f-'^ 


"^(!-f)- 


Thus  X  is  cxprusRcd  in  terms  of  the  inductions  produced  by 
the  same  magnetizing  force  H,  applied  by  the  current.  Thia 
formula  is  well  adapted  for  finding  x  from  tables  cf  rcsulls. 

An  equivalent  expression  in  terms  of  the  forces  applied  by 
the  coil  to  produce  the  sarao  induction,  when  the  bar  is  cut  and 
uncut,  is  more  convenient  when  the  value  ot  x  is  to  be  obtained 
graphically.     When  the  bar  is  uneut 

B       4,A,      „ 
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Afler  the  bur  is  cut 


~  1  +  ^  ' 


ThuB  tlirt  vulue  uf  X  in  to  be  found  hy  Ujing  down  for  the 
two  cases  curves  with  indiictinns  as  ordinntes  and  the  values  uf 
tlio  raiignetiziug  forces  applied  by  the  coil  aa  absciseir,  and 
ineasiiriiig  llie  difference  between  tlie  abseiaMB  for  which  the 
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iudui'tions  iirc  llin  same.     Tliis  gives  (H,-Hi)/B;  and  so  t  can 

be  L'lilcuhted  at  once. 

ObwrviHl         Tbt;  followinK  aji:  resuItB  obtained  by  Ewins  for  an  iron  bar 

Effector    test<.<(I  (imt  Holid,  then   after  having  b<-en  cut  into  parts  the 

Joint  ou     adjacent  eiidn  of  nliic-h  are  wnrkiMl  into  true  planes  and  placed 

Iron,        in  contact.     Fig.  157  shows  tho  induction  curves  in   the  two 

rases,  and  by  tlio  dotted  curve  in  the  left  values  of  H'  -H  for 

diiTerent   values    of   B.     Tho    values   of  x   arc   given    in   the 

following  tabic:— 
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8000 
10000 
12000 
14000 


■0031 
■0031 
■0035 

■0037 


It  will  he  noticed  tliat  tlic  dotted  curve  in  somewhat  convex 
towards  the  uxis  OY.  In  another  of  Ewing's  experimeiifs,  how- 
ever, this  curve  was  slightly  concuve  to  OY,  to  1hal  it  seeniH 
likely  that  thewidtli  of  tncgapia  in  general  nearly  independent 
of  the  vahie  of  the  induction. 

It  waa  found  in  tliese  experiments,  that  the  application  of  u 
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Keducea 
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ttlzlKg  Force  H. 

~     '   '             X 

force  of  226   kilogrommes  weight  per  sq.  cm.,  pressing  tlie  end  Hopkin- 

faces  of  the  bar  a  t  tlie  joint  together,  even  annulled  its  effect  son's 

completely  for  a    magnetizing  force  of  5  C.G.S.,  but  not  so  Experi- 

perfectly  when  t!i  e  magnetizing  forces  were  higher.  mants  on 

Fig.  168    show  b    some    of    the    rcenltB    obtained    by    Dr.  Wronght 

Hopkinson  for   w  roiight  iron.      Only  n  part  of  tlie  curves,  J'""- 
which  extended  t  o  magnetizing  forces  of  over  800  nnits,  is 


7tt 
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given ;  but  for  the  higher  forces  the  curvea  only  beuune  mon 
nearly  pniullel  to  the  axia  of  ftbaciuc  Tlie  curve  marked  (1) 
■howB  the  induction  increaaiog  from  zero  witli  H  ;  thbt  taufced 
(2)  is  the  deftcending  curve  obtained  with  diminiahing  vkluM  of 
Q^^  f  the  magnetizing  force.  Tho  diagram  ahowa  part  of  ths  remilta 
j7~™?  for  a  cycle  of  clianges  of  magnetizing  forces  Bimiiar  to  that 
^^g„'  described  at  p.  212  abo^'e.  The  curvea  below  the  uia  OX 
lire  not  given,  aa  tliey  conaist  very  nearly  of  a  repetition  of  tbe 
curves  in  the  diagram,  obtained  by  turning  the  figure  round  tbe 
axis  or  and  thon  round  OX.  The  magnetiiing  force  WM 
gradual!}'  increaaed  from  zero  (tho  iron  being  initially  witlioot 
magnetization)  to  a  high  poaitive  value,  then  diminidied 
tlirou^b  zero  tu  a  cooaiderable  negative  value,  and  finally 
incrcuacd  by  gradual  steps  to  as  large  a  poaitire  valae  as  before. 
The  curve  marked  (3)  is  that  given  after  the  aecond  paaaftg*  of 
tl)e  induction  through  zero,  that  is  from  a  negative  to  k  poaitiTe 
value.  Curves  (1)  un(i  (3)  do  not  appronch  one  another  quite 
closely  for  thu  highest  magiieti/ing  forces;  but  (3)  crosa^a  (1) 
twiec  at  .1/  and  A',  which  show  that  the  negative  magnetisation 
which  tlia  bar  had  received  rendered  it  more  difficult  to 
magneliKC  pOKitivcly  by  small  or  high  forces,  but  distinctly 
more  enaily  inagnetiKed  by  forces  of  intermediate  amount. 
Thia  has  frequontly  been  noticed  both  with  iron  and  Bteel. 
Curves  (2)  !ind  (3)  with  the  continuation  a  below  OX  and  to  tbe 
left  of  O'howuver  form  u  nearly  closed  loop,  the  area  of  wbicb 
ia  roughly  4x  UAx  maximum  induction.  Areaa  '^4r'  of  such 
cyclcH  fur  dift'crent  samples  of  iron  and  steel  are  given  in  the 
following  tiihlc.  They  represent,  as  we  ahall  see  presently,  tbe 
energy  dissipated  in  hent  in  imit  volume  of  the  iron  dnring  the 
cycle  of  magnetization. 
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IIALLISTIC  DETERMINATION  OF  INDUCTION 


It  will  he  seen  that  tlio  nuinbcM 
tlian  fur  the  aDnealod  ateel,  and  in 
wrought  iron.  Also  the  numbers 
greater  than  those  in  the  third, 
hardened  steel. 

Tho  deacending  and  second   ai 


icepl 


1  tho   ( 


I   of  tlic 


dine  curve  show  tlmt  the  Ketuntive- 
.nduction  is  not  Kero  when  tlie  mag-netizing-   force  is  zero,   but    neas  »nd 
has  a.  value  OB.     la  the  descending  turve  (2)  a  neg-tive  mag-    CoorciTe 
netiiting  force  OA  is  required  to  annul  tlie  induction,  and  in  the     tiJb'^ 
second  ascending  curve  a  [lositivo  magnetizing  foreo  equol  in    ^H''™. 
value  to  the  former  is  again  necessary  to   reduce  the  induction 
to  zero.     Dr.  Ilupkinson  culls  OB  (the  induction  which  remains 
after  gradual  reductiun  of  the  magnetizing  force  to  zero  from  a 
large  value)  the  "  retentivencss,''  and  the  ma^etizing  force  OA, 
required  to  annul   the   induction,   the  "coercive  force"  of  the 


The  c 


e  marked  reaidual  indiictior 


fay  '..- 

ing  and  removing  the  magnetizing  forces  represented  by  the 

abscissae,  and  nieuauring  the  induction  at  each  removal.  It  is 
suppoaed  by  Ewing,  chiefly  on  tlio  ground  of  the  sraallneas  of  the 
residual  maguetiain,  that  the  condition  of  endleBsneas  wasnot  per- 
fectly attained.  In  this  case  thu  curves  could  be  corrected  by 
shearing  them  to  the  left,  that  is  by  measuring  the  magnetizing 
forces  from  c  line  inclined  to  the  axis  of  OY,  aa  described 
above  (p.  724). 

The  following  are  results  of  an  experiment  of  Ewing's* 
iron  ring,  with  the  data  used  in  calculating  the  mugnetizing  force    meat  ol 
and   induction  from  the  observations.     The  magnetizing  force  Iron  Sing. 
1V1I3  increased  by  steps  from  a  zero  value  up  to  9-14  C.G.B., 
iliminislied  by  steps,  and  again  ajiplied  in  the  same  way.    The 
bnlliatic  throw  for  each  step  was  iiliserved. 

Data  of  Appaiiatcb. 


£ip«ri- 


Diam.  of  wire  -246  cm. 

Mean  circumference  of  ring 
31  4  cms. 

Area  of  each  turn  of  earth  in- 
ductor 1216  sq.  cms. 

No.  of  turns  in  ciirth  inductor 
10. 

Knrtli's  vertical  force  "34  C.G.S. 

Karth  inductor  reading  4S'9. 


Data  of 
,T        -  Apparatoi 

No.  of  tnrns  in  magneti:!ing        for 

coil  474.  Ballirtie 

No.  of  tiima  in  Induction  coil     Ezperi- 
1S7.  m<£i^. 

Deflection  of  battery  galvano- 
meter with  3  Da ni ell's 
cells  and  6'85  ohms  resist- 
ance 362  diva. 


•/•Ai7.  rjYiwj.  K.IS.  18t 


IT  Jliiipietif  Induction  ia  Jrou,  tiC,  j 


Badne-         HoDce  the  our 
g™"     tba  •Uctromotii't 
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^-MOJI  from  wro  mtl  ».'i„^*!-l 
lTS.in«l  with  diminwhing  T- 


obUined  with  d" 


Also  tiie  namber  ii  i    .   .  __ 
it>  oircamferance  wu  474/3)1 
per  acale  division  of  tlie  ^a^ 


efl  below  the  •»■ 
y  of  a  repeUtion  « 


-turning  the  figure  B 


The  whole  urea  A'  swept  o 
2X1216x10  in  sq.  cnii.,BQd  tb 
■r  X  -124*,  so  that  the  effective 
which  the  induction  in  tlio  imr 
emu.  Thus  bjr  (]]]  nhove  Iho 
flection  uftlie  balliotic  gitl 


"       1(57  X  IT  x    ISi'  X  43'a 

Defect  of       Tlie  table  on   the  next  pnfte  B'^'ch  tlit-  nlwi-r 
BeUirtic    tlic  qminlilies  deduced  from  tliein.    Tho  fonrlli 
HetAod.    for  each  throw  of  tlic  gnlvanoiiiptpr  tlip  smii  ot 
all  the  throws  Iliitt  precede  it     TliP  iiicluutinii  tl 
the  iron  wns  taken  as  proportiomil    to  that   t 
calciiluled  by  the  fonnulu  jiibC  given.     Any  k 
taking  place  in  the  iron  between  the  huccchhIv(< 
H  produced   no  ejfect,  imd  fhercfuro  deea  not 
account.    The  full  induction  in  tlie  case  at  any 
rods  may  be,  as  we  shall  see  below,  very  considerably  1 
of  that  culculiklcd   from    the   trnnfiient   current  doflecl 
consequence  of  a  gradual  creE-pinq;  of  llic  innf;netizat 
direction  of  the  relatively  much   larger  iHiunge  wl 
place  when  the  applied  magnetizing  force  in  altered. 
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DiNiuI.  An  jiiHt  Himccl,  lilt!  Iinllistk'  tiiPtlioii  from  its  very  iiiitnre,  Ciiu 

''■""■'J.'''."''  taki'iioBiviHiril  of  sluw  I'litingeH  uf  niii^netiKation,  Bui'lias,intlie 

ralli-ti.'    ,.ft„t.  „f  riMln  iif  iuiy  ciirisiikTalilp  tlii  chneSH,  are  found  to  go  on 

*'■■"""'■    for  Nuiiiu  timi' iiftiT  iln-  iiiii;;]ietiKiiif;  force  liiia  been  diangcd. 

I'lirlliiH  n: as  III  Ilii>  iiia;;iiL'tiiiiii>ti>r   inetliod  ia  to  b<-  {ireferred 

in  iiiaiiy  lin.-s,  if  it  is  |i«s«ili!f  toaiiply  it.     Of  <.-oiirBi'f..riincho( 

riiiiiK  mill  »iifi.'inii'iis  si-t  in  yukcB  of  Moft  iron  no  n*  to  givo 

iu>iiroxiiiiiiti'i>iiilK>4Kiii>ss  t)i<!  l>:ilHmii'  motliod  is  the  only  ono 

availuhl.' 


k 


G, 

■,V, 


"^"^-|lj|l|!|!p' 
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INDUCTION  BY  MAGNETOMETRIC  JIKTHOD 

timtiirtlic  i'firUi.  Fur  tliiB  i>iir|iose  tlie  bar  ni&y  be  fixed  in 
tlic  cnst  unci  uuKt  diroction,  in  a  lioTlzuntnl  line  llirou(!li  the 
oeiitri'  rjf  Uio  iieeiile,  or  prefersbly  in  a  vertical  jiositioii  in  the 
vertlc:.il  |>liini'  paKHJiig  tlirouKli  tliu  centre  of  tim  iieeille,  at  rif;ht 
uiiKleH  In  tlie  iii^f^iietic  iiicn'iliaii.  This  petiitioii  in  ihc  more 
cunvt'iiieiit  iiH  it  fTi»lik'i),if  iieteOHnry,  HtrcES  of  meusiired  iiniouiit 
to  lie  iijiplifd  to  till-  lift?  or  wire  ;  it  also  rciiderH  Hie  iictioii  of 
the  farllier  <-ii<I  of  the  bitr  or  ro<l  relntivrly  iiniinportHtit.  It 
Involvt'H  Imwever  tliQ  a|ipllcatiun  to  the  roil  of  tlie  oilfUi'm 
Vfrtic.il  iiiHgnetio  forcp,  ivhicli  must  bo  taken  cartfuUy  into 
iicaoiint,  ur  (.'niefully  com|ii;ns:ite(i. 

Thi-  euil  itself  iiroilui-ed,  when  a  cnirent  in  llowing  in  it,  u 
'lircot  effect  oti  the  neetllo,  but  this  cnn  he  neutrulizeil  l>y  nitniis 
of  11  ConipcnR'itiii;;  I'liil,  in  wliich  the  kuiiic  current  Mowh,  ao 
pineeci  thnt  when  the  needle  in  nrteil  on  by  the  current  in  thr 
tu-o  coils  it  is  nut  deflected.  The  conipuiisntiDi;  coil  may  b<'  n 
circle  cif  one  or  nioru  tiiniR  of  wire  placed  like  ii  tatif;Diit  gaivii. 
nomeler  coil  in  the  )il.iiiu  of  the  mugnetir  ineniliun  with  the 
centre  of  the  needle  ut  n  point  on  its  nxis,  or  it  may  be  a  solt- 
noid  placed  horizontdly  at  right  iinglcK  to  the  ni 
dian,  either  in  a  line  through  the  centre  of 
n  puMtion  of  ¥ip.  13',  p.  74  iihove. 

UUfituiHa b«iwaen  the  cuiIh  iinil  nilh   the  buttery  ilic. 
.  JifOAde  with  welMnsuliitcd   wire,  closely  twiHtcd  to- 
il prtif-ent  direct  action  of  tlio  cunuiclionisun  the  needle, 
open  loop  muM  be  perniitti-ii  to  Clint  on  ihc 
T  enough  the  needle  to  affect  it.     For  ex- 
■,  if  ihe  current  goes  in   at  one   end  of  the  magnetizing 
}id,  the  wire  should  be  led  cluee  along  the  xolenoid  from 
nd  tc  tlie  iiili(>r,  then  the  two  wires  twiiited  together  lor  a 
he  magnetometer. 

M,  the  horizontal  niHgnctie  force  at  llio 

Mu  any  com  be  ubiiiined  iipproxim:Uely 

'"   the  innnner  dcHcribeil  iihove,  or 

t  niiiy  be  ohlidned  ut  the  ['Incu 

the   periled    of    free    vibration 

ThiiH  if  //  he  the  rv.inired  vidue, 

1  other  plnee,  T,  T,  the correHpoud- 


niiignet 


netizing 


Pr«veDtiou 

Direct 
Action  of 
Connec- 


Deter- 
rninatioil 

tive  Fone 
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»nd  a  current,  the  absolulo  value  of  which  is  knuwii  by  etec- 
trolyaJB,  or  from  inenHurement  hy  iin  Hbaulute  current  meter, 
aent  through  it,  and  the  ma;;nptaiiie1er  deflection  6  determined. 
If  0  he  tlio  KAlvntioiiieterconBtnntof  thecoil,  andythecarrent, 
we  have  y  =  U  tan  BjQ,  orj 

11  =  ^^ (32) 


If  a  compcriBBtiiig  circular  coil  bo  ii«ed  it  mny  be  em|iloyed 

for  this  purpose  also.     The  value  (if  G  may  be  obtuincd  by 

compnriiiff  rhe  eipreHsioii  Crycostf  for  the  couple  on  the  npcdie 

produced  by  the  current  with  that  on  the  right  of  (13)  of  Cli.ip. 

VI.  .ibove. 

Elimiaa-         111"  verlicnl  uoinpoiieut  of  the  earlh'H  magnetic  force  innv  he 

tion  of      allowed  for  ;  or  it  may  bo  permanently  eliminated  by  winding 

Earth's     a  layer  of  wire  on  the  Bolenuid,  and   connecting  it  to  a  I'eil. 

Vrrtical    adjusted  by  reBistaiico  in  its  circuit  so  ns  ju-t  to  )>r'-dure  a  field 

Force.      equal  mid  oppo-ite  tu  that  uf  the  earth.    The  atrenntli  of  (lit 

current  necestiary  for  thii  purpose  maj- be  ndjuBttd  by   plaoinj; 

a  piece  of  tiofl  iron  wire  within  the  coil,  hanj;in{;  a  aciile-paii  tu 

itH  lower  cud,  and  applviiiR  niid  rcniovin);  a  number  of  times  in 

sucei-Hsion  a  wdRht  of'7  or  6  Ihs.,  thus  aubjecting  the  wire  to  a 

nnric^  of  alternate  elongatinns  and   Bhortcnings,  until  the  wire 

Bhowi  no  magncliKatiou.   Thiti  procesfi  was  followed  hy  T.  Gray 

Bnd  tliu  writer,  when  iissisting  to  carry  out  Lord   Kelvin's  re- 

nearchca  on  tbo  KffeutB  uf  StrcKH  on  the  Magnetization  of  Iron.* 

Another  pniecHS,  followed  liy  Kwing,  differs  from  this  only  in 

Ntibstilutln^  A  succesHioii  of  rcversalH  of  magnetiam  produced 

by  a  KorieM  of  cnrrciils  alternately  in  opposite  directionH,  and 

each  Hiightly  u-eoker  than  tlie  preredioL'.     Thus  the   iron  is  at 

icngih  completi'ly  deuiajjueliKed  if  the  earth's  force  is  annulled 

by  the   current.     If  the  aimulmcnt  is  not  complete  a  certain 

amount  of  niagnetiKaliuii  in  one  ilirection   or   the   other   will 

alwayH  be  left. 

rhoory  of       SuppOBing  now  the  effi'ct  of  the  eoil,  and  the  vertic-al  mag- 

Magneto-    netic  force  of  the  earlh  all  carefully  compensated,  iind  the  bat 

metric      placed  in  position  with   ilR  upper  end  near,  and  due  magnetic 

Method,     east  or  west  of,  the  needle,  the  effect  on  the   needle   will  be 

mainly  due  tn  the  upper  end  of  the  bar.     The  bar  is  moved  up 

or  down  in  the  niugneti/.ing  Holenoid  until  for  a  given  current  the 

greatest  deflection  of  the  needle  is  produced,  and   it  is  then 

secured  in  posilion.     Thus  denotinj,'  the   length   of  the  bar  or  ■■ 


*   I'hil.   Tin. 
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wire  frum  the  level  ot  the  ueeille  to  the  lower  end  by  I,  tlie 
(distance  of  tlie  bar  from  the  aeedlfi  by  x,  the  inteniiity  ot 
tniie'iietiKation  (tliHt  ia,  the  iiingnetic  luoTiient  jier  unit  of  volume) 
by  I,  und  the  croia-scctiun  of  the  bar  by  a,  the  totEil  horizontal 
force  nt  the  needle  produced  by  the  bar  is 


-_J__I.I"/l-         f'—i 


Calcu- 
lation of 
Intenutj 
Pf  Mag- 
netizatiOD. 


{y  +  rot 

ni[>Brition  with  r  we  mny  tiike  il  ihiit 


,        From  I  of  course  B  can  nt  oni-u  be  found  by  the  et|iiation 
t  B  -  H  +  4n^L 

(Of  ciiiir,-o  fur  H  niuat  be  taken  the  magoetiKiiiK  force  applied  by 
the  coil,  together  with  if  necessary  a  correction  for  the  effect 
of  the  eiulB  (see  p.  7-22  nbove}. 

Tlie  permeability  of  n  epecimen  of  iron  ie  obtained  at  once  by  Detcr- 
calc'iilatin^  the  ratio  B/H.  ThuB  it  is  numericiilly  e<!iml  tu  the  •"■—"— 
.^  tWKeiit  of  the  inclination  of  the  curve  uf  imliiction  at  each 
^  point  to  the  axia  of  nbacieec.  It  is  clear,  from  the  example 
ffivon,  that  for  low  magnetizing  forcea  the  periueabilily  ia  amall 
(if  the  specimen  is  not  anbjotted  to  vibration) ;  then  an  the  iimg- 
neli/ing  force  ii  increased  the  permeability  at  first  rapidly 
incrcasfn,  then  moro  slowly,  then  diminishes,  and  finally 
spi>rOJicliCR  zero  for  very  high  miignetizing  forces. 

i'iiut  the  permeability  of  steel,  nickel,  and  cobalt  isdiminiahed 

^  hy  thi^  application  of  elongiiting  stress,  and  increased  hy  its 

wilhdriiwal,  and  ia  therefore  increased  by  compresaing  streiw, 

wnR  obxervei]  in  Lord  Kelviii'H  experiments  above  referred  to. 

The  pormeability  of  tioft  iron  it  was  found  was  inureused  by  the 

3  B   2 
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bility. 
Elfect*  ot 
StroHson 


2.  Of 

Stuel, 
Nickel  and 
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ftppliuatiiin  nf  ulongatiiig  stress  tiu  long  as  the  iiiagaetiziiiji 
fotcu  wiis  lielow  a  ccrtnin  viiliie.  At  tirut  tlio  effect  of  llie 
stress  on  the  niagiiutizatiun  incroMScd  with  the  in iigne tiling 
furcc  to  u  tiiiixiiituiii,  then  fell  olf,  iind  tiiially  became  zero  with  i 
cprlain  iii  ague  tilting  tiirve,  depending  on  the  anioimt  of  struKs. 
Ihereaftcr  diniigitig  Bigii.  This  plictiohieau 
bi't'ii  ohsiLTvcil  for  soft  iron  by  Viilnri,  and  lioi 
lizitiK  fiiri'i!  for  ivhioli  the  effect  of  Ktriss  was  i 
llio  Villari  rriliciil  ralue. 

PrCBsiirc  up|iliuil  to  tlio  interior  Hurfaue  of  a 
iron  gun-birrel),  ill  olhi-r  wouIm  Mtreifiiiiig  force  rouiiil  evrrj 
ero«s-8>'ftion  of  llie  luhe,  produii-cl  [lie  oppowite  pflect,  ihul  it 
diniiitishod  the  iii!igricllz!ilii>n  while  th>'  iiingiietizin^  fori'e  wai 
'  c  niid  iiicTcaKcd  it  uhen  the  magnetizing 


1  hud   preTiciu«W 
unce  the  inagi:(^ 


a  iruQ  tube  <<in 


furoe 


<•  thiit 


KlFectH  uf 

tv  of  MtrcsH  it  may  Iw  noticed  litre 

Vibratic.n 

thnt    iiii'<.'li:i[iii.'!il    vilirnli'iti 

hiw   i.   notable    etfeel    in    aiding 

a[..I 

itiagui'tii'  ('liatiKcn  in   m<U  i 

ron  un.l   to  .1  less  degree  in   •<tet\. 

Hcehaiii- 

nickel,  Jiu.     A  succfssion  of 

iipiilieatiuns  and  romuviilx  nf  Mtress 

cal  Dis- 

Were foiind  in  Lonl  KL.|viii'« 

ex  peri  men  to  to  be  very  elfeftn.-il  in 

turbance. 

hiini;ing  ii  win;  nr  h:ir  of 

niiiKnoiie  slat.-.      By   thi«   i 

|iroco«s   (he   magnet  izalitm    w;is    in 

g.'ncijil  iiiirtfiisvil  when  the 

B|iefiineiL   uns  under   the  infliu-me 

of  n  given  tii.-i;;ntlic  force. 

Siriiiping  gently  a  wire  of  soft  iron 

thrciilKli  tliu  lingers,   fur  en 

:ninph',   was  found  grtatly  to  aid  ila 

lungneti nation  or  ileinagnoli 

/.at  ion. 

Ily  aiU   of  ,ap|,ing.  Kwi 

iig    was  able  almost  conipletely  tu 

obliti'ratn   the   e..ne,iVHy    n 

1   Ihi-   heginniug   of    the   curve   of 

mngmliitaliiin  for  u  hoCi  i 

iron    ivire,  and    to   reach    iieiir   llie 

g  of  the  curve  a  permeability  (B/H)  of  nearly  80000. 

.Magiii'liz^ition    with     powerful    iimgnetic    forces   lia«    been 

1  Htiidi.-d  by  Ewing  and  Low  and  by  Da  Uolu.     The  former  useil 

i   wliat    tlicy   oallcd    th-    isilinms    method,   ID    whieli     a    thurt 

cylindrical  pirce  of  the   mat'Tinl  forming   n   hohhin  wrapped* 

round   with   Iwi.  induction  i-nils  was  placed  aa  a  "neck"   or 

"  istlimiis  '■  between  two  Inineiitcd  conical  ]i«lc-pieceB,  attached 

t<i   a   piiwerfnl  cleelroinagin-t  and  Kliapcd  ho  as  to  produce  ai 

great  an  inl>-n-<ily  nf  ticM  as  possible.     The  cones  were  placed 

with  tlii'ir  ;ixcs  in  line  so  as  to  form  aconL]dete  (or  double)  coat 

with  the  viTicx  at  the  centre  of  the  nec-k.     The  bobbin  had  iti 

enil"  turned  so  as  to  lit  in  a  cylindrical  Bpnce  the  axes  of  which 

passts!  ■■xaelly  ilirough  llii-  common  vertei  of  ihe  conical  pole-, 

nii^ci'H  a1.  ridit  iingles  to  their  axis.     A  brass  holder,  fitting  in 

iblcd  tile  bobbin  to  he  turned  round  when  required  ^ 


through   !H0",  s 


1  the  field.     One  nf  tin  J 
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ion  cnilx  conoiiitecl  of  one  or  two  layers  and  wns  wmppeil 

tlio  neck,  llie  utber  wna  separHted  from  tlie  funiior  by  nil 

r  Hpaco  wiiicli  easblcil  iho  intensity  uf  the  lietd  close  to 

;t'k   to   lje   estimated   from   the   difference   between   the 

ioiia  Ihrougli  tbe  twocoiln.  Th    rv   f 

'    '    '  if  t lie  comofll  pole-faces  consider  a  ring  of   j^^[^Zf 


[lule-face  ;it  dintanco  r  from  the  vertex,  of  ladi 
b  ilr  piLnillel  to  tlie  radius.  Tbo  ni»giiotic  diittribnlion  in 
ig  is  'Iirlri/r.  Tlie  force  which  this  produces  parallel  to 
is  in  -Inlrj-Jr  /i^+i^l.  If  we  call  Ibis  rff,  welinow  that 
muximutn  u'lien  d{ilt')ldx  is  zero,  r  being  tnken  constant 
tlio  iliumcter  of  tbi;  pulc-pieces  in  tiled.  Tlie  condition 
=  /^,  or  if  fl  he  the  Bonii-wrtical  angle  of  the  cone, 
■  •.%  aa<\  e  =  5i'  u: 

whole  force  prodiifed  can  be  culciitntcd  by  integrating 
?r  the  puli^-faci's  Lei  a  be  the  radius  of  the  neck,  6  the 
uui  radius  of  either  pole-face,  wc  have  Bup[iosing  each 
(ignytized  to  constant  intensity  I 


Conical 
Pols- 


ng  I  lis  1700,  the  saturation  value  nearly  for  wrought  iron, 
*■=  11  13llog„- =  I8920loe„-     .    .    .    (36) 


jriments  were  made  with  this  arrangement  and  also  with  Besnltaof 

)f  HOiui-vertical  angle  $  =  tan-i  ^/f  or  fl  =  39=  14'  which  Eiperi- 

ir.HPu  as  giririg  the  most  nniforni  liohl  about  the  axie  on  l^ciita  by 

iposition  iif  Biitiiratioii  of  the  pole-piecta  everywhere.  IjthmM 

c  lirst  case  with  a  neck  of  "266  mm.  diameter  the  following  "«"><»■ 


I 

i.efio 


MAGNETIC  MEASUREMENTS 


Swedieti  Iron  "L  Liincnsh."  Brnnd. 


1,490 

22,650 

1,080 

16-20 

3.000 

■J4,660 

1.660 

6-85 

6,070 

27,130 

1,680 

4-47 

3,000 

30,270 

1,720 

3-52 

18,310 

38,960 

1,040 

2-13 

1 9,450 

40,820 

1,700 

2-10 

19,880 

41,140 

1,700 

2-07 

Pin 

0  SwediBli  Iron 

"L- Brand 

5,310 

•25,670 

1,620 

4-83 

in  Intense 
Fields 

ftCCnTrlillg 


17,680  :!H,OMO  1.620  2-15 

19,240  39,S40  1,620  2-06 

Thcee  (.'xp(.'rinientH  werp  instiliited  to  test  whether  the  inten- 
cif  mngnetiiiAtioii  really  nttninud  ii  inuxinimn  and  tliereofter 
nishoH  as  tlie  iiiagiietiKinj;  forte  vaa  pushed  to  hiplier  and 


sity 

higher  vnliios.  Accord 
Kaliun  ihe  ningnetie  mol«cLili 
ducting  circuits  currying 
[lOSrtiblo  been  turned  iiito  a  co 
the  mngnetizing  force,  furth' 
ought  to  liui-e  tlio  effect  uf  di 
by 


Thue 


.3  Maxwell  ii 


.ved    thi. 
Buhstaiice  nrot  i 
force  in  cuntinnally  : 

rank  of  a  domonstraliu 


Amperean  ihenry  of  magnet 
(Uppoaed  to  lie  RUiall  con- 
After  (hcne  hnve  aa  far  as 
liiectou  hy  tliP  iiclion  of 
aee  of  the  field -intensity 
nishing  the  inlentiily  of  iiiugne- 
diminution  of  the  molecular  currents. 
m.'irked,*  "If  it  should  ever  be  experi- 
ihc  teniporniy  mngnclization  of  any 
and  then  dimioishea  nx  the  ninguetizing 
■ased,  the  evidence  of  the  existence  of 
wonid,  I  think,  be  raised  altnunt  to  the 


1  of  intensity  of  magnetization  is  ehon-n 
by  the  oxperimeiits  ipiotod,  or  by  others  by  the  same  method 
made  on  ntcel,  niekcl,  and  eolialt;  on  the  contrary  nearly  full 
intensity   of  magneti/atiim  is  reiiched  vitli  comparatively  low 

■  El.  i«-l  aia-j.  vol.  ii.  p.  438  (2n(l  edition). 
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iiiitf^iietiKing  toKva,  aiKl  n  teafolil  iiiuccuee  after  that  gives  prac- 
tically tlic  sniiie  vnliio  for  L 

Tliexe  conclufliotiH  oKree  with  tliiiRe  of  Du  Bois*  muiie  by  on      Experi- 
iri^eiiioiiti   optic^iil  iiirtliod,   in  whicli  tLe  elliptic  polariisatian,    mentsof 
]irmluced  by  tbii  reflection  of  plane  polarized   liglit  from  tlir    I*"  Bois. 
poliHJied   pole  of  an  elect rouing-net,   wob  used  to   iiiensiite  the 
intensity   of    niitirnGtiziilion.      Du    Boia   first   deteriniucdt   by      Optical 
>-xperitnentH  on  plane  puliirized  ligbt  incident  on  Bniall  rcflecliiig  Mat^odfor 
plniiex  ground  iu  variuiiN  pcisitiunii  i>n  avuids  (prolnto  ellipaeidd     Intense 
«f   revolution)  o£  (iifforent   inatcrinlH,  coiiipriMTig    iron,   aleel.      Field*, 
niokul,   cobiilt,   itnil    niiiKnetic   (magnetite   uzidc   of  iron),   tlip 
Xenenil  hnv  wliicli  Kerr'a  I'lienoiiienon  followed. 

The  iiiukcl  rnntiiincd  truces  of  iron  und  copper,  tlie  cobull  Reflection 
'J:M  per  cent,  cobalt,  5-8  percent,  nickel,  "8  percent,  iron  and  "2  ot  Plana 
per  ecnl.  copper.  Tlie  ovoida  were  magnetized  in  a  coil  30  cina.  Polarized 
long.  4  ei.iK.  in  inner  and  12  cms.  in  outer  diunieter,  and  LiRhtat 
cciinpoiied  of  twelve  layers  of  90  turns  cacli  of  diiulile  cotton-  ^'. 
covered  copper  wire,  fmllier  insulated  with  shellac.  The  wire  ^™^ 
WHM  ^  cm.  in  dinnieier  und  the  rosintance  of  the  coil  when  cold 
Was -9  ohm.  It  wnx  pORMihiG  to  surround  the  coil  with  an  jcn 
jnckut  to  keep  down  its  teinperuture. 

Tha  ovoida  tliemselves  could  be  maintained  at  0"  or  100°  by 
nil  ice  or  steaii>  jacket  inside  the  magnetizing  solenoid. 

In  the  winding  of  the  coll  aniull  tubes  '7  cm.  in  diameter 
were  lixcd  to  iillow  the  poliHiied  pinncs  in  the  various  potiitions 
on  the  ov<.idH  to  ho  viewed  from  the  outside  of  the  coil.  TLi« 
ilid  not  protlnce  any  sensible  alteration  in  the  uniformity  of  the 
licld. 

The  iiit'-niuly  of  the  field.  H,  wtts  tletenniiied  in  the 
usnn]  itiaiiner  from  the  strength  of  tho  current,  which  was 
tne'iHiiri'il  by  means  of  an  ampetenietcr.  A  <ieinBguetiKing  force 
of  -521  was  allowed  fur  in  tho  reckoning  of  H.  (See  p.  723 
ahov,-.) 

In  .1)1  the  experiments  the  light  was  incident  normally  on  the      Deter- 
ri-llecting  surface,  and   the  ipiantity   tne.isurcd   was  tho  angle    mimttioB 
between  the  major  axis  of  the  vibrational  ellipau after  reflection,  if  "Kerr's 
and  the  direction  of  vibration  in  the  nnreflected  ray,  or  what  ia  CoiiBtniit." 
cixiiutonly  hut  ratlier  incorrectly  iiatned   tlio  rotation   of  the 
plane  of  polarissation  jiroduced  bv  the  reflection.     It  waa  fonnd 
that  if  A'  be  a  constant  (called  Kerr's  coneUnt  by  Dn  Bois),  and 
ff  the  iingle  between  the  normal  to  the  surfoi^o  and  tlie  direction 
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=  A-I. 


where  I^  denotes  tlie  component  intensity  o£  magnetization  u 
rigbt  angles  to  the  reflecting  surfucc.  The  following  nri 
miniericnl  results  : 


lOfW       ,        4S3 


Kerr's 
Constant 
in  Optical 
Method. 


Methait 
Deter- 
mining H 


The  iiiinuH  »igris  indiente  tli:it  the  direnliiin  of  rotation  wnk 
opuositp  to  that  in  whicli  :i  right-handed  Bciew  would  have  hnd 
to  Lo  turned  Mil  !is  to  ndviincc  along]  the  direction  of  magncli- 
zatiun.  Tlio  vului;  of  A'  wat  found  to  be  hardly  «i.-nsiblv 
affeotwt  hy  change  of  tenipcrnliire. 

To  oblnin  rcsidts  f(,r  very  intense  helds  small  disks  werp 
turned  out  uf  tho  mnterials  alr^iidv  speeifiH'd,  and  polished  im 
one  face.  Kneh  of  thene  when  cxiiraiufd  was  fixed  with  the 
polisl.pd  fiict;  outwnnlH  to  llie  conicid  point  P,  (Fig.  ItlO)  of  one 
jiole  of  II  KuhniiiorfE  electro-mngnrt.  A  beam  of  plane  polar- 
ized light  watt  made  miniinlly  incident  on  the  mirror,  tliroiigii 
the  iixiid  perforation  in  the  iipposito  pole-piece,  and  wo" 
OKiiniined  before  iind  after  rcllc-ction  hy  opticnl  appamlns 
placed  us  indicafd  in  the  ligure.  The  pole  point  and  the 
inirror  spodMien,  M,  could  he  kept  nearly  nt  100^  by  means  of  a 
Hti^ani  jacket  J.  J. 

The  intensity  of  niagneti/ation,  I,  was  calcniatcd  from  the 
resiiltH  of  ohservntioM  hy  im-uiin  of  the  valuci  of  Kerr'f 
conslnnt  I'raviou-ly  fi.niid.  The  field  intensity  ut  the  mirror 
was  found  hy  phiuing  a  glass  plate,  0,  silvered  on  the  aide,  S, 
close  in  front  of  llio  mirror,  and  oliBcrving  tlie  ningnctic  rota- 


OITICAL  METHOD  FOR  ISTEN8E  FIELDS 

1  duo  til  t)ie  double  posHage  of  the  liglit  tliroiif;li  it.  TLe 
83  plnte  li;(d  betn  sraiulsrdiKed  by  cumporison  witli  hisulpliide 
carbon,  from  wliicli  Vertiet'H  coiiBtaiit  (see  |i.  T65  lielow)  in 
urittuly  known.  Tlie  ranKietic  lotiilion  pz|)erieiii.'ed  by  tlic 
in  JtM  pnHHuge  in  tliL-  nir  from  iind  to  tlio  D|iticnl  upparutiiH 
i  dclcrmincil  iind  iillowcil  for. 

[^iB  vnliip  of  tlie  licld  iiiteiiBily  H  oiiUide  the  specimen  wiih 
coiirHt;  by  titc  coiitiniiity  of   inagnelic  induction   iirucisHy 


il  tii  llip  induct! 
g  forfi!  H  witli 


D  inaide  the  flpecimen.     ThuK  tlip  inat;"<^- 
ti  the  spccinieii  was  found  by  the  relution 


B  -  ff  =  H  +  4,rl, 


(38) 


HAGNErriC  UEASUREHBNTS 

Du  Boie'  «Bulte  for  iiicke!  and  uobalt  are  given  in  the  follow- 
ing table,  and  illuetrated  for  iroD  and  steel  in  Fif;.  161.  The 
ordinates  in  tlie  curves  ore  valuea  of  tliemaf^netiKationinteasity 
per  gTBrome  of  the  material,  and  require  aiinply  multiplication 


DO           zooo           3000           4000 

magnetizing     Force. 

Fio,  161. 

by  tlic<ii>nsil\ 

togivol.     TheabRcissfB  arc 

inaBnetiKiiiK  i 

ircc  williin  the  sppeimcn. 

-2.rfio  .  ii!)2  I 


B 

g 

T 

mm 

51« 

12B50 

-»'36 

522 

1G2i'iO 

-8' -43 

527 

warn  1 

-8'-40 

525 

Mag;  EiperiiiieiitH  liavi 

nctizntion  Ewing  on  the  nMj 
vmhSmall  f  ^  ,^  biillJMlic  o 
MaBiietic   .  ^      .  .        , 


iiiiigneliziuK  fni 


iiiile  by  Uaur,  Lord  tiayieigh,  and 
on  of  iron  by  Nmnll  forceR.  Baur 
ntH  un  n  ring  of  soft  iron  that  for 
!  pormuBbiliiy  and  Biiaceplibiiity  of 


lUliXETIC  VISCOSITY 


neurljr  uoDHtiiiit.      HiK 


«  =  14-5+     llOHl 
,1  =    183  +  1383  H  J 

.-liioli  hold  for  voliics  of  H  from  -0158  to  -384. 
Tliese  give 


B  «xprc8Betl  bj'  tlie 

m 


I  =  14-5H+    110  H' 
B=   182  H+  1382  H* 


m 


ii  parabolic  relation  wliicli  hiilds  for  inaiij-  jiairs  oil  iiiiilunlly 
vnryiiig  physiciil  quiiiitUies  wlien  llie  lliiiitiiare  narrow  euoiinli. 
Loid  Kttj-luigli  Hrranguil  aii  iiiinnntMled  iron  wire  for  test  hy 
llic  magne Comet rie  metlioil,  tind  c.-oinpciiiutted  by  iiieniiB  uf  u 
coil  tlio  tcitnl  itction  ou  tlie  needle  wlieu  tiie  niHgnctizitig  force 
was  04  C.G.S.  It  was  found  tlien  tlial  ivbcii  tlie  iiiugiietizing 
force  was  broiiglit  down  gridiKilly  to  -00(104  C.G.S.  the  com- 
peiisntiuTi  remained  perfect.  This  proved  that  the  niiigneliisa- 
tion  wua  proportional  to  tiic  magnetizing  force  throughout  the 
whole  range  uf  variation.  Fur  iiiagnctiiting  forces  above  -04 
the  proportiuTialily  did  not  bold,  iind  up  to  the  value  r2  C.G.S. 
for  H  the  roBulta  were  eiiJresaed  hy 


Loiil 
KoA'leigh'B 


6-4  +  51  H  1 
81  +   64  H  J 


(41) 


from  which  I  and  B  oan  be  found  na  before. 

Similar  rcaults  wore  ubiained  for  nickel  and  steel. 

With  uuannealcd  iron  nr  ateol  Lord  Itnyleigb  found  that  if 
balance  was  obtained  with  the  conipentiating  coil  at  the  moment 
of  closing  the  buttery  current  no  diaturbanco  of  the  compensD- 
tioti  took  place  afterwards.  Tbls  showed  tlmt  thuae  substances 
took  their  completo  magnetization  »t  once.  Wbcn  the  iron  was 
soft  however  an  apparent  ningnetic  viHcosity  displayed  itself. 
When  the  instantaneuus  effect  was  reduced  tu  zero  the  needles, 
after  the  putting  down  of  the  key,  Hiifted  round  in  thi;  direction 
sbiiwingan  increase  of  uiiignetiKatinn. 

This  result  was  studied  by  Ewing  in  suiue  further  eiiperi- 
mcnti:,  which  showed  that  a  piet'e  of  iron  cnulil  he  put  through 
a  complete  cycle  by  first  iipplyiii^  tbe  current  and  then  after  a 
minute  removing  it.  A  force  of  '044  t'.iJ.S.  applied  gave  an 
instaiitiineouH  value  of  I  =  -li,  after  live  seconds  I  had  become 
■58,  anil  after  sixty  seconds  -67.  Uemoval  of  the  force  gave  at 
unce  a  diminution  of  I  by  '44,  after  five  seconds  the  remaining 


Masiietic 

Cyclu  dne 
to  Via- 
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"23  liiiit  fill.-n  to  -09,  ami  after  niily  feconde  to  zero.  TliM 
.  falliiiE  (iff  nf  tlie  ni;iKiiP  limit  ion  followed  tlie  tinme  I:iw  as 
..™''.,  incrc.me.  If  tliO  viiriiilioiin  "f  mapuPtio  atnle  of  the  iron  (iiii 
lie  cycle  ■were  reiirppetilcd  grnpliit'iilly  by  [i  cii 
if  iiiagni'tiiiiilioii  I  fordiffiiTf lit  values  of  S.  llic 
the  cliisi'ii  1do}i  ivoiiltl  rcjirpseiit  tlie  eniTKy  dis: 

Tlie  efFpclNuf  vikryiiig  letiiper:itiite  un  iiia;;iictizB[ion  are  v 

'   remnrknlile,  but  we  liiivr>  not  vjince  tu  do  more  here  tlinn  all 

In    lliELii,      III   wrought   iron    iind   steel    ri«e   nf    teinveral 

'    tfeiKTAliy  iiJi^reaBC-M  tlif  iiiii(:ntlii-  aiwccptiliility  for  small  imif] 

tizirig  fort-pB.  anil  dioiiniflies  it  for  high  force        ""' 


Energy. 


KflV 


.  /"Hrfl, 


runty. 

llie    leiiiponinif 

i-    TTii-.l     n.-i.rlv   to   thai   of   rednesp   * 

«iispn>lihiliiy    -■ 

I-.     .-I'li-r    sN,ia.-!ily,    und    at    ihe     bd 

tempoi-nt.iv  V.I     ■ 
^peoiiiiL-M.     A.'.'  .1 

■     ■    ■         _  ;i  iJKiiigforce.     Tills  temperai 
:    -ir-i-l    witii   the   nature    of 

lcii.pi-nitor>-   M  v. 

lir},  i:,„]in!i  inin.  itfier  it  Iian  brcoiiie  alii 

linrk.  Kiitiil.-uly  re 

Ubhavbur 

A  liiriiinf  siec'l 

I'iiti.iriiiig  25  per  cent,  of  nickel  was  found 

of  Kick.-] 

II..pkiri-.ui,  10  lie 

iiiuriKiii'liKiihlfl  nt  uriiinary  leiiiperatores. 
lintilik-  at   u  tpiijperalure  ii  litilc   below 
1   iliPii   tn  riumiii  w  up  to  5«0'('.     It  t 

DiirB«.i,t 

fn.-BKinf;   [loinl,  ;ii 

Teiiipora- 

xiAiU;  :iiid  iliti  not  regitiii  eiinceptiliilily  w 

MOLECULAK  TIIKonV  OF  3IAGKETISM 

EiiEr^'y  in  It  U  Nhown  at  p.  2Ki  :iliipvi>  tliaf  ilie  enprgy  spent  othen 
MngnBtic  ihiiri  in  iiiiri-pisiiifi  tho  i-lui'lrnkiiii-iii-  crnerKy  in  a  step  from  j 
Cyolr-.       7(l-i-.   Ifia)  liti  ll.iMMirv.nrin.tiirlion  ia 

—  [iircii  J'qSIl  -  I  ,11011  ^QSRFM). 

■  n:i.  7. ■•.II'.  j:.s.  usii,  a.  p.  u-i. 


ENERGY  DISSIPATED  IX  MAGNETIC  CYCLES 

Ii  is  inturi!sliiij{  to  a|>[>lv  iliix  ■■■."suit  to  mi  "ctU'il  ciirvo  of 
innKiL-fiKntioit  in  'iron  (Fi>,'.  Ifi3).  F..r  nil  pmnts  on  tlie  oiirve 
lip  to  ii  littlp  iliaUnce  l»'.y,.tnl  P,  tl.L-  Ir.tnl  piierRv  ^wm  t.>  the 


Tiir-aiiiiii  ill  |)ro<iiii-iuf,'  till'  ci>rr>ta|ioiniing  innKiietiKtrion  excci-J« 
llip  ek-rtrokiiieti.^  eHeW,  l>"t  fur  all  poioia  fiirtlier  from  the 
origin  tlic  electrokiiietiu  energy  exceedB,  OTid  fur  poinlfl  on  llic 


.V*,OD0  -  ~ 

n 

y 

....L.i_U— UM r-- 

iz  ■ 

l-'l    1     ... 

Iz: 

^i- 

-i^T 

llannttltiiig    Forci,  H. 
Fid.  IflS. 

upper  flat  part  of  the  curve  very  gre:itly  titcecilN,  tlie  en<>rgy 
«ivon  out  ti)  the  medium  by  the  buttery.  [The  point  P  at 
which  OP  in  a  tangent  to  the  curve  markH  thu  point  at  which 
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the  L-iiergy  given  out  In  the  iiioilium  and  the  clectroki: 
energy  are  increnMing  at  tlio  same  rate  ;  the  former  below 
point  IB  increaaing  fiister,  above  that  point  slower  than 

Energy  in       We  am  forced  to  cinclude  that  for  every  aeries  of  maff 

Steira  of    zntion  atups  from  r.etn  up  to  a  certain  point  energy  ia  give 

Hagueti-    the  incilium,  jidiI  for  evury  aeries  from  zero  up  lo  any  fui 

Mtioii.      point  the  iiieiliiicLi  furnlKhea  tlic  balanoe  of  energy  requiret 

tho   eleetroltinelk   energy.     In   every  sinnll   step   below 

bolance  of  energy,  over  and  ahnvo  the  electrokioetin  enc 

ia   given    to    tho    tuinliiini  ;   fur   every  smnll   step   above 

quantity  of  energy  is  taken  from  the  medium  to  muke  up 

eleetrokinctic  pnergy. 

When  however  u  i-iiiujilcle  r'yulf  nf  ebanges  is  pcrforiiiet 
arc  able  tu  snv  ileliniiely  (hat  in  much  energy  haii  I 
diasiputod  in  tlie  form  of  lioal  iu  the  iron.  It  follows  from 
above  ezpreaHinii  (ai-e  nho  p.  212  nliovc)  since  tbe  ar>cond 
vjiniBhes  that  Iho  iMierjry  11'  ili-'*iii>!iled  is  givon  by  the  ei[iij 


4 ■./='«  ■ 


cyde. 

TliiH  theorc 
by  Ewiiig.+ 


t:ikcri  round  the  closed  eurved  formed  by 
iTi  for  tho  forward  and  backward  partK  of 

.'."is  given  lirKt   hy  Warburg*  and  afterw 


ion  iirisi's  through  a  bigging  of  the  clianj 
[istioii  ut  i[i:igtietization  of  the  iron  behind  the  uiagiierixing  force  ti 
Energyin  extimt  dependent  on  the  previous  history  of  the  iron.  ' 
Q  Magnetic  lagging  notion  haw  been  calliMl  by  Ewing  "  bya teres! s,"  ond 
(lyolis,  or  name  seems  now  generally  adopted. 
"  "y*-..        Eipi,'iti..ii  r      1  may  hu  written 


ir=  I'hi'I  . 


Ii'ulntion. 

ngiietination  for  a  soft  iron  i 

ained  hy  ballistic  experitni 


ENEEGY  DISSIPATED  IX  MAGNETIC  CYCLES 

Tliu  amaller  Ioo|ih  were  formed  hy  diminishing  to  zero 
rfttpplying  tlic   ina);iieti;ting  forccti   indicated  ut  tlie   diR 

Fig.  165  gives  a  cycle  for  an  annenlcd  iron  wire  of  ]i 
400  tiincB  the  diniiteler,  nnd  Fi^'.  166  a  cycle  for  a  wi 
annealed  Rteel.  It  will  be  noticed  that  the  curve  ia  of  i 
greater  area  in  tlie  latter  cnso  tlian  in  the  former. 
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Very  aoft 
Iron  Hing. 


oi  f] 


Kdl  for  the  iloublo 


¥igf.  164.  165,  is  about  10,000  ertra  per  cubic  c 
iibont  7'T  gramnieN  of  iron  in  a  cubic  cm.,  t  hi  a  a 


ri<»l    Hliown    i 
I.     Aa  tliere  ai 
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EEtimate    if  it   wi>rc   retnincd   in 
ofEnerRy    iljfferenoo  of  teTiipcratur 
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ID  Double 
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Annealed  Iron 
Length  =400 


he:il,  nnil  ■! 


s  the  «pi'cifio  lieiit  oE  Ir 


In  perioral  tlio  ri 


io-*|h'/I. 


lid,  is  iiccording  to  theae  figures  nenrly  18  I 


ENERGY  DISSIPATED  IN  UAGNBTIC  CYCLES 

reveraalB  of  fltrong  magnetiMlion  it  i^  u  we  hftve  seen 
at  p.  732  above,  approximaMly  4X  coercive  force  x  intengity 
of  magoetization.  The  amount  varies,  according-  to  the  table  of 
Dr.  HophiDSon's  resultii  given  abuve  (p.  732),  from  about  17,000 
erjre  per  cycle  for  wrought  iron  to  74,000  ergs  per  cycle  for 
wild  Btee)  hardeoed  with  oil,  and  increases,  other  things  being 
equal,  with  the  percentage  of  carbon  in  the  ateel. 

In  ohroine  steel,  oil-hardeoed,  Hopkinson  found  that  169,000 
ergs  were  dissipated  per  cycle  per  cubic  cm.  of  the  inateriaJ, 
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nnd  for  French  tungsten  steel,  oil-hardened,  as  much  as  nearly 
217,000  it^  per  cubic  cm.  It  was  fnimd  by  Gwing  that  for 
small  ranges  of  induction  the  waste  of  energy  is  much  less  than 
for  iHTver  ranges.  High  inductions  oiiglit  therefore  to  be 
avoided  in  alternating  dynamos  and  transformers. 

A  coQHiderable  amount  of  attention  has  recently  been  directed    Ilystenaia 
to  the  i|iiesCion  of  the  amount  of  energy  dissipated  in  cycles  of   in  C^cIm 
magnetization    performed   at   different   speeds.      Experimental       _  of 
results  on  this  point  obtained  by  Ewing  and  others  are  quoted    Diffsrent 
at  p.  fixt  nbove.    Recently  the  anhject  lias  been  inventiirated  by  «wqn»noy. 
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HeBBni.  J.  nnil  B.  Hopkinson,*  by  Messrs.  Everahed 
Vigniile9,+  and  bj-  Prof,  Ayrion  and  Dr.  Sutnpner.J 
HoBkin-  SloBBra,  Hopkinaon  eiperimented  as  follows.  A  rififi 
aoQsEx-  made  by  winding  varni^licd  iron  wire  in  a  circulnr  hun) 
perimenW.  joining  then  tlie  ends  of  ilio  wire.  A  magnetiEing  coi 
wound  round  tlie  ring  and  tlien  jaincd  in  series  with  a 
inductive reeistnnce  in  tliecirwiit  I'fnn  nlternHting  niachinc 
^and  a  in  Fig.  167.  A  key  L  and  connections  were  ftrr: 
BO  tbftt  ihelcrminulH  of  tlie  (juadrnnt  electrometer  indicHted 
figure  could  be  Cdimecled  between  C  and  D  or  between  j 
S.  A  revolving  ubonile  disk  keyed  to  the  nile  of  the  K^ni 
coDDected  the  electrometer  terminal  to  2)  once  in  enoli  n 
tion,  by  bringing  a  stud  on  its  edge  into  contact  for  an  ii 
witli  a  steel  brush.  Tho  di^k  conid  be  set  ho  that  the  c( 
could  bo  made  at  any  stage  of  the  lUtcmation.    [_P  Q  \ 


reversing  key  which  enabled  the  readings  to  be  taken  in  i 
direction  od  the  electrometer.  A  condenser  was  used  bet 
P  and  y  to  ateii.iy  the  roiidins«.] 

The  ri'adings  for  the  points  CD  were  proportioniil  ti 
current  (lowing  in  the  circuit  (and  tliereforc  to  the  mngiiel 
forco),  since  there  being  no  inductance  in  that  part  of  the  c 
the  ditlcrunce  of  polenliiil  between  C  and  I)  and  the  i-u 
were  in  the  same  phase,  Tlieso  gave  ll  e  ordinates  by  i 
the  curves  A  in  Figs.  168,  169  were  plotted  with  nbs 
proportional  to  time. 

The  readings  however  for  the  points  D,  E,  were  proporl 
to  dNjili  +  JiiY,  if  N  denote  the  whole  induction  throng 
mngnttizing  coil  //,  and  /fj  the  resistance  of  tho  coil,     1: 


•  EL-ctrician,  Srpt.  P,  1882. 

+  KMridaa,  Sej.!.  ao  ami  Oct.  7,  1882. 

{  ElectrkioH,  Oct.  7,  18112. 
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by  diminishing  the  readiDgs  by  an  amouDt  proportional  to  il,  y, 
nunibera  proportional  to  dNIdl  were  obtained.  Of  course  the 
values  of  fliy,  could  be  subtracted  at  onco  by  plotting  the 
actun!   readings   in  a  curve  to  the  spnie  aies  as  A,  nnd   than 

eliortcning  the  ordinates  by  leogthB  equal  to  the  corresponding 
ordinate^  of  A  each  multiplied  by  RiJR.  The  values  of  dNjdl 
ware  plotted  in  a  second  curve  B,  nlongBide  A. 

The  area  between  any  ordinate  of  B,  the  axis  of  abscisete,  and 
the  portion  of  the  curve  lying  between  the  point  of  croReing  the 
axis  of  abBcissa  and  the  ordinate  was  therefore  proportional  to 
the  total  induction  through  the  iron  at  the  instant  corresponding 


to  the  ordinate.     This  was  plotted  as  a  third  curve  C.    From 
this  the  hysteresis  cycle  was  obtained,  and  was  plotted  on  the 

diagram. 

[The  total  period  was  8/1000  of  a  second  represented  by  the 
total  length  of  each  Figure  along  the  line  of  absciBstc.  The 
render  will  have  no  difSculty  in  completing  a  full  period  of  the 
curves  A,  B.  It  will  be  noticed  that  neither  is  even  ap. 
proximntely  a  simple  curve  of  aines;  also  that,  as  it  ought,  the 
curve  B  cuts  the  axis  of  abscissie  at  the  maxima  of  A."] 

Figs.  168, 169  give  the  results  for  soft  iron  and  hard  steel  at  the 
frequency  126,  and  between  the  maximum  positive  and  negative 
3  C  2 
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indnctioDB  hIidwd.  It  will  bo  noticed  that  tha  extreme  v 
of  the  iaduction  agree  ia  tbo  tvro  cases,  but  that  the  alow  t 
f&lla  within  the  other  except  for  a  short  distance  aftei 
maximum  positive  or  negative  inductioa  has  been  reached 
the  return  curve  begun. 

The  area  of  the  curve  is  thus  greater  for  the  rapid  tha 
the  slow  cycles,  but  there  is  no  sign  of  ma^etio  vine 
rendering  tJie  extreme  inductions   reached    different    in 

GTBrahcd       Heasra  Evershed  and  Vignoles   however  have  found 
and       when  a  cycle  is  performed  very  slowly  there  is  a  peroep 
Vignolea'  "creeping"  of  Uie  magtit'tism  in  the  steep  part  of  the  c 
RxMri,    vfiuch  is  sufficient  to   account  for   t'-"    ""'"'■'■    "<■"">■"' 
I.  Hopkinson.     In  an  elaborate  si 


I    effect    observed 
a  of  experimeote 
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loc.  fii.)  tLny  measured  the  riso  of  temperature  producei 
putting  the  iron  core  of  a  transformer  through  a  aerioa  of  i 
cycles^  and  having  determined  by  direct  experiment  the  the 
capacity  of  the  transformer,  thence  deduced  the  amount  of 
generated  in  the  iron  in  consequence  of  hystoresia.  This  was 
compared  with  the  heat  whicli  would  have  been  produced  i: 
iron  had  been  put  through  its  cycle  in  about  two  seconds, 
which  was  estimated  from  alow  cycle  observations,  tog< 
with  the  (much  smaller)  calculated  amount  of  heat  product 
eddy  currents  circulating  in  the  laminated  iron  of  the  core, 


ENEKQY  DISSIPATRD  IN  RAPID  CYCLES 

The  cycle  experiments  were  made  in  the  foUowins  manner, 
which  hrought  to  light  the  creeping  above  referred  tc.  The 
ring  of  iron  to  be  experimented  on  was  wound  with  two 
magnetizing  coils  superimpoHoil.  A  constant  magnetiiing 
current  aulficient  to  produce  the  extreme  negative  induction  was 
maintained  in  one  of  these,  so  that  b;  aimplj  making  ftnd 
breaking  the  other  circuit,  thereby  atarting  and  atopping  an 
opposite  current  of  any  chosen  amount,  a  rapid  magnetic  cycle 
could  be  obtained  pasaing  from  and  returning  to  the  induction 
proper  to  the  constant  current. 

Suppoaing  it  wna  deaired  to  obtain  a  point  on  the  part  of  the 


necesaary  to  apply  the  proper  poaitive  current  a 
change  of  induction  on  the  ballistic  galvanometer.  This 
Bubtracted  from  the  oHcinal  value  of  the  induction  gave  the 
induction  remaining.  The  time  neceaaary  to  do  this  was  about 
}  of  the  period  of  Qie  needle,  or  nearly  a  second.  On  the  other 
hand  to  obtain  a.  point  in  the  falling  curve  it  was  neceaaary  to 
apply  the  maximum  poaitive  current,  and  then  diminish  to 
the  value  required.  For  this  a  longer  time,  about  half  a  minute, 
was  neceaaary. 
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HyBtereBLB       Wnrking   tims   tho   autliura  found  a  difference  between 

LosB        iteepnciH  of  the  rising  and  falling  curves,  which   revealt 

pncticoUy  distinct  ureaping  down  of  tlie  niagneiizatiun  in  the  falling  on 

ConitBDl    occurring  in  tlie  longer  inlervai  required  for   the    operali 

for  all      Thus  a  very   slow  and  a  very  rapid  cycle  between   the  8 

except      extreme  inductions  ought  to  liave  the  shapes  shown  in  Fig. 

vetjSlow   Ijy  t]io  dotted  nud  full  curves  respectively.     The  differenc 

i^yc  es,      ,^Qy[  t],Qt  between  the  cycles  for  periods  of  two  seconds 

half  a  minute  respectively. 

The  general  reniilt  of  Klceiirti.  Evershcd  and  Vignolea'  ex] 
monta  is  to  show  that  there  is  very  little  difference  between 
energy  lost  in  hystere^iB  ut  periods  of  from  2  seconds  to  I, 
of  a  second  ;  according  to  the  authors'  estimate  the  utt 
difference  is  not  more  than  4  or  5  per  cent.,  and  probnbly 
than  3  per  cent.  For  very  alow  cycles  however  in  period 
'       '      '    I   tlie   energy  lost  is  from  20  to  26  per   c 

and  SiiinpDcr's  experiments,   which    \ 

tnelhud   of  testing   transformere   deacr 

.1  inc  iron  losses  are  constant  for  all  loads, 

to  more  than  a  slight  extent  with  alteratio 

jlta  obtained  with  4^  kilowatt  cli 


Messrs.    Ayr  to 
performed  by  tli 
aboTe,  show  that 
do  not  chan^'o 
frequency, 


circuit  tranHfonners  (Mordey  type)  w 

(1)  The  greater  the  frcrjiieucy  the  greater  the  efficiency 
any  partioiilur  load. 

(2)  The  greater  tho   load  tho  greater  the  efficiency  for 
same  froijiicney. 

Speciniuns  vt  llio  actual  nnml>ers  are  given  in  the  follow 
table. 


L.a,.l(Wutl.|. 

1000 
2OI10 
3UIX) 
401.10 

Frequency. 

100 

Hj-4t; 

•J-I-VJ 
•.•4-17         ' 

120          1 

ItiO 

S5-69         ' 

■J4-T!t         1 
05-63 

fl8-68 
93-84 
98-;(0 

!)S-91 

MAGNETIC  CURVE-THACER 

An  instriiment  fur  triicing  liyBterQHia  curves  has  been  inrented 
by  I'rof  lilwiiig,  nnd  iailluatrateddiagritminfttiolly  inFig.  171.* 
A  mirror  £  is  pivotted  hu  as  to  turn  on  n  needlo  point,  about  > 
verticiil  nr-n  horizontal  uxis.  A  wire  SJis  stretched  horizontally 
nlung  the  narrow  gap  hctween  the  pn)c-facei  of  a  conHtant  electro- 
magnet made  of  a  piece  of  iron  pipe  Hlitnlonga  generating  line. 
This  wire  carries  the  magnetizing  current  and  therefore  ex- 
periencea  an  electro in:ignetic  force  proportional  to  thot  current 
tending  to  move  it  acroxa  tbe  lines  of  magnetic  force  between 
the  pole-fiices  wliere  it  in  aituuted,  against  a  return  force 
dne  to  the  stretching  weight  nearly  proportional  to  the 
displaeenienl.  Thus  a  displacctuent  of  the  mirror  round  a 
vertical  axis  proportional  to   the    magnetizing  force  ia  pro- 
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Another  wire  AA  ia  stretched  along  the  narrow  apace  be- 
tween the  two  long  pole-fiicea  of  the  electromagnet  DD.  The 
ro>lti  DD  are  tiiaile  of  the  substance  to  be  examined,  and  at 
one  end  are  united  by  a  yoke  of  soft  iron,  at  the  other  termina- 
ted hy  suitable  soft  iron  pole-piecea,  and  are  surrounded  by 
coils  in  which  flows  the  current  which  also  passes  through  SB. 
A  conalunt  current  flows  in  AA,  which  is  therefore  acted  on  by 
vertical   clectromognelic   fnrcca  pioportionul  to  the  induction 

■■   •  See  Elcelridan,  AuR.  12,  1892,  for  specimens  of  curves  drawn  by 


with 
Tnirrr. 
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in  DD,  itnd  resisted  by  tho  tension  of  the  wire.  Tliis  f^ 
vertical  diRpkcement  proportional  to  the  induction  in  thi 
specimenR. 

A  ny  of  light  refleoteil  from  the  mirror  therefore  traces 

screen  ii  curve  of  mriR-ne ligation,  and  if  a  cycle   of  niKgn 

don   is   repeatedly   produced    by   ita   alternating   currenl 

cotTOBponding  cloRed  loop  ia  described  on  the  screen  b; 

spot  of  Ii)^lit,  and  liy  tlie   persistence  of  impresBionB   oi 

retina  remains  visible  so  long  as  the  cycle  is  described.     I 

therefore  he  drawn  or  photofcrapticd  at  pleaxure  for  compa 

Tlie  moving  parlH  of  the  apparatus  it  will  bo  noticed 

extremely  little  mass,  and  it  is  stated  that  even  with  a  per 

\V  or  ^  of  a  second  the  action  of  the  instrument  is  but 

nffecte^  by  inertia. 

RemiltB         Experimenting  with  bars  of  iron  of  different  thicknesaes 

of  Experi-   Ewing  has  found  by  means  o£  his  curve-tracer  thnt,  while 

*"      thin  bars  and  liiminslpci  iron  generallv  the  cycle  haa  the 

■own  in  Fi^R.  ItU,  165,  ItiK,  with  comparatively  aharp  oc 
\,  the  iiiniing  points  whidi  are  also  the  jilaces  of  cxi 
iductiiiD,  with  thicker  bars  the  turning  points  are  rounde 
and  ihc  iniisimum  ind  net  ions  are  well  iimide  the  ends  o 
curve.  With  cycles  of  frmiiieney  twii  or  three  or  inor 
second,  the  cycle  becomes  a  figure  resembling  closely  an  e 
with  itA  m.'LJor  nxin  inclined  to  tlie  axis  of  ab«oisEW. 

This  w  nn  efl'ei;t  which,  aa  noticed  by  Hopkinson,  is  proi 
by  eddy  currents.  According  to  Ewing  it  is  probubly  pro< 
also  by  creeping  of  the  Miugiietir.ntion  from  the  Biirfa< 

Another  form  of  magnetic  curve-tracer  invented  by  Mr. 
■■  C.  Searle*  is  represented  in  Fig.  172.  A  thin  wire  of  aliinii 
AB  abinit  HO  cmH.  long  has  attached  near  ita  upper  end  b 
zontiil  needle  C.  At  the  lower  end  it  currieR  a  fork  o: 
minium,  the  |inings  uf  which  are  cnnnoeted  by  a  silk  tibn 
To  this  libre  a  light  mirror  /'  is  (ittached  by  wax,  and  car 
smnll  needle  the  length  of  which  is  ;it  right  angles  to  tho  libi 
disk  of  mica  about  an  inch  in  dinmt!ter  is  iittaclied  to  the 
edge  of  the  mirror.  Theundielurbcd  ponition  of  the  mirror  i 
tical,  and  therefore  that  of  the  niic-a  disk  horizontal.  A  pit 
curilboard  is  phicetl  in  a  lioriKontul  position  close  below  the 
and  hence  when  the  Intter  is  moving  gives  rise  to  a  dai] 
action  which  soon  reduces  the  mirror  to  rest.  A  mica 
aitached  to  the  vertical  wire  j<^  dimipR  the  motion  roun 
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It  will  be  seen  that  the  mirror  baa  two  dietinct  freedoms  of   Action  of 
motion  (1)  roand  a  Yortical  axis,  (2)  round  the  horiEODtal  fibre      Inrtra- 
as  axis.     Tlie  apparatus  is  set  up  with  the  magnet  AC  in  tbe       ment. 
magnetic  meridian  and  a  coil  carryinif  tlie  magnetizing  current 
is  plaoed  in  the  maDiietic  meridian  witli  its  axis  paaein^  through 
the  centre  of  (k     The  apecimen  of  iron  to  be  tested  u  placed 
verticiLllr   ID   a   magnetizing   coil,  with  its    upper   end  nearlj 
Opposite  the  mirror  F,  and  in  the  east  and  west  (maf^etic)  plane 
through  its  centre.     A  compensating  coil  is  used  to  annul  the 
direct  effect  of  the  magnetizing  aolenoid,  and  the  magnetization 
of  the  iron  apecimen  then  tends  to  tilt  the  magnet  on  the  mirror, 
while  the  rougiietizing  cnrrent  turns  it  round  a  vertical  axis  by 


noting  on  the  upper  needle  C.  The  controlling  force  on  the 
upper  needle  is  tne  horizontal  intenaitj  of  the  tield  there,  that 
on  the  lower  is  partly  gravity,  due  to  the  mirror  and  attached 
disk  being  suspended  with  their  centre  of  gravity  a  little  below 
the  silk  tibre,  and  partly  the  earth's  vertical  force.  The  lower 
needle  is  of  course  placed  witli  its  north  pointing  end  down. 

The  instrnmont  is  bung  within  a  case,  and  a  Inmp  nnd  scale, 
with  lens  farming  a  window  in  the  case  through  wiiich  both 
incident  and  reflected  rays  pass,  is  employed  to  give  a  bright 
spot  on  a  screen.  [Et  was  found  that  no  trouble  was  experienced 
from  the  silk  fibre,  as  the  spot  of  light  after  deflecUon  returned 
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withfn  ,^  of  an  iticli  tu  iiH  fonnnr  position  and  the  zsro  •< 
to  be  permanent.] 

Tlie  effect  of  any  eiici'iiiien  (if  it  ia  taken  sufficiently  loi 

propartional  to  its  intonnity  of  iiingnptiKHtion  X,  and  for  iro 

IB  not  very  different  from  B/4ir,  so  tliiit  the  ordinate^  of  the 

described  by  ihe  apnt  o£  light  may  bo  tiilien  as  proportioi 

Ba/4n-,  wLcrc  a  in  the  area  of  croKH-MCCtioii,  and  tlie  abacis 

proportional  to  the  iniigneti Killer  force  H. 

SUndard-       The  indications  of  tjie  instninient  can  eaxily  be  reduc 

iiing  of     abtiolutu  uicasiirc,  by  noting  (1)  the  dL-fleetionof  theapot  ot 

Inatru-      produced  hy  a  known  ciirronl,  and  calculating  tiie  correspo 

ra«nt.       field  intenHity  in  llie  ningUL'tixing  solenoid,  (2}  by  aiceru 

the  deflection  of  tlie  mirror  nmnd  tlie  horizontal  azia  priv 

by  iilacjng-  a  niagnelixe'l  hIl-cI  wire  in  ituaition  in  tbe   sol 

(of  couTRe  u'illioiit  current)  notini;  the  deflection  and  then  < 

minint;  tlie  nin^nrtii.'  mmiii'nt  of  tbe  wire. 


/    t 
1    / 
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V.tivH^f.        Much  light  Ik  tbrowii  on  (be  nature  of  lungncti nation  by  ft 

Moleculur   oular  tlii-ory  recently  put  fnrward  by  Ewing.*     In  this  t 

Theory-  of   tbe  actions  of  the  nieniberH  of  a  group  of  small  magneta  c 

Mat:-       .inotlier    ure   Ktiidied,    nnd   ^bnw   that   in   all    probabilit 

aetization.  iieculiar  L-hnmctcr  of  tbe  I'lirvcH  of  magnetization  foui 

iron,  and  maiir  n£  the  couiiili'X  phenomena  of  effects  of 

and  tem|ieratiiro  are  explicablt-  by  the  action  of  the  mol 

magtietN  on  oni:  nncitbcr.     We  iniiy  Huppobe  that  the  mol 

magnclH  in   :i  piece  of  iron  are  stably  arranged  in  a  n 

onler,  hut  no  that  the  external  magiietic  force  exerted  by 

in  Kero.     Sui;h  a  group  would  he  the  four  small  inagnete 

I'enlreH  at  tlie  coriLerM  of  a  »i[U*rc,  represented  by  tbe  srr< 

t'ig.  ITil.     If  then  a  magnetic  funo  H  is  applied  to  then' 

will  t.ikc  n].  the  pnsilio.i-.  Bb.nvn  in  Fig.  174,  if  tbe  foi 


■  I'hil.  M.i:,.  Sertt.  183i). 
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great  enougli.  But  if  the  force  be  Bmall  ihcre  will  only  be  ft 
alight  dispUcement  of  the  inagnets  towards  concurreace  with 
H,  but  if  the  force  ie  gradHully  incrensed  this  concurrence  will 
bacomB  gradually  more  marked,  until  H  becomes  too  great  to 
be  reaisted  by  the  mutual  actionn  of  the  pnrticl<?s,  niid  their 
e(|uilibrium   becoming   unstable,  they   suddenly  swing   round 
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towards  pAralltliam  witli  H,  each  reraainiiig  however  etill  at 
linite  angle  with  the  direction  of  the  mngnetjc  force.  Ae  tliie 
is  still  further  increased,  this  nngle  becomes  gradually  sinuller 
And  the  magnets  approach  to  parallelism  with  one  another  and 
with  H  oa  shown  in  Fig.  175. 
Thus  the  group  becomes  mngneliited  in  the  direction  of  H,  at 


first  slowly,  then  suddenly, 
Fig.  176.  If  the  Kytttem  coi 
such  as  this,  liut  of  a  largo  n 
angles  would  be  rounded  off 
of  magnetization.      Again, 


tid  oguin  slowly,  as  represented  in  *^^  '^ 

sihted  not  of ..  single  simple  group  netiaSoii 

mber  of  different  groups,  the  sharp  of  Qn,up 

ind  we  should  get  the  actual  curve  of  Small 

n  grndtial  withdrawal  and  reversal  Hagneta. 
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of  the  magnetio  force  the  curve  of  diminution  of  mi 
iDoment  would  not  uoincule  wiih  the  curve  for  increai 
zero  value  of  H  would  be  reached  with  a  certain  r 
magnetic  moment,  in  tLe  direction  of  the  applied  fore 
reveisnl  and  grndual  iccrease  of  the  force,  the  Bmall  a, 
would  a^ain  become  unstable  and  would  auddenly  8wiii{ 
now  in  the  oppoaito  direction. 
I*  In  fact  a  hyBteresis  cycle  would  be  obtained. 
ourvcB  and  cycles  have  been  drawn  for  complex  gro 
small  magneta  arranged  at  first  so  as  to  iiuve  near] 
external  etfect  within  a  large  ftolenoid,  by  gradually  inci 
the  current  in  the  solenoid  from  zero  to  a  consii 
value,  ttiiiiiniBliing  it  through  zero  to  a  negative  | 
and  BO  on  as  ia  an  ordinary  cycle  of  magnetizntio: 
measuring  the  magnetic  moment  of  the  system  by  meai: 
magnetometer  in  the  ordinary  way.  These  curves 
wonderfully  with  tlione  given  by  actual  specimens  o. 
The  physical  cause  of  the  dissipation  of  energy  in  hyi 
Ewing  conjectures  to  be  the  development  of  eddy  curn 
the  Biirroniiding  medium  in  consequeuce  of  the  oscillai 
the  smiill  magnets  about  their  new  positions  uiion  displa 
the  magnetic  force.  For  a  full  account  of  this  tlieory  t 
conse<iuencc8  the  reader  is  referred  to  Ewing' s  paper  i 
ond  to  his  book  ou  Jfagnelic  Ivduetinn  in  Iron  and 
Melah, 


DETBSMtNATION  OF  VBllDSTS  CONSTANT 

Verdet'g  conHtaot  haa  been  defined  &t  p.  226  above. as  the   Verdet's 
amount  of  tuminft  of   the  plane  of   polarization  of  a  ray  of  Conatant. 
plane  po  Inn  zed  liglit  per  unit  difference  of  magnetic  potential 
between  the  extremiliea  of  the  portion  of  the  ray  considered. 
De  term  in  a  lions  of  this  important  constant  have  been  made  by 
J.  B.  H.  Gordon,*  Henri  Bccquetel,f  and  Lord  Royloigli.l 

In  Lord  Bayleigh's  experiments,  of  which  we  give  here  a       Loid 
short  account,   a  beam   of  light  from  aodiuin  burning  in  the  Kayleigh'a 
flame  of  a  Bunsen  lamp,  A  (Fig.  177),  iotensified  by  a  jet  of     P'tw- 


ysy(\Z^I| 
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oxygen  mnde  to  play  round  the  flame,  posaed  through  a  alit  io 
a  screen,  B,  in  front  of  the  flame  to  a  direct  vision  prism,  J), 
thence  through  a  collimatiog  lens,  £;  to  a  Nicol'a  priam,  F,  The 
plane  polarized  beam  emerging  from  /'waa  received  by  a  ayrup- 
cell  polarirocter,  G,  and  thcnpiLsaed  through  a  tube,  f,  filled  with 
bisulphide  of  carbon,  and  a  alit  in  the  acreen,  /,  to  the  analyzing 

The  aereen,  ^,waa  made  of  looking-glaaa,  and  the  slit  ere itted   Detaila  of 
by  removing  a  narrow  strip  of  the  silvering.     By  this  arrange-  Apparatof. 
ment,  together  with  a  parallel  mirror,  C,  a  considerable  increase 
of  illumination  was  obtained. 

The  direct  vision  prism  waa  used  to  purify  the  light  from 
rays  of  other  refrHngibilities  than  tliat  of  aodiura.    The  lens  S 

*  Phil.  Trawi.  R.S.  1877,  p.  1. 

t  Attn,  (le  Ckimie,  1882. 

:  Pkil.  Traiu.  B.H.  Pt.  11.  1S85. 
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rendon^  the  ray*  pftrallel  before  inddenc*  on  Um  BJHI 
The  polarimeter  O  wu  k  cell  oontaiidng  «  atntua  «f^ 
minr  irrap,  made  according  to  Pojnting^a  plan,  ao  AitH 
half  the  tbickneu  of  the  itrBtam  was  tbe  ftdl  widft  ^ 
cell,  in  the  other  half  was  dimisiafaed  hj  a  plate  at  At 
that  a  difference  of  rotation  of  about  2°  was  jimrTlMMTty 
two  halve*. 

Two  tubea  of  braai,  one  3I-&91  inches  lonr  and  1|  ind 
diameter,  the  other  89*765  incfaei  long  and  1  inch  in  4iUM 
and  cloaed  at  the  ende  with  pjatea  of  g1aa%  w«re  nam]  to  torn 
tlia  bisulphide  of  carbon.  The  temperatura  of  tha  Hg^; 
obaerred  on  a  thennometer  inserted  in  an  opening  near  OM^ 
of  the  tube. 

The  analyier  was  in  some  of  the  experimenta  «  Jiieol 

others  a  double  image  prism,  and  was  moonlod  in  tha  nainali 

on  a  ^aduated  circle. 

prsMn-        tt  IS  necetsary  for  nccuracy  in  retdiog  the  amonnt  of  iwU 

tloo*  for  ..that  the  uzia  round  which  tlio  anilyier  turns  should  coincid 

Acenncy   direction  with  the  ray.    This  adjustaient  was  made  by  obsi 

in  UiB  of   ing  the  direction  of  tlie  ray  by  iiieana  of  a  telescope  with  ci 

Analyier.    wires,  and  then  replacing  the  telescope  by  the  Nicol  or  doi 

image  prism.     Error  however  was  introduced  by  the  passagi 

heat  into  the  liquid,  whereby   the   upper  part   of   it   beci 

slightly  warmer  than  the  lower.    To  eliminate  this  to  a  I 

approximation  the  two  poaitioue  of  the  Nicol,  nearly  180°  ap 

which  giLve  equality  of  illumination  In  the  two  parte  of 

tield,  wore  read  uff.     It  was  found  that  by  the  use  of  a  doi 

imnge  priam,  reail  in  four  poBitiona  nearly  90°  apart,  the  K 

could  be  more  nearly  got  rid  of. 

The  adjustment  of  tiie  niialyzer  to  an  exact  match  betw 
the  two  halves  of  the  field  was  facilitated  by  arranging 
auxiliary  coil  round  the  tuhc^  in  circuit  with  n  LeclantHio  ( 
worked  by  a  reverBing  key  within  reach  of  the  obserrer  at 
analyzer.  With  this  the  plone  of  polariEstion  could  be  roc 
"  hackwanlH  and  forwards  through  a  amall  angle  about 
normal  position.  The  amount  of  the  rocking  being  suiti 
chosen,  the  comparison  of  the  three  appearances  (two  < 
auxiliary  current  and  one  without)  serves  to  exclode  some 
perfect  matches  that  might  otherwise  have  been   allowed 

Amnge-       The  helix  was  wound  on  an  ebonite  tube  placed  round 
ment  of    bisulphide  carbon  tube,  from  which  it  was  separated  by  •«▼ 

^- 

uetuing 

Helix.  •  Lojj  itayieigh,  JVoc.  R.  S.  Vol,  lurit.  (Jima  19,  188*1. 
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InyerH  of  paper.    The  length  of   this  tube  betweeD  the  end 

flnnges  was  9'990  inches.  The  winding  was  perfunued  with  two 
wires  aide  by  side,  so  that  by  sending  a  current  in  opposite 
directions  through  them,  or  by  trying-  tu  force  a  current  from 
one  to  the  other,  the  inaulation  of  ihe  coil  could  be  tested]  while 
both  wires  could  he  used  to  produce  tlie  magnetic  field.  The 
coil  was  found  on  test  to  insulate  satisfactorily.  The  internal 
diameter  was  '2*188  inches,  the  external  4'13  inches.  The  number 
of  turns  was  3,684. 

By  (30),  p.  263  above,  the  potential  at  any  point  £  on  the 
axis  external  to  the  coil  is  f,  —  y^,  wliere  Fi,  F^  are  the  poten- 
tials at  the  point  due  to  the  ends.  But  if  we  consider  another 
point  jtf  on  the  axis  on  the  side  of  the  coil  remote  from  L,  it  of  Poton- 
follows  from  p.  263  tliat  the  difference  of  magnetic  potential,  ^^■ 
O  —  Q',  between  L  and  jif  talicu  along  the  axis  through  the  coil 
is  for  unit  current  given  by 

Q  -  O'  =  iny  -  {/',  -  /\  -  iF\  -  F'i))   .     .     (43) 

where  the  daahed  letters  refer  to  M,  and  the  undaahed  to  L, 


Calcu- 
lation of 
Difference 
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But  if  a  be  the  number  of  turns  per  unit  of  length  in  any 
layer  of  radius  Aa  or  B6  (Fig.  178),  r„  r„  x,,  «„  the  distances 
La,  Lb,  LA,  L£,  respectively,  the  potential  ni  L  due  to  the 
ends  of  tbe  layer  is,  if  the  end  B  be  taken  as  positive,  that  at  A 

negative, 


2im{'- 


-  ^.  -  {r. 


If  a  be  the  radius  of  the  layer  (supposed  small  in  comparison 
with  Xi  or  r^  we  have  approximately 


8  i-,*/- 
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UeDce  the  potential  of  the  layer  at  L  dae  to  the  eods  i 


'o  sum  tlie  effects  of  all  tlie  layers  the  moan  valnea  of 
a  tho  Iiiat  ezpreasion  are  to  be  subBtituted  for  these  < 
,  and  the  expreasjon  multiplied   by  the  number  of 


But  the  It 
radii, 


is,  if  a^.  Of.  he  the  intenial  a 

1^'  a*da  = 


ends  of  the  coil  it 


e  way  the  mean  value  of  a*  cornea  out 

1  are  n'  layers,  the  total  number  ol  tunin 
i[),  aod  therefore  tliB  potential  at  L  due 


In  tlio  Hsnie  way  we  should  find  for  if,  putting  jf^ 
MB  =  j-'j  {numerically,  so  that  a',  —  jr",  =  a-j  -  *,),  thi 
potenlial  at  .Vdiie  to  the  eoda  of  the  coil  is 


-"^'l 


Value  of 
Dilfcrpnce 
of  Mag- 


Potential 

for  EdiU  of 

Tube, 


With  tlinge  values  of  f\ 
:-  a  =  4if.V  [] 


'  hi{a. 


Ft,  V\  -  r,  (43)  becomes 


III  the  apparaiiiH  used 

a,  -  2-OCB,    a,  =•  1-094, 
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in  inches  so  that 

"s'  ^  -»     =  -6433,      ."='.  I-^i_   = 
12K-tfO  '     80(a,-«,) 

Further  for  the  longer  tube  in  inchen 

j-i  =  ^r-,  -  10-800, 

j^  =  .r'l  =  20-790. 

Hiiil  for  tho  shorter 

J-,  =  ./.  =    9-887, 

^j  =  y,  =  19-877. 


=  4)r.V(l  -  -00573  +  -00006)  =  4ffA  X  -9943.T 

for  tlie  first  tiibp,  and 

4ffiV(l  -  -00655  +  -00008)  -  4jrJVx  -99353 

'   for  the  second. 

'       To  iDOosure  the  current  the  difference  of  electric  potential    Mode  of 
lietween  the  tenninsls  of  ft  coil   of  resistance  R,  placed  in  the  Ufuaring 
circuit  of  the  helix,  was  balanced  by  the  electromotive  force  of    CntrenL 
ft  derived  circuit  in  which  was  placed  a  Clurk  cell.     At  15^  the 
resistance  of  the  coil  was  1-4968  B.A.  unit.     Currents  of  about 
1  ampere  were  used  in  Che  experiments. 

We  must  refer  the  reader  to  Lord  Rayleijrh's  paper,  he.  cit., 
for  further  particulars  of  the  rosulta  obtained  and  their 
treatment. 

It  was  found  us  the  mean  reault  of  a  largo  number  of  experi-  Final 
nients,  that  if  x  denote  the  value  of  Vcrdet's  constant  in  Result, 
minutes  of  angles  for  carbon  diaulphide  at  18°  C, 

a-  =  -04202. 

The   rotation   in   bisulphide  of   carbon  aecunling  to  Bichat  Variation 

varies   with   the   temperature   (Centigrade]   according   lo    the  ofBota- 

formnla  1  -  -00I04f  -  -OOOOHt^,  and  this  was  used  to  correct  for  tiou  nith 

tieviation  of  temperature  of  the  bisulphide  from  18°.  Teaiptra- 
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=  -0462. 


Com-  Qordon'a  ezpurimenlB  were  mode  for  liglit  correspo 

portBou     tha  thallian)  line.    The  value  obtained  was  -0S23S  mmuti 
light  nt  a  tomporHliire  about  13°  C.    Toking  tlie  rotntio 
1)X-*,  where  fi  is  tha  refmctive  ind 
jrdon'd  result  would  give  fnr  sodiiin 


Gor4oii'fl    portional  to 


to  n^U-  ■ 
length.  ( 


rel'K 
Sesalts. 
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CIIAPTEE  XIV 
ELSCTRIC  OSCJLLATIONH  AXD  ELEUTEW  RADIATlOif 

Sbctios  1 
KXPEKIilENTS  ON  ELECTRIC  OSCILLATIONS 

The  iippruximitte  truth  of  the  theory  □£  electric  oscillKtioua     Feddei- 
given    abuve    was    sliown   experimentally   by^   Fedderaen    ftnd       ""'■. 
oUierE  wild  observed  the  spark  of  a  Leyden  jar  discharge  in  a     Expen- 
rotating  mirror.     In   Peddorsen's  experimenti  the   mirror  was    nientaon 
driven  at  a  known  rale  by  clockwork,  wliich  ulao  at  a  certain     "yj*" 
definite  piisition  of  the  niirror  started  tiio  diecliar^e  of  a  battery        py_ 
of  Leyden  jara  neroBS  the  eparlc-gap   of   a   micrometer.     The     (.harnes 
mirror  was  concave,  and  tho  apark-giip  wa»  bo  situated  that  an 
image  of  the  spirk  was  thrown  by  the  mirror  on  a  ground-glass 
plate,  for  which  a  photograpliic  plate  could  be  siibatituted. 

Tho  spurk  wlien  taken  with  a.  short  metallic  connection  to  the  Effect  of 
micriimeler  and  between  metallic  points  was  a  long  tapering  Length 
t  band  of  light  beginning  at  the  brood  end  with  a  clear  white  _  ^^ 
light  and  then  fading  off  nnd  narrowing  through  a  greenish  H*™!"""!* 
colour  to  red  at  the  narrow  end.  No  doubt  the  bright  part  ^  ^„ 
was  the  spark  proper,  and  the  red  jiart  was  due  to  the  cooling  c^ 
gaees  iind  particles  of  metal.  dnctor 

As  the  resititancH  of  the  discharging  circuit  was  increased 
without  incroo-tc  uf  length,  the  red  port  disappeared  and  a  bright 
line  with  projecting  luminoua  bauds  at  ita  upper  and  lower  ends 
took  itri  place,  and  this  in  its  turn  gave  place  to  a  Huccession  of 
bright  lines  at  gradually  increasing  distances  apart,  indicating 
an  intermittent  discharge. 

When  the  discharging  arc  was  long  and  at  tho  same  time  of      Oacil- 
suffipiently  low  resistance,  tho  image  of  the  spark  as  seen  on  the  y^''^''^ 
glass  plate  or  as  photographed   became  a  Hucoessioa  of  equi-  Dischaige. 
distant  transverse  bands  each  shading  off  nt  the  sides  into  dark 
sparges,  separating  it  from  the  next  on  either  side, 

•  Fog<j.  A.,n.  112,  113(1881). 
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It  wan  foLind  by  0X[)erimeDling  with  different  numbei 

I  tlie  battury  and  varying  tlie  resisTaaca  until  the  d 

iBt  ceased  ti)   be  oscillatory,  that  the  limiting  valut 

iiivaraely  pruportioilal  to  the  acjui 

Diiiir|,'ed  Hiirfnce  of  tlie  buttery,  that  is  to  the  squt        

capiiuity,  [iud  indepenilciit  of  tlie  Hpnrk-k'Ugtfi,  that  it 
difference  of  giotentiul.  This  ngrees  with  the  tbeor 
ttbove  (p.  ISi^),  ncciirding  to   which  the  litniting   valu 

It  wiia  iil!io  fuiiiid  that  if  the  di)=charge  was  from  a  b 
surface  S  tu  :iu  unohiirgfid  hntlcry  uf  Burfnec  S\  the  pei 
prupurtional  tu  ^ijS'i{S  +  S'),  which  also  obviouslj 
n-itli  Ihuury. 

Again,  wlicii  the  length  of  thu  di^thnrgitig  nrc  was  ii 
the  period  waa  iiicreiuicd  qIbo,  though  not  CDtirely  owii 
increaBB  in  reslBtanco,  and  tlie  arningniTient  of  tlie  dint 
wire  wiiH  found  vi'ry  miLtorially  to  alFcct  llip  period  ii 
clearly  ih'iieudiiif,'  on  tlie  vahiu  "f  the  indiiflion. 

Expi'riiiients  were  also   made   by  von   Uettingen,   K 

hiiuur,  liiesa,  IIi'hnhidtK,  and  otliern  oiinlirmatory  of  the 

A  full  iin'uiintdf  thesu  n-ReartrhcB  will  be  found  in  Wied 

EM.<ririi,V,  Hand  IV.  iip.  177  el  *tq. 

kiliillor's        Wi!  shall  only  notice  further  of  these  earlier  reeear 

ICxperi-     cleclrii.'  uHL-illiilinnK  the  elc<;iric  experiuicntK  of  Scliilli 

riiBiits.      t\w.ne  tbu  ONcillaliiig  diHchai^o  look  place  through  a  coil 

the  plateK  uf  a  conduiiHur,  and  no  npnrk  was  produoe 

MmLoof     (3<"'>'>''l'  induced  in  the  Hecondury  at  iin  ilidilL-tion  coil 

lvK|nn-     breaking'  uf  the  priiuiiry  circuil  by  an  arrangement  of 

ni'utiug.    levem  iiud  pi'ndiiliim  inli-rruptor,  was  imeii  lo  charge  I 

dcnHer,  whiL'h  gave  risi^  lu  electric  oscillnttonR  in  tho  c 

nocting  the  |ilaicri.    Uiie  phite  of  the  condenser  ii 


of  tb« 


H  of  ai 


-ctcd  tu  the  insnluted  pair 


ll(^vhichl: 


lid  bBadJuBted  iitpleanureby  [! 
arranging  tho  contact  levers  and  interruptor)  after  the  j 
i:irciiit  was  broken,  the  Hecoiidary  was  bIho  broken  i 
electrometer  dcLachod  from  the  cundenner  plate.  B7  ' 
the  interval  and  making  repeated  obBervatioiis  the  potE 
different  stagoB  of  the  OHcllliLtion  could  lie  read  off  1 
period  aHcertuined, 

The  time  interval  was  found  by  sending  a  current   1 
one  cull  of  a  differentia!  galvanometer  accurately  adJQ: 


'  Vogy.  Aiu\.  li;a[lS74). 
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e,  ftnd  un  cqunl  current  througli  tlie  otlier  coil  at  tlie  next 
and  observing  tlie  deflectidn.  Froui  thin  the  time  of  flow 
current  could  be  easily  calculated. 

coil  of  counie  lind  an  electrostatic  capacity  of  its  own 
it  wuB  impOEisible  to  calculate.  Tliia  was  determined  by 
;  it  with  various  combinntionB  of  eix  different  condensers, 
e  periods  of  oscillation  were  ohserved  end  the  relative 
:iee  of  the  aeparate  condensera  calculated.  The  results 
sinpared  with  thoss  obtained  by  joining  each  condenser 

with  the  coil  and  obaorvtog  tlie  period  of  oscillatioD. 
Bults  were  found  to  agree  exceedingly  well. 

method  was  applied  to  determine  the  damping  of  the 
ions  with  different  dielectrics  connecting  the  plates,  and 

to  tind  tlic  rcaistances  of  the  substances.  It  was  also 
I  detoriiiine  the  relative  capacities  of  tbe  sanio  arrange- 
•f  plates  with  different  dielectrics,  and  lience  to  find  the 
;  inductive  capacity. 

I  if  T  denote  the  period  of  oscillation  with  the  coil  aloiie, 
'^  the  period  with  the  condenser,  according  as  air  or  the 
no  in  ijiieRtion  was  between  the  plates,  C„  C,  the  capa- 
)f  the  condenser  in  these  cases  respectively,  then  by  tbo 
f  the  period  given  at  p.  I9ii,  if  the  resistance  be  neglected, 
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The  liKlf-iieriod  in  these  ezperimenta  varied  froni -000056  ■ 
to  -00012  sec.  Considerably  l*rg«r  Talues  of  K  were  found 
tbe  sarne  specimens  hy  .Siemens  method  of  succeftsive  chu 
and  discharge  (see  Vol.  I.  p.  448). 

The  results  calculated  \>y  theorj' agreed  exceedingly  well  w 
those  found  by  experiment.  There  can  be  no  doubt  that  I 
theuryiR  very  imperfect  for  many  reasons.  For  example  I 
current  in  the  coil  owing  to  the  varying  electrostatic  capacitj 
its  different  parta  could  not  be  the  same  throuKhoiit  at  any  ( 
instant,  and  much  more  so  without  a  condeDser  than  when  < 
of  conaideiabic  capacity  wns  attached  to  its  terminals. 
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We  now  give  ill  conclusion  some  iieoount  of  the  remarkal 
vcriltcation  .>f  .M».\weirH  theory  of  Electrical  Riidiation  Iat< 
givi-n  by  HertK.  We  give  lirst  his  solution  of  the  problem 
the  propiigatioii  of  eleutrotoagnetic  waves  from  a  soui 
eyiniiictricai  aluiiil:  an  axis,  in  onler  that  the  cxperimen 
results  nmy  be  iimre  eafiily  understood. 
Vibriitiiig       Ah   Bdurcc  of  the   waves  we  take  an  electric  doublet,  that 

Electi'ic    twiicijual   und  i>p]i<i»iile  electric   charges  concentrated   at  t< 

DoiiUot.  points  iniiiiitely  near  tii  one  another,  or,  more  properly,  a 
distance  npurt  intiuitely  smnll  in  comparisim  with  the  diKtai; 
from  eitlxtr  charge  of  any  point  ut  which  the  electric 
miignctic  force  is  considered.  The  moment  of  tbe  doubl 
that  Ik  the  ]irii(Inct  uf  either  charge  into  the  distance  betwe 
the  two  points,  wp  shall  Hti]i]iose  to  vaiy,  by  vnriation  of  I 
charKCs  only,  ns  ft  Ninijile  harmonic  function  of  the  time;  t 
its  miisinnini  vnlue  wilt  be  supposed  finite  and  constant.  Sucl 
Hiiurcc  is  the  exiict  electric  analogue  of  the  infinitely  sb 
mBRnnt  conxidered  ot  p.  fi  above. 
H«rtz'a         ^'"^''  "  ''"'"■<^<'  ™8}'  be  n-gordcd  as  jihysicnlly  realized,  exci 

"Dumb-    for  iMiints  very  near  it,   by  two  equal  ;ind  oppositely  charp 
bell  '•       8|ihurert  connected  by  a  Htrnigbt  conductor.     This  was  the  fo 

Vibrator,    of  electric  vibrator  employed  by  Hertz  in  some  of  Lis  ni 
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jiijportnnt  esperimenta.  The  B^beres  were  charged  to  oppoaita 
potentiate  hy  an  induction  coil,  and  then  discharged  into  one 
iinother,  setting  up  thereby,  as  the  diacLarge  waa  oecillatoi;, 
electroinugnetic  waves  in  the  surrounding  m^iiim,  which  were 
propagated  outwarda  from  the  vibrator  in  all  directions.  The 
existence  of  these  wares  was  detected  by  a  aimple  receiver,  or 
reKonaUn-  us  it  haa  been  called,  conaiating  of  a  circle  of  wire, 
compleie  with  the  exception  of  a  very  small  sftrk-gap  between 
two  small  knobs  which  tipped  the  endH  of  the  wire,  and 
properly  placed  with  reference  lo  the  vibrator. 

1  he  calculation  of  the  electric  and  magnetic  forces  at  points 
at  a  distance  from  audi  a  vibrator  comparable  with  its  ^men- 
sions  would  be  very  difGcuIt,  but  for  points  at  diatances  very 
ffreat  in  comparison  with  the  distance  between  the  centres  of 
tlio  epherea,  the  forces  muat  be  very  appro ximataly  the  same  as 
those  due  to  the  electric  doublet. 

In  what  follows  we  shall  take  the  origin  ut  the  point  midway   Theory  of 
between  the  two  charges  of  the  doublet,  and  the  axis  of  the   Vibrating 
doubk't  as  axis   of  :.     Since  everything  ia  symmetrical  round    DonbleL 
this  axis,  we  need  consider  only  the  diaturbance  at  any  Inatant 
at  It  point  distant  z  from  tlie  origin  and  p  from  the  axis.    We 
shitll  call  the  plane  through  the  origin  at  right  angles  to  the 
axia  the  equatorial  plane,  and  any  plane  t£rough  the  sxia  a 
meridian  plnno.      As   alarting-point   of  the   solution    we    use 
equations  (27),  (27'),  (28),  (-28')  of  p.  201  above. 

The  electric  forces  obviously  lie  in  meridian  planes,  and  the 
lines  of  magnetic  force  must  be  circlea  round  the  axis  of  the 
system.    Thus  7=0,  and  (28)  becomes 

9a  .aa     „  ,,, 


We  might  transform  these  equations  to  cylindrical  co-ordinatex  BqnatioDa 
and  tijen  proceed  to  find  the  solution  of  the  problem  for  the         of 

caxo  supposed.     The  following  proceas  is  simpler.  UotJon 

Kquution(l)  shows  that  (K/^-^ifr  ie  a  complete  diiferential  of        for 

some  fuuctton  of  j-,  «,     Using  Hertz's  notation  we  take  this  Doublet. 
function  asdllldl.     Thus 


iiid  equations  (27)  of  p.  201  become 
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..dP        B'n  1 


«?«  = 


iPa 


Now  etiuations  (3)  declare  that  the  quantities 

KP  -  dmid^Si,  A'Q  -  a-n/dfBi,  KR  +  3»n/ej*  +  &iu,i/- 

lire  indepeniient  of  t.  Their  valaes  cannot  therefore  hare  ar 
influence  on  the  wave  propagation,  and  may  be  taken  as  Eero  i 
eitch  eaae.    Thus  we  assume 

Kq     "" 


These  equntioiix  fulfil,  il  will  be  seen,  equation  (3).     Subsli 
tilting  now  in  (27'),  il  201,  we  find 


d  /dm 


'  A  dy  \d^  ■*"  By'  '^  a^^r 


.^f-<^^^ 
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That  we  may  put/(2,  i)=Owithoiit  nfTecting  the  electric  and  DilTereii- 

mnffnetic  fields   may  be  Keen   in  the  following  manner.     Let  *""' 

n=^(T,jr,  .,/)  bea«olutionor(5)._  Then  since  the  electric  and  K^^tion 

magnetic  forces  involve  differenliotion  with  respuct  to  x  and  j  n„:|i,^„„ 

we  may  use  instend  of  this  the  value  *  (t,  y, .-,  ()  +  f  (r,  t)  for  n,  ei"*^^ 

where^(«,  ()  iBony  function  of  J  and  I.     This  would  give  the  jjoublet. 
differential  equation 

where  x  (:,  0  arises  from  ^  {i,  C).  Since  f  (--,  ')  may  lie  nnything 
we  please  we  may  clioose  it  bo  that  »(r,  ()  =  -/(;,  t).  Hence 
putting /(«,i)  =  0,  in  (5),  will  not  affect  the  electric  or  the 
magnetic  force  iit  any  point.  Thus  we  have  for  the  equation  of 
propagation  of  electromagnetic  dJBturbnnce 


S'a 


(6') 


The  well-known  general  solution  of  this  c<)uation  is 

wiien-  c  =  \j-JKfi;  and  Fj,  J", a™  orliitrnry  functions. 
To  find  II  Hohition  adapted  to  tlie  vibrator  we  hare  imagined, 


where  m  =  2ir/X  (X  =  wave-length)  and  «/»  =  b  =  1/  v'A>.  This 
eatislieB  the  differential  equation  and  is  of  the  fonii  (6).  The 
values  of  P,  Q,  R  derived  from  it  satisfy  (28),  p.  201,  and  we 
shall  see  that  it  is  applicable  to  the  present  cose. 

First  as  the  case  supposed  ia  that  of  an  olectrie  doublet,  the    Solation 
luoment  #  of  which  varies  as  a  simple  harmonic  function  of  the         of 
time,  the  field  of  electric  force  in  the  immediate  noighhouihood   EqualioQ. 
of  the  doublet,  thut  is,  at  any  point  whoee  distance  from  the 
doublet  is  a  small  fraction  of  the  wave-length  of  the  disturbance, 
must  at  each  instant  precisely  correspond  to  the  field  of  a  small 
magnetic  doublet  of  the  eame  moment  numericnlly  as  that  whicii 
the  electric  doublet  has  at  that  instant.     Now  the  lines  of  force 
for  this  case  arc  disciiBsed  nt  p.  8,  and  illnstrated  in  Fig.  2. 


Solntiou 

witli 
UftgDeHc 
Donblet. 
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where  w  i»  the  moment  of  the  magnetic  doublet. 

If  instead  of  m  we  write  4  bid  nt,  we  see  tliat  tlie  electric 
force  to  correspond  ouglit  to  be  given  by  a  potential 


"<©• 


But  (7)  may  be  written 


and  the  second  term  on  the  right  is  practically  zero  when  nr 
(  =  2irr/X,  whore  X  is  the  wave-iengtii)  is  a  very  email  angle, 
that  is  when  r  is  small  jo  comparison  with  the  wave-length. 
Thus  in  the  immediate  neiglibourliuod  of  tlie  vibrating  doublet 


and,  by  (4),  the  potential  V  is  givi 


"•'£(;)  • 


which  agrees  exactly  with  tlifl  magnetic  analogue.     This  may 
be  taken  as  so  far  a  verilicntion  of  ihc  Holution. 

Further  (7)  gives  electric  force,  and  therefore  also  niagoetic 

force,  everywlmre  zero  at  an  inliiiite  distance,  which  must  be 

the  case  nlso  for  physical  rcaHonH. 

Solution        Since  the  field  must  be  symmetrical  about  the  nxis  of  t,  the 

Uodificd    electric  force  lies  everywiiere  in  a  meridian  piano.     It  will  be 

for         sufficient   therefore   to   use    eo-ordinntes    ;     along    the    axis, 

Symmetry  and  p  at  righi  anRlen  to  it,  and  to  calculate  for  any  point  (j,  p) 

rounil       jiig  conipoueuts  of  electric  force  perpendicular  and  parallel  to 

^""'      the  axis,  and  that  of  magnetic  force  patallal  to  tlie  meridian 

plane.     We  shall  take  the  meridian  plane  considered   as  plai 


rce   patallal   t 
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titf,f,  Bu  that  p  (Fig.  179)*  becomes  identified  with  y,  md 
denote  the  componcntfl  specified  above  by  Q,  It,  a  reapectivel;, 
putting  i*,  j3,  y  s  0.  in  ralculating  tbeee  componects  by  (7) 
we  have  to  put  r*  =  «*  +  p*>  and  in  finding  R  to  write  the  third 
equation  of  (7)  in  tlic  form 


I  a  f  an\ 
"pfpVapJ 


elFT.lrJc  onllUtor  at  IIik  orl^i 
<ti'il  to  be  usdrtMwd  by  Iltttr. 

Fio.  17B. 


-  >2  Kin  («/  -  ,iO  -  Smr  fos  (^,-  -  nf) 
{mt  Hin  («r  -  nl)  +  .-..s  {mr  -  nl)\  sin  6 
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FoTBM  »t       At  points  very  noar  tlie  vibrator  we  get  frooi  these  eijiiationi 

neutha  o- 

Tibntor.  KQ  =  ^  kIii  (^r  -  mI)  sin  tf  cue  tf  j 

KR=  -t  8i,i(^r-.,()<.in=0  '    "    '    <'^' 


It  is  to  be  noticed  that  tliiB  exproBsion  for  a  it  that  whicb, 
cording  to  the  formula  at  p.  143,  would  he  given  for  the  mag- 
netic force  produced  by  a  current  y  in  an  element  of  longtii  j- 
BDcfa  that  ydt  =  N*coe  (air  -  nfj.  But  n«cos  (wr  -  »()  is  tht 
actual  current  in  tlie  doublet  at  any  instant  multiplied  by  thr 
length  of  the  element.  The  theory  therefore  leads  to  the  liiw 
there  stated. 
Fiirees  at  At  a  great  distance  from  the  origin  the  eijuetiona  (11)  for  the 
Points     components  become 


A-«-- 


At  These  equations  show  that  at  gre:it  distances  from  the  origin 

Distant  the  electric  and  magnetic  forces  are  propagated  together,  with 

I'oiuts  the  velocity  n/n,  and  are  in  the  same  phnse. 

Electric  Further  the  first  two  equations  of  (19)  show  that  when  r  in 

M         ti  8«»t  Qeme  +  Jicoa$  =  0,  which  indicates  that  the  direction 

Kotm  of  vibration   is   perpendicular  to  the  radius  vector  from  each 

[>j^  point,  that  is  that  the  vihrntions  arc  framrerte  to  the  direction 

u>igated  "^  propagation. 

Tntfether  Along  the  iisia  of .-,  o  =3  Q,  Q  =  0,  and  the  equation  for  E  in 

ju  (II)  may  be  written 
Trans- 


AB  = 


v'l  +  m"Hsln(w 


-    (14) 
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TIiuB  the  velocity  of  propagutiuii  of  electric  force  along  the  Prop«g«- 
BXiB  of  z  is  to  ba  fomid  from  tUe  equation  mr  ~nt  -  e~0  by  tion  aloDg 
calculating  dr/dl,  and  is  therefore  fl(l  +  Bj>r>)/f«M.  It  !■  vaiy  the  Aii« 
great  when  r  is  small,  and  approaches  the  vahie  n/w,  or  1/  ^A'/i      ^^d  in 

„      „        ,      theEqna- 

is  for  R  and  a      toml 
Plane: 


-where  tan  e  =  ar/fl  -  m'H),  tan  «*  =  —  l/nvr. 

Thu  velocity  of  propagation  of  electric  force  in  the  equatorial 
plane  is  thus  n(mV  -  «^r'+ 1)/*iV{mV  -  2).  It  in  always 
;^reater  than  the  velocity  along  the  axis,  esccpt  of  course  for 
great  values  of  r,  where  it  isnjm  as  in  the  other  case.  Moreover 
it  is  infinite  when  t  =  0,  and  when  r*  =  2/j>.',  or  r  =  \l{ir,Ji), 
iLnd  ia  negutive  nt  intermediate  points.  The  electric  force  is 
thus  propagated  outwards  and  inwards  in  the  equatorial  plane 
from  a  point  outside  the  vibrator.  This  is  the  point  for  which 
r  =  \Hir-j2),  the  centre  of  the  small  circle  seen  on  each  side  of 
the  vibrator  in  the  graphic  rep  re  sen  ta  tion  of  the  electric  field 
of  the  vibrator  in  Fig.  181  below.  At  this  point  the  electric 
force  attains  any  value  which  it  theie  takes  '12  of  a  period 
before  the  corresponding  value  of  the  force  is  attained  at  the 

Th«  velocity  of  propagation  of  the  magnetic  force  in  the 
equatorial  plane  ia  n(l  +  sr/^)/<MV,  which  is  also  infinite  at  the 
origin  but  diminishes  as  ;■  is  increased  towards  the  limiting 
value  n/fu. 

It  is  easy  to  verify  from  the  exprossiona  here  given  *  that 
the  interval  in  which  a  zero  or  inaximnm  value  of  the  magnetic 
force  travels  out  in  the  equatorial  plane  from  the  origin  to  a 
groat  distance  r  is  rw/n  -  Tji,  and  that  a  zero  value  of  the 
electric  force  travelling  out  in  the  same  plane  from  the  point 
X/(ir  \^)  reaches  the  point  r  in  the  interval  rw/»  -  T/i  after  the 
instant  at  which  the  zero  value  reached  the  origin.  But  when 
this  value  reaches  the  origin  the  current  has  its  mazimnm  value, 
nnd  therefore  so  has  tlie  magnetic  force. 
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In  the  auuccding  interval  rw/n  —  7/4  this  inaximiim  trav«lB 
out  B  distance  r,  but  the  zero  value  if  the  oli'Ctric  force  lias 
arrived  earlier  by  T/4,  bo  that  the  electric  force  is  nlgo  a  inasi- 
TnuiD  at  the  same  time  as  the  magnetic  force,  in  aocordaiice 
nrith  the  eqaationH  (18)  below. 

Lines  of  electric  force  have  the  diffcrontial  equation 

<l:  _  dp 

or 

13/  dn\  ~  B-li  • 
p  dp^'^dp)        d'pd: 
that  is 

!A'>^1('>^'-  ■■■<■•) 

Intogratiug  thia  v/u  (jet  for  tlio  cquatioo  of  ii  line  of  foicr 


.1  (,«. 


Hi)    - 


xiy.' 


<1") 


Field 
during 
Hall- 


H'liero  (-  IK  a  coustaiii  for  any  particular  line.     By  amtigniDg 

different  vuliiea  to  c  the  whole  family  of  linen  of  force  t'Xtxtiiif.' 

at  any  particular  instant  can  he  obtained. 

Oraphic         The  curves  of  electric  force  .is   |il<itted  Ijy   Hertz  art   repro- 

RanresHnt.  duced  in  FigH.  180,  181,  lfl2,  183.     fif?.  180  shows  the  electric 

ation  of     field  as  it  eiists  ut  the  beginning  of  iin  oscillation   when  the 

Cli«?Be  of  vibrator  is  in  the  neutral  Btntc,  Figs.  181, 182, 183  after  tlio  lapse 

*    ;  eighths  of  a  complete  period.     The  figures  were 

aans  of  a  set  of  values  uf  einJ'B,  and  correspond! nfC 

,  and  &xi  auxiliary  curve  giving  the  values  of  r  for 

which  (with  the  given  values  of  /)  tlie  multiplier  of  sin^fl  in 

(17)  gives  a.  product  equal  to  the  constant  c  chosen  for  the 

curve.     [The  X  on  the  curves  is  ^  of  the  wave-length.] 

The  lines  in  the  immediate  vicinity  of  Ihe  vibration  arc  not 
given,  nor  arc  those  drawn  continued  up  to  the  source.  The 
vibrator  represented  is  of  a  duml>-hell  Klinpe,  and  therefore  it«i 
lines  of  force  can  ouly  agree  with  those  of  n  doublet  at  sonw 
distHnce  from  ttie  origin. 

Fig.  181  gives  the  Btat<:  of  the  field  iiflur  tlie  lapse  of  ^  uf  a 
period  from  the  instant  for  which  Fig,  I^Ois  drawn.  The  lines 
shown  are  enclosed  within  the  circle  given  by  (17)  for  I=IT, 
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Olid  e=0.  This  cirele  travels  outwiirde  with  the  same  velocitj 
aa  the  magnetio  force.  [The  clofled  curves  outaide  the  circle 
may  for  the  present  be  neglected.] 

InFig.  182,  which  shows  the  Geld  when /  =  ^7',  these  liaes  stid 
enclosing  circle  are  seea  Co  have  spread  out  to  ii  greater  distance. 
In  Fig.  183  the  enclosing  circle  is  much  larger,  but  in  the 
immediHte  neighbourhood  of  the  vibrator  the  lines  of  force 
have  begun  to  contract  inwardit  on  the  source.  The  curves  are 
thus  throttled,  su  to  speak,  and  break  off  at  the  neck  into  closed 
curves.  These  closed  curves  nro  formed  first  in  the  interior  of 
the  system  as  shown  at  the  small  circles  to  right  and  left  of  the 
vibrator  inside  the  outer  loop  of  the  dotted  curve.  At  these 
points,  «a  already  stated,  the  electric  force  takes  any  possible 

JIotioD  of  value  before  the  corresponding  value   is  reached   at  the  origin. 
Line  of     For  example  in  Fig.  183  the  electric  force  1ms  just  become  zero 

Pore*  ill  at  the  small  circloB.  As  (  increases  from  f  T*  to  ^T  the  curves 
Field.  break  off  successively  from  within  outwitrds  until,  ns  shown  in 
Fig.  180,  they  have  all  bruken  ofE  into  two  groups  of  closed 
curves  seen  to  right  and  left  of  the  origin  within  the  circle. 
These  are  us  it  were  the  cross-sections  of  a  vortex  which  is  pro- 
duced and  remains  symmetrically  round  the  axis  of  the  vibratoi. 
Its  circular  axis  at  the  small  circles  increases  in  radius 
at  first  very  riipidly  but  ultimately  with  the  speed  of  light. 
[The  arrows  in  the  curves  in  Fig.  183  nre  opposed  in  direction 
to  thoHC  ill  Fig.  180,  but  this  arises  from  the  fact  that  the  linen 
in  Fig.  180  are  really  those  formed  in  the  half-period  preceding 
that  now  under  considerution.] 

Considering  now  the  interval  from  1  =  IT  to  (  =  17  we  see 
that  lines  begin  to  spread  out  just  as  before,  except  lliat  the 
directions  of  the  forces  are  reversed.  The^c  lines  force  outwardK 
the  closed  curves  of  the  "vortex"  just  tljrou'n  off,  rendering 
them  concave  on  their  inner  siiles  and  more  and  mure  elongated, 
as  shown  in  the  successive  diagrani",  so  that  they  approiimiite 
more  und  more  to  lines  transverse  to  the  radius-vector  drawn 
from  the  origin  to  any  point. 

lUdiatiou  With  the  breaking  off  and  motion  outwards  of  these  curves  is 
nf  Ener({y.  connected  the  rudiation  of  energy.  Progress  outwards  of  the 
Htate  of  stress  indicated  by  these  lines  involves  the  carrying  oft 
into  surrounding  space  of  pnrt  of  the  energy  supplied  by  the 
medium  to  stnrtthe  vibrator,  the  oscillations  of  which  are  there- 
fore subject  to  n  damping  action  over  and  above  that  due  to  the 
resistance  of  the  bar  or  medium  connecting  the  conductors. 

The  rateofrnilintion  of  energy  can  be  calculated  by  Poynting*s 
theorem.  By  the  formula  given  at  p.  214  above  (which  niny  be 
proved    independently  for  the  present    case    by  multiplying 


BLEOTBIC  FIELD  OV  VIBR&l'OS 


fUooIa-    equatloiiB  (1)  by  r,  ^,  fi,  (2)  by  o,  fi,  y,  lenpectively,  aubcractiiig 

non  of     xha  sam  of  tlie  second  eat  of  products  from  the  sum  of  the  first 

Rn!?^r         "^^  '"*'  integruting  throughout  t]ie  epiicc  within   the   closed 

UnoutiOD,  gyifdcfl  chosen),  the  rate  of  flow  of  electric  and  magnetic  energy 

combint'd  across  unit  area  of  aiiTface  at  any  poini  is 

EH  Hin  1^  Mill  ^/4ir 

where  E(  H,  arc  tlie  rfiRultant  electric  and  lungiietic  forc-ea  nt 
the  point,  ^  tlie  angle  between  their  directions,  and  ^  tho 
angle  between  the  outward  normal  to  the  aiirface  at  the  point 
iind  the  coninion  nominl  tu  E  and  H. 

It  will  be  BulHcient  to  calculate  for  a  sphere  of  laige  radius 
described  from  the  origin  as  centre.  In  thia  caae  we  have 
by  (IS) 


AE- 


-''f  +/r-^- 


E  mid  H  arc  at  right  angleK  to  unt>  iinotlicr  and  lie  in  the 
tangent  plane  to  the  apliere  at  every  point.  The  rate  of  flow  of 
energy  per  unit  uf  area  across  the  surface  is  therefore 
***=«  sin*  (ar  -  n[}  sin*  tf/(4irA>^,  and  by  the  rule  given  at  p.  215 
the  ilireotion  of  flow  ie  outwurdH. 

The  total  rate  of  flow  of  energy  across  a  zone  of  the  aplieriea) 
surface  of  angular  dialance  0  from  the  nxia  and  breadth  td6  is 
thuB  *»m^  Bin'(i»r-n/)ain'flt/tf/2A',  Integrating  this  from  0 
to  ff  wo  find  for  the  total  rntH  oJ'  radiation  across  the  Burfoce 

2  *V  1      ■   ■.  /       _    ft 
-  ^,-  »i  H  sin-  [,,dr      H  ). 

Again,  inlegrating  this  expresaion  over  half  a  period,  say 
from  l  =  i)\.(,l=  Tj2,  we  get  finally  for  the  i^nergy  radiated  in 
each  half- period  the  value 

l*".,=„7'.f ''„=.*'   "'      .    .    .     (19) 


If  we  uioaKure  4  in  electrostatic  tuiiln  we  tnuat  take  K 
name  unite.     Then  for  air  K=\.      Before  ohtaini 
reanlta  we  muat  calculate  the  period  of  the  vibratoi 
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TI.e   period  i.f  tlie  vibrator,   taken   ns   iifJLC  (p.  188)  by  Calcnk- 
neglectiiif;  R,  cuu   lie   found   by  calculating  L  by  Neumanns      tion  of 

'ii  [(47)  !■.  171J,  and  tnkini;  account  of  the  displacement  |^*r''"°' 

a    in    tint  ^lAl^nfri/^        If  n    I'lifiwnt   Aljtini^nl    nrfU^MfAia    flip  >  ibratOT, 


magnetic  field  given  hy  the  formnin  of  p.  14it,  and  tlie  displace- 
mont  current  be  uniformly  and  radially  distributed  in  the 
dielectric  round  oncti  end  of  the  wire,*  the  corroclion  for  a  pair 
of  elements  rf(„  d>^,  at  distance  r  is  ^  ifrldiydif.dijdi^.  and  lienco 
for  any  two  linear  currentM  the  correction  is  the  integral  of  this 
token  along  botli  lines.  Thus  if  /"i,  !"„  be  the  ends  at  whioli 
the  cnrrenlH  enter  the  wiren,  i^„  N,  tho«B  by  whi^-h  tliey  lenva. 
the  integral  is  i>hvioM]y  \{I\P^  +  ff^lf^^  P,f,\-  F^ff,). 
;  Hence,  as  tlie  reader  may  verify,  if  we  consider  a  straight 
conductor  of  Icngtii  I  and  take  two  parallel  filaments  of  it  at 
distance  x  apart  and  integrate  along  both,  we  get 


//('" 


-2/(los  ?-'-?)+ (20) 

if  .r'l  may  be  neglected.  We  may  extend  this  to  nil  the 
filumciits  of  the  cuudiictor  by  taking  instead  of  x  the  geometric 
moun  diKtance  (p.  a'JOj  of  the  current  carrying  section  from 
itself.  If  we  Huppose  the  current  only  on  the  surface  of  the 
«onduct(ir  the  (J,\I.D.  is  simply  the  radios  u  and  we  get 


I.  - 


=  v(h4'-.j) <2i) 

If  till!  current  in  tuken  us  uniform  over  the  cross-stction 
1ok{G-M.D.)  ia(p.290)  log  a-},  so  that  we  have  tosuUtitnle  ^ 
insload  of  the  ->  in  the  above  roxult  Taking  fi  an  unity,  I  as  lOU 
cms.,  'I.  iiH  '2.5  cm.,  as  in  Hertz's  dumb-bell  itpparalus,  we  get 
£  =  10n7bv(21).  Siniro  tlie  spheres  were  la  cms.  in  radius  we 
miiBt  t:ike  C=~-5fr^,  where  v  is  the  ratio  of  the  uniU  (Cb:ip. 
XI.).    Thus  we  get  r=l-85  X  10-»  of  a  second. 

-  S,.e  IlBnviaiiie.  ElectriHan,  Dec.  28,  1888. 

t  Hi-rtz  I'alculaliTifr  liya  formula  givrn  bv  Kelmholtz,  iliiferin);  frnm 
th..  ahiv  only  ill  ImviiiV  :Prid^,<h.  iiuihi|.ii.',l  l.v  jl  -iO/2,  where  t-  is 
All  uii.iiauimiupil  tiid-tanl,  fiiiili  /,  =  a/ [inf! (2i/«) - :i/4  +  [1  -k)!-2\.  t\i<f 
curii-iit  Ikjiin  su]>jpn-uil  iiiiiroriii  dvit  tliu  .■rrms-si'ctiou.  The  last  tpnii 
alinulil  l.r-  (h-V;rl.  From  this  by  puttiufi t=0,  we  got  the  rusull 
teiveii  above, 
i^  3  F.  3 
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KLBCTROMACNETIC  RADIATION 

In  e«perimenta  niBiIe  by  Hertz  the  conductors  were 
pqusl  syihereR.  15  etna,  in  radius,  plsced  with  their  centres 
cms.  apart.  Tliese  wpre  cliarged  to  a  difference  of  potential 
which  gave  n  Hpark-dinlnnce  of  ]  cm.  Tiie  potential  of  eacK 
differed  from  ^tero  therefore  by  about  60  C.G.S.  electrostatir 
iinit«.  and  the  chnrgn  of  each  spliere  was  60  X  15  C.O-.S.  units. 
Thua*=60  X  15x100,  and  the  energy  radiated  in  half  a 
period  was  ftC  X  15»  X  100"  x  8)r</3X*  ergs,  X  beinj;  taken  in 
cms.  If  tlie  velocity  was  that  of  light  the  wave-length  was 
about  550  cms.,  and  hence  in  each  half-period  ahont  12000  ergn 
pottsed  from  the  vibrator  into  the  BUrrounding  medium. 

The  whole  energy  of  the  vibrator  ivlien  charged  to  the 
potential  Htnted  above  was  |  X  2  X  60'  X  16  (  =  54000)  ergs. 
Thus  about  %  of  the  whole  initial  energy  was  radiated  in  the 
lirat  balf-period,  tliat  ia  tlie  amplitude  of  vibration  Huffered 
from  radiation  alone  a  diminution  of  roughly  }. 

The  period  heing  1-85  X  10-8  second  the  rale  of  radiation  i 
energy  wbh  thereforo  about  1-34  X  10"  ergs  per  second,  i 
approiimntely  1-34  X  10't/74B  (  =  179)  horse-power. 

ExpprimentH  wert  made  by  Ilertx,  as  described  below,  i 
the  interference  of  wnvea  prupngnted  along  wires,  Tlic 
HiiccBBsive  oppositionii  of  phase  were  found  to  occur  at  ni 
smaller  intervals  in  the  ncighhourhoud  of  the  vihralur  than  nt 
II  great  dihianco.  It  was  nt  first  thought  that  this  result 
due  to  tlie  cxislciice  of  two  effects,  an  olcctroRtatic  one  travelling 
nt  itn  inlioite  "ppcd,  and  nn  clcctromngnelic  one  travellinj!' 
with  thu  velocity  of  light.  The  theory  given  above  shows  that 
this  is  not  the  true  view  of  the  cabO,  and  we  niimt  cxiimine  what 

(ibcnonicna  of  interference  with  waves  in  wires  are  given  by 
Ve  i-hall  consider  first  the  propiigation  of  waves  in  wires. 
To  lind  a  solution  of  this  problem  we  slinll  HUppose  the   w 
to  lie  alouK  a  new  axis  of  z,  and  ]int  for  llic  value  of  n  at  a 
point  of  llie  wire  the  expression 


11=  .1  sill  (»(■:■-  ,/t  +  i)    .     .     . 


(22) 


whore  »'/"'  denotes  the  speed  of  transmisBiun,  whatever  it  is, 
of  a  given  vahie  of  n  along  the  wire, :'  tlie  distance  of  the 
point  uonsidurcd  from  n  point  chosen  as  origin,  and  d  the  phase 
angle  of  the  viliralion  at  the  origin  when  t  =  o.  The  wire  in 
the  interference  experimtnts  referred  to  was  pluced  hori- 
zontally in  the  plane  of  symmetry  of  the  vibrator,  but  40  cmi:. 
higher. 

if  we  Hupposn  ni>  damping  out   of  the  wave  or  change  of 
Conn  U>  take  place  J  cannot  be  ii  function  of  s  or  /,  and  is 


PBOPAGATION  OF  WAVES  ALONG  WIBES 
tkereforo  a  function  of  p.    We  write  therefore  inBtciid  of  (22}, 

n-^)Hin(«V-n'(  +  «) (23) 

>tin cling  tlie 

.    .     (24) 


By  substiiution  from  (2:^)  in  (24)  we  lind 


(26) 


Condition. 


Tbii  equation  may  be  solved  in  tho  following  inannor.   Imagine   Solution. 
a  linear  distribution  of  attracting  malter  nloijg  tUs  azifl  iil  «', 
Huch  that  between  two  points  at  disiauceH  £  +  C  ond  >^  ■*-  C-\-dC 
from  tlio  origin  tlie  qnantity  uf  nialtor  is  (^o»p{x' +  {)</{,    'I'he 


I'lu.  184- 

volential  ftt  u  point  P  at  distance  r  from  the  origin  due  to  tbe 
e\cj»entdCisco»p{:^  +  Odi/r.  We  fhall  lake  a  as  tho  aiiul 
coordinate,  OM,  of  the  point  P,  Fig.  144.  If  matter  be  dis- 
tributed according  to  thie  law  to  nii  infinite  distance  on  both 
sides  of  tho  origin  the  potential  will  be  given  by  the  equation 


rcospt;'  +  f) 


«=/= 


■Jf'  +  C 


J/p'  +  C 


EI.KCTKOMAGNETIC  liADUTlOX 


each  eleiDent  for  a  positive  value  of  (  being  cancelled  hy  ■ 
correapondiiig  element  for  (  oegatiTe. 

The  integral  in  (26)  does  not  depend  in  ftny  way  upon  *  or  {, 
and  is  therefore  entirely  k  function  of  p.  But  at  every  point  P 
the  potential  f' fulfils  Laplace's  equation,  which  in  the  present 
case  haa  the  fomi 

If  we  write  ^iii  the  form  tpfpjcoap:  we  obtain  iitim  the  last 
equation 

which  is  the  equation  fullillcd  by/(p)  if 
P'  =  »'":  -  "'"A'lA. 
Hence  we  may  put 

^j^2/Tc^s/»-=\^"A>.f^^_    .    .     .     (27) 
-^  <*'  "'*  ^ 

where  Jia  a  constant,  and  linally* 

n  =  ?/  sin  f «,S'  _  ,'i  4-  ti\  i'^^^'J"''''  ~  "'^^t'  dc .    ram 


M'"V-»7  +  a)j 


^V'+f- 


This  is  the  general  solution  from  which  the  clcctriL-  and 
magnetic  forces  are  to  be  found  by  (4), 

*  Thi!  solution  bore  stloptPil  is  that  givi-n  by  PoiiK'ar«  {Elcctricili  tt 
Opliqae,  loni«  ii.  p.  192).  Hertz  giveR  jmutically  thesamr  solution 
but  iu  a  somewhat  diff«reut  form,     lie  ri^inarks  that  the  integral 

mtisGea  the  diiri^ri-nti^  equutiou  (25).     If  wv  nssumc  that  p  is  uot  lesa 
than  MTO,  that  in,  thnt  the  velocity  of  propagation  along  the  wire  is 
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If  we  now  iiiipoae  tba  condition  tliat  the  electric  forces  are  at  If  Klectiic 
right  angles  to  tlie  toniiucting  wire  we  must  have  A  —  0,  thnt     Forces 
is  bv  (7)  Normsl  to 

-■     +- ,    =0  Velocit\' 

«p'       *>«P  ori'ropa- 

ay  ,1  9f_  VdMity 

V"'"p9p^         '         "'^'f'^^- 

This  gives /=  C\og  p+  C,  where  C,  C,  are  constants,  aiiil 
tlierefore  we  may  write 

n  -  i?l.f,..ln(.V -»'/+«)   .     .     .     .     (30) 


not  greater  than  iu  tlie  saTroDuiliog  mediuiD,  we  inay  write  pp  =  —  if, 
wliete  i  it  a  pvn:  [Mmitive  imaginary,  auil  i  =  ^'-I.  Iho  iutegral 
then  becomoH 


/• 


."■••■■■■!,. 


and  is  a  case  of  the  function  iir(0)diBCUKEeJ  in  ti-Datiseson  Beisel'- 
functions. 

Now  it  ia  proved  (Heine's  Xugel/unelioiitn,  ji,  188,  2iid  edition) 
that  if  0  be  as  licrc  a  pure  positive  imaginary 


A'(e)  =jcos(esin»u)(/i(  -  f  ^fj_^y' 
rritef.     ]Jnt 


Tlius  the  two  solutions  agree  to  a  constant  inullipliei 


ELFXTROMAONETfC  RADIATION 
ISy  furnpuriBon  of  (26)  and  (31)  wu  eee  tlint  in  th 


-     -     (31) 

tb&t  is  the  velocity  of  propagation  of  the  wave  along  the  wire 
ia  equal  to  the  velocitj  of  light. 
Linea  of       Fig.  18A  shows  the  lines  of  electric  force  in  tlie  neighboarhood 
Fncefor   of  the  wire  for  p=m^,  that  is  for  kn  infinitely  bidbII  velocity  of 
Dlffarent    propagation  along  the  wire.     Here  the  lines  make  finit«  anglea 
Velodtiea  with  tbe  wire  except  at  pairs  of  pointa  at  successive  dtatanees 
of  Pro-     of  half  a  wave  lengtli,  along  the  wire,  where  R  is  zero.    The 
l«g»tion.    field  is  wholly  electrostatic.      Fig,  186  ahows  the  change  pro- 
duced in  the  held  when  the  velocity  of  propagation  along  the 
wire  IB  7/12  of  that  in  the  medium.    The  component  of  electric 
force  along  the  wire  ia  weakened  by  elect  rod  ynamic  action,  and 
the  curves  run  farther  out  since  the  tangent  at  any  point  ia 
thus  rendered  more  nearly  perpendiciilnr  to  the  wire. 


In  Fig.  187  the  field  in  the  case  of  velocity  of  tranMnisaioD 
equal  to  that  of  light  is  shown.  The  lines  of  electiic  force  arc 
everywhere  in  planes  at  right  angles  to  the  oxis ;  each  of  the 
curves  of  the  tonuer  diiLgram  haa  by  the  vanishing  of  £  at 
every  point  been  changed  into  a  pair  of  parallel  lines,  as 
indicated  by  the  nrrowa,  one  running  out  to  infinity  the  other 
returning  from  infinity  (o  the  wire. 

Taking  now  the  component  of  electric  force  in  the  equatorial 
plune  as  given  for  the  vibrating   doublet  by  (15),  we  may 


AH-- 


■«  +  «V  sin  (Ht  -i,)  =  C  sin  («/  -  «,)    (32) 


EI^CTKIC  FIELD  BOUND  WIKE 


Plotting  di  as  ordlnateB  of  a  curve  witli  values  of  air  ne  the 
absciisie,  Herta  obtained  the  curve  mnrked  «,  in  Fig.  ISP*  Tlii* 


?S 


Fios.  186,  J87.  1 

cnrvo  ii)  drawn  for  tlie  rxperinients  described  ut  p.  812  beloiv. 
TIic  Bcsle  below  indie  atea  metrea,  and  Btnrta  from  a  point  {45 
cms.  to  the  rigiit  of  the  origin  of  ubsciBeiE)  at  which  tiie  value 

*  Thia  cut  ia  c 
SchwiiiHUiiKen," 
3S  (18HS— 0),  |i.  547. 


ELECTSOUAGNETIC  RADIATIOI< 

of  B,  bej;ine  to  b«  sennble.    Tlie  distwce  ab  along  the  nxcB  of 

X  flnd  /  represpiita  n-. 

Inter-  It  will  be  eeco  from  the   curve  Hint  it  is  DBjinptotic   to  the 

f^DccB  ot  itraight  line  (d  =  »r-ir)  drawn  from  b,  aad  that  therefore  «t  ■ 

Diract  and  „gHt  diet&Dce  the  phase  altere  uniformly  bb  if  the  wuve  had 

Wire-      gjen  transmitted  over  the  first  half  wave-length  in  an  infinitely 

Waret  HH     j      ( time,  and  hnd  therenfter  travelled  with  velocity  nim. 

rareD  by  ' 

Theory, 


Fig.  18S. 

The  electric  force  parallel  to  t'  at  any  point  in  a  plane 
through  the  wire,  and  produced  by  the  disturbance  in  the  wire, 
has  tlie  espreiision 

W=C  taa  {n't  -  6^) (33) 

where  by  (30) 


«.  =  «'.-'  +  «  = 


■'  +  «, 


if  V  denote  the  length  of  the  waves  in  the  niie.  The  value  of 
ft  and  tlie  amplitude  C  can  be  altered  to  any  required  amount 
by  properly  adjuutintr  the  lenjrlh  of  '.he  wire. 

Conn ide ring  then  ihcioierftrence  between  the  eleetric  force  in 
the  eqiiuloriaj  plane  due  to  the  radiation  from  the  vibrator,  and 
thiit   produced   by   the   wire,  we   sec   thnt   the   phase    of    the 
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reauhnnt  depends  ou  i,-i...    For  if  the  reeultunt  be  K'  wo  have, 

\tc=c, 

R'  =  R+  ir=C\aiii(_>il-  8,)  +  gin  (<i'(  -  8^)} 

Thus  if  a, -9..  i«  7.VTK  ,.r  ,1  iiiiiltiploof2ir,c<i«  \{ii-S^/2\  =  ±l 
ami  tlic  effpctti  Luiispire.  If  8,-9,  iit  nil  odii  iiiultiplu  u£  n- 
UOH  ](a,-8j),'2|=0,  mid  the  effecW  are  opposed.  In  tlio  former 
CHHe  llie  iiiltrt'ereiica  niny  be  culled  -|-,  m  Uic  lulter  - ,  white  hi 
Llie  euBc  of  3,-So,  nn  uild  multiple  of  n/'l,  it  may  bo  said  to  be- 
Now  Hiipposir  lliat  at  tlic  zero  of  the  iiictrc  division  8,-8^  Iihk 
Hoiiic  definite  value  Sg,  and  let  a  etrai^bt  line  (1  iu  Fi);,  IBh)  bi^ 
drawn  to  represent  t^+i^.  Ill  alupe  uiiiiit  be  hucIi  that  it  risen 
IT  for  a,  distiiiicu  iilong  the  axis  of  abscissu;  equal  to  half  a 
wave>lengtL  in  tlie  wire.  In  the  ti},'Ure  it  is  thus  drawn  for  u 
wave-lengtii  of  S'ti  metres,  to  suit  the  exporiuients  made  by 
Hertz.  The  lines  immbercd  2,  3,  4,  &e.,  are  drawn  in  the  enme 
way  to  re[>resent  Sj+Bo-in-,  fli+i^-a,  8j+8o- V-  '*'"-  These 
cut  the  asis  of  nbsL-isste  at  succcsHive  distances  from  the  ori(;in 
of  tlie  metre  scale  of  1'4  metres,  and  are  all  piirallcl  tu  the  line 
numbered  1. 

The  intersectionn  uf  thene  lines  with  the  iiiivu  8,  projected  on 
the  axis  of  abijcisnic  give  the  diatances  from  the  orij^iu  nt  wbioli 
9|  haa  the  siioijessivo  values  8i-|-B„,  Aj-J-Sg  —  Jir, £c.  Thus  if  the 
interference  ut  the  beginning  of  hnc  1  have  the  sign  +  (  — ),  it 
will  have  -  (+)uta  distance  of  2-3  metres,  +  (-)  ut  o  dis- 
tance of  T'ij  metrcH,  -  {+)  at  14  metres,  and  su  oii.  Ur  if  it  bo 
■MTU  at  the  beginning  of  the  metre  scale,  it  will  be  Koro  at 
distances  2-3,  7'U,  14,  &c.  metres,  and  have  opposite  signs  at  the 
iiiterioediute  distances  1  nietre,  4-8  metres,  11  metres,  &k. 

This  it  will  tie  seen  below  expresses  the  experimental 
results.  The  retardutieii  of  the  magnetic  force  given  by  tlie 
ei|uatioii  S^—Ws-tan-'  ur  is  shown  by  the  line  8,.  Further 
discussion  of  the  experimental  results,  including  the  interforeiice 
<it'  the  magnetic  actions,  will  however  como  morn  coiivonieiitly 
after  a  description  of  the  cxperinicnCs  inadu  by  Hertz  and 
.-thers. 

Some  of  the  most  inipurtaiit  uf  llcrtz's  experiments  were  Hertz's 
i'arrie<l  out  by  meiiiss  of  the  duml)-bell  vibrator  and  receiver  Expert, 
referred  to  above,  or  with  the  dumb-bell  vihrotor  modilied  by  sub-  itipnts. 
alitutingforthui<pheres  plates  cuplanar  with  the  axis.  The  vibrator, 
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Modo  of  wliicli  WUB  pUcod  horixnntaljy,  wub  connected  aaabown  in  FJg.  1S9 
t^txlDc-  Lo  the  terminals  of  an  induction  coil.  The  two  spheres  A,  A' 
were  thus  charged  to  adifferencB  of  potential  sufficient  to  enable 
a  spark  to  pass  acrosB  the  gap.  As  soon  as  the  spark  passed 
electric  oscilintiona  were  set  tip  which  depended  for  their  period 
on  the  diinonsiuns  of  the  uppnratuB,  but  were  enormously  more 
rapid  tlinn  the  action  of  thu  cnil.  Time  the  oscillations  hud 
subsided  in  cunsetiuence  of  g;eneration  of  heat  and  radiation  of 
ener{;y  long  before  tliey  were  renewed  hy  the  coil.  The  action 
of  the  vibrator  was  therefore  a  succeesioD  of  oscillatory  dis- 
chnrgcH  separated  by  intervals  of  inaction. 


Owilla- 


Resonat-        What  was  vury  reiimrkahlo  in  tlie  receiver  was  the  fact  that 
ill"        n  particular  sine  depending  niainlj'  on  the  vibrator  was  necessary 
Action  or   to  enable  it  to  act  with  |;reatciit  readiness  anil  intensity.     TIiIh 
J{«<«irci'.    sugffestoil  that  its  Iwliaviour  was  that  of  nn  electric   resonator, 
HO    to    Hpeak,   tuned   to   rcKpond   to   tlic    vibratiuiiH   wbicb    it 
received,  and  to  no  others.     Of  cource  tliiN  was  only  approxi- 
mately  tliu   ease :    the    electric    rndiatiim    wns    eBBi^ntmlly    u 
CDiopoiind   phenomenon,  nnd  indeed  verj'  ncciiriile  tnniuj;  has 
l>een  found  unneccxsiiry  for  obtaining  resulls. 
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Tho  wire  of  which  the  receiver  wna  made  was  2  mma.  thick.     Uimen- 
and  the  diameter  of  the  circle  waa  35  cms.    The  eods  of  the     hiodb  of 
wire  at  tho  Bpirk-^ap  were  tipped  with  two  amftll  knoba.     The    lUcpiver. 
width  of  the  gap  waa  regulated  by  meana  of  a  fine  acrew,  whicli 
moved  one  end  of  the  wire. 

In  some  experimentB  witli  tlie  same  vibrator  a  Teceiver  !□  Ilw 
form  of  a  square  60  cms.  in  side,  marla  of  wire  of  the  same 
^-iiuge,  was  used.  The  apurk-gap  waa  in  tlio  middle  of  one  of 
the  sides. 

It  IB  impoaaihle  to  give  (i  complete  account  of  the  action  of  'I'heory  of 
t!ie  receiver  or  resonator,  but  aomc  approach  to  a  rough  theory    Receiver. 
can  he  made  wliich  scrvoR,  partly  at  lenat,  to  explain  too  reaultn 
obtained.     [Sco  Hertz,  Wied.  Ann.  34,  p.  1S5  (1888),  or,  Unter- 
Kur-h.,  p.  89.J 

If  we  denote  by  P  the  electric' fome.  parellel  to  nn  element  rfj 
of  the  rcBonatiiiK  circle,  produced  by  the  action  of  the  esc  iter, 
we  xliall  have 

P  =  ^(s)  COS  «/ (36) 

oil  the  auppoHitiun  that  the  electric  force  i. 

period  Sit/h,  and  is  a  function  of  the  dtatanc 

from  Bomc  point  of  the  circle  (sny  tlie  centre  of  the  apark-RRp) 

tnkeii  ns  origin.     We  nsaiime  further  that  ^(j)  is  a  periodic 

function  of  «,  whicli  Ik  no  doubt  the  cnae  when  electrical  nscil- 

lalioiiB  lire  going  on  in  the  circle.     Hence  by  Fourier'^   aeries 

<!,(>'■  ^.1  +  H  <-os  ^^,  +  ...  +  Jf  8i„  ^.  +  .  .  .      (.%) 

where  5  denotes  the  whole  circumference  of  the  circle.  It  is 
nut  necesKiirv  to  retahi  more  than  the  three  terms  here  exhibited, 
the  conalnnt  term  and  the  two  indicating  the  gravcat  ainiple 
h.irmonic  component.  If  wo  take  the  origin  at  the  spark-gap, 
wo  may  npglcet  also  the  term  B'  sin  {2w  IS)  since  thi.t  ia  of 
iippoitito  lign  in  the  two  halves  of  the  circle  on  the  two  sideR  of 
th<-  ili;ime(er  through  the  npark-gap. 
At  the  Kpnrk-gap  we  have  (hen  by  (H(() 

<i>'/!    -  A  +  ]{ 

iinil  iit  the  itimnetric.illy  opposite  point 

*;.)  =  -/  -  //. 

The  current  at  the  Hpiirk-giip  is  of  C'aiir>:p  the  r.ite  of  passage 
of  electricity  in  the  Kpark  itaclf. 


798 


ELECTRO MAONKTir  RADIATION 


Action  ol 
Klmtrii! 
Force* 


ui'iling  to  HerU'x  view  the  ni^tion  of  the  vibrutor  on  tlic 

n  at  the  reHuiintur  oppoailf  thu  Kpnrk-Kap  v.'aa  iiiunt  effe<:- 

-  •■•i:  >n  settinK  up  the  unciilation,  tlint  ie,  thHt  the  oscilUtionx 

Kesonator.  depeuU  ruther  on  ,i  -  fl  than  ,w.1  +  /l.     Such  an  ..w;ill«tion 

1IU   doubt  <*onHiatii   HrHt   in   it  hiickwnrd   ittid  forwnnl   flow  of 

ulcutricity  in  the  connerting  wire  from  one  knob  to  the  other, 

whicli  f^^iilnally  iiicreucB  in  ntn|ilituil(>,  if  the  receiver  i«<   of 

nulural  period  neurly  ec|iiftl  tn  tlwit  of  the  vibrator,  until  the 

initxiniuiii  iliflnruiice  of  potCTiiiiil  betwerri  the  knuba  liecoiiieit 

Forueil      »„  ^reat  tliitt  h  xpark  p<iHiieH.     Hi!  i^onipares  the  resonator  to  n 

OacilU-     Htring  tizoil  at  its  two  eniln  nnil  suhjectetl  to  periodic  forces  at 

intenneiliiite  points,  so  that  it  is  nut  iiilo  uHtfili^  of  forced  vibni- 

*  tioii.    TliuH  if  Tilemite  tlie  diflbrenco  ot' potential  of  the  knolw 

at  any  time,  we  linve,  on  the  HiippoMlion  that  the  esdtin^  vibrii- 

tioHH  uro  HJiiwly  damped,  tliu  exiited  mil. 


BMunatar.  ; 


a^F 


+  ;rr=.-l'.- 


(37) 


for  forced  vibration  it 


V{m«  - 


(3«) 


where  tiin  r  =  ■2hk  {n-  -  //-  ~  «-). 

If «  bi"  hiipimwil  vury  Hioall,  /'  will  ho  very  great  if  j,  in 
equal  lu  n.  iind  will  hitve  the  HHiiie  aiKn  its  .1'  or  the  opponite 
niijn,  that  JH  the  phiisen  of  the  forced  purl  of  /'and  the  cxoitinj,- 
action  will  ngrop  or  lie  ojipoMwI.  iir-cordinK  ax  j'  ?■  or  <;  it,  lint 
if  p  =  H,  Inn  f  id  very  great  and  nppriixiinntely  n  =  nji.  ThiiR 
when  roKonuni-eiHJUHt  attained  tliern  i«  adilTerence  of  phaxe  of 
a.  ipiiirtor  of  ii  period.  If  k  is  not  very  »mnll,  ihc  forced  vil.rii- 
tion  in  II  loaiinnnii  when  h"  =  /i'  +  «:-,  :ind  thi;  srenter  ■  is  the 
smaller  iu  ihiH  iiiiiximum. 
vi.„..-  The  teriimof /*  nmy  be  intorpri'li-d  jik  follows:   .1  conn' in  an 

For^lou   '^''^''t'-i'--  f"^^''-  "'  "'"  •■'■■"""'*  ''".  "■'"■'■''  '"'■*  "'"  """"^  '"^'"'  *■"' 

ElBimiii    each   clement    at   tl ime  inKtiint.     It   niiiy  he  taken  as  the 

of  oleotrie  forcf  ihie  to  variation  of  mn^rnellc  indiiotinn  of  tliesnme 
BMoiiatnr.  value  at  everv  point  of  the  tirele,  nr  if  the  [iia(;nf(ii.-,  induction 
is  not  uniform,  tin;  [.art  of  this  elecTroniotive  forii'  which  in  the 
same  fur  each  i-lenieiil.  In  the  xi'coud  tpnn  is  im'hided  tlie 
so-called  electroslalie  action  of  the  vibrator,  iind  any  remaining 
portion  of  iiidiiclive  action  however  produced. 

If  E  be  Ibu  imrt  of  tbo  electric  force  which  is  independent  of 
that  d.LC  Ir.  tlic  variation  of  tlLC  unifuriu  part  ol   liie  magnetic 
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induction,  ^  the  nnsr'"  wliicli  it  ninkes  witli  tlie  plane  of  the 
circle,  and  0  the  angle  between  ttie  component  in  the  plane  of 
the  circle  and  the  rudiiia  to  the  centre  of  the  spark-gap,  the  com- 
ponent along  the  tangeat  Ih  B  cob  ^  sin  (2ttiIS  -  ff).  Therefore 
71  =  -  Eco»^ein0coaiit. 

Hence  the  lenj^th  of  spark  may  he  taken  nN  roughly  depend-    i 
ing  on  the  value  of  a  quantity  of  the  form  a  +  ff  Kin  0,  where  a 
is  proportional  to  A  and  ff  to  E  cos  ^. 

In  the  e^iperiinentB  ^.  eit.  it  was  of  course  aullioicnt,  on  account 
of  the  symmetry  of  the  arrangement,  to  invcBtigate  what  took 
place  for  positions  of  the  centre  of  the  receiver  at  different 
points  of  one  of  the  four  quiidrants  into  which  the  horizontal 
plane  through  the  vihrator  was  divideil  hy  the  line  of  the 
TJbrator  itself,  and  the  horizontal  perpendicular  to  the  vihrator 
passing  throu;;h  the  middle  oF  the  spark-gap.  The  receiver 
was  used  with  its  plane  (1)  vertical,  {3}  horisontal,  in  both  cares 
with  its  centre  in  the  horixnnt'il  plane  through  the  viijrator. 

It  was  observed  in  the  former  case  that  no  sparkn  pnsscd  when 
the  circle  was  placed  with  its  diameter  through  the  apark-^p 
horizontal,  that  is  the  gap  vertical,  but  that  sparks  passed  with 
increasing  intensity  as  the  receiver  wns  turned  round  in  its  own 
piano  so  ns  to  bring  this  diameter  nearer  to  the  vertical.  When 
the  gap  was  at  the  lowest  or  highest  point  of  the  circle,  and 
therefore  horizontal,  the  sparks  passed  most  freely  for  a  given 
position  of  the  plane  of  the  circle. 

For  any  vertical  position  of  the  circle  clearly  a  =  fl.  For  a 
vertical  position  of  the  gap  the  action  of  B  is  ei^ual  and  opposite 
in  the  two  halvea,  for  a  iiorizonlal  position  its  action  on  the 
part  of  the  circle  diametrically  opposite  is  effective  tinless 
■+■  -  90". 

It  was  foimd  that  if,  when  the  spark-gap  was  ,it  the  top  or 
bottom  of  the  circle,  the  rPceivRr  was  turned  round  a  vertical 
axiH  there  were  two  positions  in  which  the  K|>urks  j^assud  with 
maximum  intensity,  and  two  in  which  there  wns  absolute  or 
approximate  oxtinctinu  of  the  sparks.  I'lie  two  iiositions  of 
maximum  were  ISCT'  apart,  a»  were  also  the  two  positions  of  zero, 
whii'h  lay  midway  between  the  two  former  poMitions.  For  the 
fonner  position  ^  =  0,  and  6  -  90'  fur  the  element  opposite  the 
gap,  for  the  zero  positions  ^  =  ii\y. 

A  number  of  those  positions  were  noted  and  are  illitstrafod  in 
I'ig.  lOO.  The  longer  lines  r-how  (he  positions  of  the  spark- 
•:np  when  the  sparking  wns  a  maximum,  the  short  arrow-pointed 
lines  the  direction  of  the  electric  force.  Tlie  short  lines  clearly 
indicate  curves  of  electric  force,  the  others  directions  at  right 


T^'ngth  of 
Spark 

with 


BcBonator 
Hori- 
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nngles  to  lilt-  electric  force.     Fiirttieriiiorc  tlie  lines  wliich  ^ 

druwQ  for  poiiiis  near  [lie  vlbraior  so^i^est  (.lie  iinsH  of  elecUo- 
Btatic  force  illustrated  in  Fig^.  180 — 183,  and  the  theory  eliowt 
timt  Dear  tlis  vibmtor  the  (ilectroHtKtic  action  is  moat  powerful. 
When  on  Ilie  other  hand  the  plane  of  the  receiver  waa  hori- 
zontal, no  effect  was  produced  when  it  was  on  the  poeition  I, 
Fie.  191,  BO  that  the  iDBgnetic  induction  through  it  was  sero, 
and  the  apark-gap  was  at  6.  or  £',  and  therefore  at  right  anglai 
to  the  electric  force.  Wlien  however  the  circle  was  turned 
round  in  its  own  plaue  so  that  the  spark-gap  was  hrouglit  to  «, 
or  a'l,  equal  maxima  of  apnrk  prodiiution  were  found  at 
these  poiats.    The  Rpark-Iengih  observed  at  these  points  was 

When  the  circle  wns  turned  to  II  the  magnetic  induction 
through  it  wtia  no  longer  zero.  Two  positions  of  minimum  or 
xero  Hpnrkint^  wore  found  nt  i,  and  i'^  nnd  two  luaziina  of  un- 
ci|iinl  intensity  at  ei„,  and  v'^    The  line  a,<TV  was  at  right  angle* 
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to  iliu  eloc'tii'-  foicc,  iind  tlius  the  action  w.iH  proportional  to 
.i-|-,3iit  oue  iiiisilidii,  uml  too  -  (3  at  the  other.  Thetwnoffccu 
i-«ii«i.iri;il  iit «..,  atnl  wore  oppr.sed  at  a\.  For  the  electric  force, 
witli  ^^av  r'"itivt!ly  clinrKeil,  wns  from  A  mid  tende^l  there- 
fore, whoii  the  gap  whs  at  r".,,  to  pmtluce  n  current  in  the  clockwiw 
dirifcliiiii.  Bill  tho  electric  forco  dne  to  iiiiliiclive  sctioiL  wns  in 
lhi,'<liri.'i:tioii  I'roiii  ./'to  J  near  llio  vibmtor,  and  tended  to  pro- 
diii-i-  tlow  in  ilip  Bamt  direction. 

Whin  tlm  apiirk-snp  wns  at  aU  it  is  easy  to  kcp  in  like  manner 
thnt  the  effects  were  opposed.      '  ,        ,        ,     , 

When  thuHpnrk-gap  wjwi.tioor /.,j  tW-  eleclnc  force  being 
.■qually  iiiL'lhied  to  tlic  oircle  at  those  (>oints  gave  therefore 
'  'i.-onipoiients    alimj;    the 


,>iitrali/ed    the 


ehr 


e  forces  dill;  to  iiuluclioo. 
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The  spark-lengtha  at  Oj  and  a\  were  3'5  inme.  and  2'5  rams, 
respectively. 

When  the  circle  was  moved  to  position  111  the  two  null 
points  closed  up  nearer  to  n't  the  smaller  inazimtim,  while  the 
greater  maximum  was  at  a^  Over  a  considerable  re^on 
opposite  to  at  only  a  very  slight  effect  ivns  observed.  The 
spark-length  nt  a,  was  4  mms. 

As  the  middle  ponition  was  approached  and  readied  in  IV 
and  V,  no  ponitions  of  extinction  at  all  were  found,  but  only  a 
maximum  anil  minimum  nt  a„  a'„  in  IV  and  ffj,  (I'g,  in  V.  It 
ix  to  be  noticed  that  in  the  passage  from  position  III  to  position 
V  the  lino  on'  turned  quickly  round  through  nearly  90°  so  ns  to 
be  always  at  right  angles  to  the  electric  force. 

The  spark-lengths  found  were  5-5  mms.  at  a„  1'5  mms.  at  i/\ 
and  6  nuns,  at  Oj,  S'5  n: 


iO-'K^ 


Hertz  made  exiieriments  also  with    the  resonator  i 


other  Rt^utor 


positions  than  those  specilied,  and  found   the  results  to  bo  in     inclined 
accordance  with  theory.     For  example  the  t-ircle  was  placed  in    to  Hori- 
the  position  V  of  Fig,  191   with  the  spark-gap  at  a^  and  then     lontaL 
tnrned  round  the  diameter  parallel  to  the  vibrator  so  as  to  raise 
the  apark-gap,     Experirnents  were   made  for  v:irii)U8  posittons 
until  the  circle  hadlieen  turned  completely  round  to  its  original 
position.     During  the  change  of  position  8  was  still  90°,  ^  re- 
mained nearly  constant,  but  a  changed  witli  the  cosine  of  the 
inclination  of  tlio  plane  of  the  circle  to  the  lioriKontal.     Thus  if    Effect  of 
the  value  of  o  for  the  horiaontal  position  be  lienofcd  by  aj„  and  Chuuge  of 
the  inclination  of  the  circle  to  the  horizontol  by  i^,  the  tjuantity    Angle  of 
roughly  measuring  the  spark  producing  action  was  og  cos  ^  +  /3,      Intlina- 
and  varied  therefore  from  uj  -|-  /3  for  the  a])ark-gap  at  a^  in  the        tion. 
position  V,  to  3  when  <^  was  9(f.     Experiment  showed  that  the 
Hpark-length  varied  from  6  mm,  to  2  mm. 

VOL.  n.  3  F 
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TbfK»fttr  «•  tLe  d«iI  quadnat  was  tnmad  thmogfa  the 
l«D^h  pttaMd  tLrooirb  icro  and  ■•yrrfort  «guti  to  Ihi  i 
BULximum  2-S  mmc  •!  m\  when  ^  vu  ISV.  Tlw  Mta 
then  reprewatcd  bjr  -  ^  +  3,  uid  -a^  prepondanOwp 
■iaiUer(DeKUire}RiasiiuDiii,  vhil«  between  A>-90PaM4 
a,  CO*  ^  +  3  look  the  value  0. 

Ai^viu  furtlier  cliatiged  froni  ISV  to  270  a^cM 
ebatiged  from  —  a^  +  S  la  ^  ■£*>■>>  *od  •«  tiM  HMk> 
changed  throagh  zero  to  i  mroi.  once  more.  Aa  the  rirc 
tiini«d  tbroD^D  the  last  ijaadmit  to  it«  original  aam& 
■park-len^h  increased  from  2  mm.  to  6  mm. 

The  ex)>erinients  just  deacribcd  were  »ll  made  in  the  t 
of  the  vibrator.  Experimenting  at  Kreat«r  diatanew 
found  that  at  points  from  about  1  to  I'Ametrafromthen 
'     '  '       a  poaitioDB  were  not  clearlj  d 


Exploi 


except  for  certain  positions ;  but  that  tliey  became  a^raio  di 
Ht  distances  rxceoding  two  mi-Ires.  Fig.  192  ahowi  the  el 
field  as  mapped  out  by  Hertz,  in  an  eiplomfion  made  by  i 

of  n  receiver  carried  about  from  point  to   point   in   a  roo 

Kieetric  \i  metres  by  13.  From  this  exploration  lie  drew  the  folic 
Kield  with  concluei^nB  :  (1)  That  at  distmccB  beyond  three  itiBbv 
Besonator.  electric  force  Ib  parallel  to  the  ogcillntion,  and  is  duT^ 
main  to  induction.  ('2)  For  diatancea  leas  tlian  I  metre 
the  vibrator  the  electric  force  is  almost  whollv  electrni 
0)  The  electric  force  is  determinate  at  ail  pointa  alonRlh^ 
of  the  vibrator  and  lo  the  equatorial  plane  but  within  a  w 
region,  marked  by  the  aetcriska  in  the  diagram,  becomi 
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leterminate.  The  effect  fdlle  off  mucli  more  rapidly  wit)i  in- 
irease  of  distance  along  the  azia  than  in  the  equatorial  plane. 

It  ie  to  bo  remarked  that  these  resulta,  tlie  explanation  of 
rhich  was  not  at  oil  obvioux  when  they  were  observed,  are  on 
he  whole  satiBfactorily  accounted  for  by  the  theory  given  later 
ly  Hertz  and  discussed  above,  p.  775  ef  teg. 

It  is  only  nscessary  to  look  at  Figs.  182,  183  to  find  all  the   Besultsof 
leatures  of  Fig.  192.     There  is  the  so-called  electrostatic  field     Eiploia- 
if  force  close  to  the  vibrator,  the  region  of  indeterminacy  beyond  tion  refer- 
t,   and,   in   the   neighbourhood   of  the   equator  nt  least,    the      red  to 
laralleliam  of  the   electric   force  to  the  vibrator.     The  more     Theory, 
sptd  falling  off  of  the  action  along  the  axis  is  also  ciplained. 
i'or  by  equations  (13),  at  n  great  distance  the  electric  and  mag- 
letic  forces  are  both  zero  on  the  axis,   while  in   the  equatorial 
ilane  they  are  still  sensible.     The  only  discrepance,  if  discrep- 
Jice  it  is,  is  the  apparent  parallelism   of  the  lines  of  electric 
ores  to  the  vibrator  found  at  some  distance  from  tlie  equatorial 
ilane  ;  but  this  is  no  doubt  due  to  the  inaccuracy  produced  by 
ffect3  of  the  walle  of  the  room,  or  otherwise. 

Hertz  also  invoBtiguted  the  effect  of  placing  conductors  and  Effect  of 
neulators  of  different  kinds  in  the  neighbourhood  uf  his  vibrator.*  Condn»- 
["he  arrangement  of  apparatus  is  shown  in  Fig.  193.  AA' i»  ton  and 
he  eiciter  consisting  as  shown  of  two  square  plates  of  brass,  '"•"Jj^** 
0  cms.  in  side,  placed  symmetrically  in  the  horizontal  plane  "'  '''W 
bout  the  line  sia,and  joined  by  a  wire  70  cms,  long,  interrupted  v'h  tnr 
1)  the  centre  by  a  spark-gap  of  J  cm.  between  two  wo  11- polished  Ijll^ 
rasB  knobs.  The  two  sides  of  the  gap  were  connected  as  n,«,t^" 
ndicated  by  the  wires  to  the  terminals  of  an  induction  coil.  AnDoni* 

The  receiver  was  a  circle  of  the  dimensions  already  specified  tn^^ 
nd  furnished  with  a  screw  at  the  gap  which  enabled  the  spark- 
IDgtli  to  be  varied  from  a  few  hundredths  of  a  millimetre  to 
everal  millimetres.  The  circle  waa  set  with  its  plane  vertical 
nd  parallel  to  the  spark-gap,  and  itn  centre  on  the  liorizoutal 
ne  Bin,  the  axis  of  symmetry  of  the  vibrator,  at  a  distance  of 
2  cms.  from  the  nearest  points  of  the  plalen.  It  was  made 
lovable  round  an  axis  coinciding  with  this  line,  so  that  the 
osition  of  the  spark-gap  could  be  varied  on  the  circle. 

When  the  spark-gap/  in  the  receiver  waa  at  a  or  a'  no  sparks 
used,  hut  the  slightest  turning  from  tliat  position  caused  the 
parks  to  begin,  and  they  had  a  maximum  length  of  about 
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3  mins.  wLsn  the  spark  -gap  was  at  b  or  li'.  For  tbia  [ 
the  HpBrks  were  of  course  produced  by  tlia  eloctnc  fore 
pendently  of  any  change  of  the  total  magnetiu  in* 
throueli  the  circle,  Bin  ce  of  course  that  wsb  zero.  It  trci 
that  if  withont  changing  tlio  plane  of  the  circle  it  was  pli 
n  lower  level  the  Bpark  at  6  increased,  and  that  »t  b"  dim: 
in  length,  and  tha  pIuL-es  of  zero  spark  were  no  loi 
the  extremity  of  the  diameter  of  the  circle  at  right  nnglet 
but  were  both  displaced  on  the  circle  towards  b  to  an 
aiuonut.  This  result  was  due  to  magnetic  inductio 
integral  of  which  through  the  circle  w.-is  no  longer  xem. 
is  no  diGBcult}'  in  working  out  tlio  explanation  in  dctuit. 

It  was  found  neeesgnry  to  set  up  the  app:iratiis  in  n 
chamber  at  a  great  distance  from  all  other  objects,  and  t 
conducting  bodies  such  as  bars  of  metal  at  a  distance  frc 
apparatus,  in  order  that  the  absence  of  sparks  nt  a  and  a' 
be  maintained.  An  unsymuictrical  puKition  of  the  body 
observer  relatively  to  mn  was  quite  suflicient  to  affect  tt 
duction  of  sparks. 

A  conductor  of  the  slinpe  indicated  by  C,  Fig.  193  was 
above  the  eiciter  ax  shown.  When  it  was  brought  net 
the  exciter  the  sparks  diminished  nt  b'  in  the  revonatc 
increased  at  b,  und  the  points  of  zero  spnrking  moved  u) 
towards  b',  while  sensible  sparks  appeared  at  the  formt 
points.  It  is  easy  to  see  that  this  effect  was  whut  was 
expected.  For  the  condnctor  (Shaving  been  made  so  nal 
a  natural  period  shorter  than  that  of  the  vibrator  was  tli 
of  a  vibration  opposed  to  that  in  the  primary.  This 
consequence  of  the  inductive  action  on  the  primary,  foi 
tlie  natural  period  of  the  primary  was  greater  than  that  of 
electrification  of  C  asreod  in  phase  with  the  inductive 
producing  it  (see  p.  79B  above).  That  this  was  tlie  espla 
Hertz  satisfied  himself  by  replacing  the  vertical  conn 
plate  in  Chy  a  thin  wire,  that  by  a  thinner  and  so  on. 
result  was  to  bring  the  points  of  zero  sparking  nearer 
top.  But  ns  they  moved  upwards  with  the  substitul 
thinner  and  thinner  wires  the  zero  points  disappeared  alto 
and  were  replaced  by  places  of  minimum  sparking.  The 
length  up  to  the  vanishing  of  the  zero  points  wus  much  e 
at  6'  than  at  6  ;  but  at  the  vanishing  of  the  zero  points  it 
again  to  increase,  and  as  the  period  of  C  was  increasi 
sparks  became  equal,  but  no  point  of  zero  sparkine  was 
found.  As  the  period  of  Cwas  increased  beyond  this  sti 
spark-length  at  the  lowest  point  diminislied,  and  there 
developea  in  its  neighbouriiood  two  minimum  points 
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became  more  and  more  neurly  zero  points,  and  approached  at 
the  same  time  tlio  positions  a  a'. 

All  tliis  was  of  course  io  strict  accordance  with  theory,  for  as  piacuwieii 
the  period  of  C  approached  that  of  ^^' the  current  in  ^increased         ^f 
likewise,  but  wiien  the  periol  was  curried  beyond  that  of  AA'  a    Besulti. 
difference  of  half  a  period  was  set  up  between  the  current  in  C 
kod  the  action  producing  it,  thnt  is  the  two  currents  agreed  in 
phase.      When   however   the   stage   of  resonnnee   was   nearly 


reached  or  only  slightly  passed  the  difference  of  phase  was,  as 
in  all  cases  of  slightly  damped  Tibr.Ltion,  about  a  quarter  of  a 
period  (see  {il8)  p.  TM)  and  interference  between  the  effects  of 
C  and  AA'  was  tlien  iiupoasible.  This  was  the  stage  at  wbicli 
the  sparks  were  equal  at  the  highest  and  lowest  points  of  the 

When  C  wan  brought  quite  close  to  AA'  the  sparks  in  the 
resonator  became  small.    This  was  due  to  the  fact  that  the 
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capacity  of  A.£  being  increued,  its  period  was  lengthened, 

kod  BO  the  resonator  and  exciter  were  thrown  out  of  uniaon. 

U'Mt  of       Tho  effect  o(  placing  inauiatore  of  diiferent  kindi  under  tli« 

Pliciiig     exciter  wt«  than  tried.      A  pile  of  books   I'S  metreH  long,  'S 

InnUkUm  metre  broad,  and  1  metre  high  was  placed  under  'Uie  exciter  M 

K^d^      that  its  upper  eurface  alraoat  touched  the  plate.    Bparka  now 

poaeed  when  the  spark-gap  of  the  resonator  was  in  ita  former 

poBJtion  of  no  sparking,   and  the  spark-gap  had  to  be  turned 

round  the  circle  through  10°  towarda  the  pile  of  books  to  reduce 

the  sparking  to  zero. 

£Bect  of       A  block  of  asphalt  of  the  dimensions  (in  cms.}  indicated  in 

Block  of    Fig.  194  was  then  placed  in  the  position  shown.  The  sparks  wen 

Asphalt     now  found  to  be  much  stronger  at  h'  than  at  £'the  point  iieorett 

placed      the  asphalt.     The  points  of  sero  sparking  ceused  to  exist,  and 

"•^        minimum  points  were  then  found  below  tiie  level  of  the  former 

Exciter.     2g^g  jiointa,  an  angular  distance  on  tlie  circle  of  about  23°. 

When  the  platen  AA'  were  Inid  on  tlie  asphalt  the  period  of 
the  vibriiior  was  increased,  as  was  shown  by  its  being  necessary 
to  increase  the  period  of  the  receiver  to  cause  it  to  rexpond. 

By  iacreasing  ihe  distance  between  the  apparatus  and  the 
block  of  asphalt  the  effect  of  the  latter  was  diniiuishcd,  hut  iti 
character  remained  unchanged. 

It  was  found  possible  to  compensate  the  action  of  llic  ai>phalt 
by  bringing  down  the  conductor  C  sufficiently  near  to  the 
vibrator  A.t. 

The  experiments  were  repeated  with  a  large  number  of  other 

substances,  such  as  u'uod,  sandstone,  sulphur,  panitlin   and 

petruleuii], 

I'heno-  According  to  Hertz  these  results  prove  that  change  of  electric 

mena  not   force  in  a  dielectric  is  always  accompanied  by  a  corresponding 

due  to      magnetic  action.     It  is  impoesiblo  to  iiccount  for  them  by 

Electro*    electrostatic  action  pure  and  simple.    For  if  the  exciter  be 

static      placed  with  its  line  t»  at  the  middle  of  and  alont;  one  edge  of  a 

Action.     large  rectangular  block  of  insulating  material,  there  can  be  no 

change  of  electrostatic  action  in  the  space,  for  example,  in  front 

of  the  block  und  below  the  plane  of  the  vibrator.    Still  the 

effect  was  fiiuiid  hy  HerlK  to  be  i|uite  marked  in  tliis  apace. 

Again  the  effects  cannot  be  due  to  conduction  currents  in  the 
dielectric,  for  both  sulphur  and  puruHiu  showed  the  effects  in  a 
very  marked  degree. 

There  remains  therefore  only  the  change  of  magnetic  field 
and  the  consequent  inductive  electric  force  at  each  point  to 
explain  the  phonuniciin. 

It  is  a  rcNult  of  electromagnetic  theory  that  if  the  variation  of 
electric  action  in  an  insulating  medium  is  accompanied  by 
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:;  action  according  to  tlie  Iswr  of  induction  laid  down 
ectric  ac^on  mtiBt  be  trnnsmitted  in  the  medium  with 

velocitr.  That  the  two  go  hand  in  hand  is  the 
on  of  MaxweH'B  theory  of  electrodynamicB,  and  Hertz's 
»nt8  just  described  gave  evidence  of  the  truth  of  tbe 
>r  solid  dielectricH.  It  remnined  still  to  show  tlmt  it 
>  for  air.  Hertz  attempted  to  verify  the  finite  velocity 
f  carrying  the  secoadary  vibrator  C  from  a  poaitioii  of 
nee  with  AA'  to  a  greater  and  greater  distance  and 
ig  whether  the  interference  ceased  and  began  again 
ily.  This  experiment  however  was  not  BucccHsful,  but 
Icra  was  solved  by  Hettz  in  anatber  manner. 

Icnown  that  electric  oscillations  could  be  propagated 

wire,  and  attempts  made  by  Fizeau  and  GounelTo  in 
d  by  W.  Siemens  in  1876  to  determine  the  velocity  of 
tion  for  iron  and  copper  wires  gHve  TBlocities  of  the 
ter  of  magnitude  as  the  velocity  of  light, 
j^ements  were  therefore  made  to  compare  tbe  finite 
iif  electric  oscillatioDe  in  air,  if  such  a  velocity  eziiiled 
0  velocity  of  propagation  in  a  wire.'*  An  exciter 
g  aa  before  of  two  40  cms.  square  brass  plutes  joined  by 

long  brass  rod  with  a  spark-gap  between  wua  sot  up  as 
a  Fig.  194.  Behind  the  plate  .:/ was  arrnnged  a  plate 
icted  as  ehown  to  a  long  wire  of  copper  1  mm,  thick 
ilong  horizontally  30  cms.  above  the  horizontal  axis  of 
y  of  the  vibrator.  This  axis  we  shall  call  tlie  base  line 
pparutun,  A  point  4&  cms.  from  the  epark-gap  of  tbe 
'as  taken  as  zero  point  for  the  measurement  of  distances 
to  the  wire. 

isonator  used  was  cither  the  circle  of  35  cms.  radius  Or 
re  of  60  cms.  side  already  described.  It  was  placed  in 
fferont  positions  with  its  <'entre  on  the  base  line  : — 
le  vertical  plane  through  tbe  base  line;  (2)  with  its 
-.   right   angles   to   the   base  line ;    (3)   with  its   plane 

;  direct  action  of  the  exciter  no  sparks  were  produced  ^^ 

rst  position,  while  in  the  second  position  sparks  only  m^t^ 

when  the  gap  was  above  or  below  the  level  of  the  base  Kcsulta, 

'he  cause  of- this  sparking  was,  as  we  have  seen,  the  Direct 

'orce  acting  on  the  part  of  the  receiver  opposite  the  air-  GSect  of 

The  total  magnetic  induction  through  the  circle  in  both  Kxciter. 
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poeitiocs  was  aero.  The  [engtl,  of  llie  ajiarks  fell  off  ■ 
distance  from  tlio  esciter,  at  first  rapidly,  then  much  more 
slowly,  and  they  were  visible  up  to  12  metres  from  the  exciter. 
In  the  third  position  sparking  was  obtained  no  matter  how 
the  spark-gap  was  placed.  The  spark-length  was  a  maximum 
when  the  gap  was  parallel  to  the  exciter  and  on  the  side  nearest 
to  the  latter,  and  a  minimum  when  the  gap  was  in  the  diametri- 
cally opposite  position.  These  results  were  of  course  due  to  the 
joint  action  of  the  electric  force  and  the  magnetic  inductioQ. 
The  effect  of  the  latter  was  of  course  the  more  powerful  as  there 
was  no  zero  of  sparking'. 

Considering  now  the  uction  of  the  wire,  we  see  that  the 
arranc'cnient  adopted  insured  that  the  period  of  the  disturbance 
should  he  the  same  as  that  produced  directly  by  the  exciter. 
When  the  action  of  the  wire  alone  on  the  resonator  was  observed 
reflected  waves  were  avoided  by  continuing  the  wire  to  a 
distance  of  60  metres,  and  terminating  it  in  an  earth  connection. 
Sparks  were  found  to  pass  with  greatest  freedom  between  the 
knobs  when  the  receiver  was  pluced  in  a  plane  through  tlic 
wire,  and  had  its  spark-gup  as  close  to  the  wire  as  iiussible. 

A  standing  oseiilutiun  was  produced  in  the  wire  by  nrranging 
it  with  a  free  end  nt  which  reflection  could  take  place,  Aiid  il 
was  then  found  by  moving  the  receiver  along  the  wire  that 
places  of  maximum  and  zero  sparking  existed  alternately  at 
equal  inten'als  nlong  the  wire,  that  is  lo  fay  nodes  and  loops 
of  etaiidiiig  electrical  waves  were  indicated.  The  nodes  were 
plucuH  of  maximum  ur  minimuiu  potential  but  of  no  flow  of 
electricity  I  consefjuently  electric  forces  arc  directed  outwards 
from  the  nodes. 

Hence  it  was  seen  that  if  the  receiver  were  placed  with  its 
{•lane  at  right  angles  to  the  wire  and  its  spark-gap  in  an 
intermediate  position  between  that  nearest  lo  the  wire  and  that 
farthest  from  it,  these  electric  forces  ought  to  produce  sparking, 
Tliis  was  found  to  be  the  case.  Again  sparks  were  readily 
obtained  from  a  node  by  bringing  neur  it  any  small  conductor. 
These  effects  were  however  alight  as  the  disturbance  in  tlie  wire 
was  really  a  complex  of  vihra^ons  of  different  periods  from 
which  the  resonator  picked  out  those  of  its  own  proper  period 
n4  in  the  analogous  acoustic  i':[perime[it. 

Experiments  on  wires  of  different  thicknesses  shou'ed  that  do 
change  was  produced  in  the  positions  of  the  node  and  loops. 
Even  in  an  iron  wire  these  remained  unaltered,  showing  that 
with  the  rapid  changes  here  in  question  practically  no 
magnetization  was  prodiiccil. 

The  nodes  and  loops  were  most  clearly  produced  wIicd  the 
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wire  woH  cut  8  in&tres  or  5i  metres  from  tljo  zero  point  of  the 
liBBe  IJne.  In  the  former  case  the  nodcH  were  at  '2  metre, 
2'3  metres,  6'1  metres,  8  uietres  from  the  zero  poiut ;  in  the 
latter  -1  metre,  2'8  metreii,  i-5  metres  from  the  same  point. 
These  reaiilt«  indicate  clearly  a  liulf  wave-lenglli  of  2  6  metres. 
TIte  period  of  oscillation  as  calculated  from  an  ealiiiiato  of  the 
inductance  and  capacity  of  tlie  exciter  waa  about  '2  x  10  ~  ^^  cms. 
per  second.  This  gave  a  velocity  of  propagation  of  2-8  x  10 1"  ■ 
cms.  per  second,  that  is  approximately  Ihe  velocity  of  light 


The  receiver  could  be  placed  so  that  both  the  exciter  and  the  Ariange- 
wire  could  produce  sparks  in  it.     For  tills  it  was  necessary  that    ment  of 
it  should  be  placed  neither  in  the  first  position  uor  in  the  second,  KesMiator 
but  in  an  intennediate  position.     Thus  the  square  receiver  was      ,  ^ 
pjaced  at  the  zero  point  with  its  ^lane  vettico?,  and  the  spark-     ff^^ 
gap  at  the  top,  and  the  normal  to  its  plane  turned  towanls  the 
plate  A  ur  the  plate  A'  of  the  exciter.     Let  us  aupi>ose  that  it 
pointed  towards  J  as  shown  in  Fig.  194,  and  thnt  J  Imd  its 
maximum  positive  charge.  Then  tho  direct  electrio  force  duo  to 
the  exciter  and  the  inductive  electromotive  force  at  the  node  in 
the  wire  were  opposed  to  unc  another.     When  the  receiver  wbh 
turned  round  so  that  its  plane  pointed  towards  A'  the  sign  of 
tho  direct  action  on  tho  receiver  was  changed  and  the  two  effects 
conspired.     By  ninving  tlio  plate  P  to  a  greater  or  lees  distance 
from  A  the  effects  of  the  wire  c    "  ' 
to  be  made  equal  to  the  direct  a 

Interference  effects  could  also  bo  obtained  with  the 
in  the  third  position,  but  in  this  cose  the  wire  had  to  b 
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aide  or  the  other  of  the  bsBe-line.  Experiment  showed  that, 
wlien  the  wire  wu  on  the  same  side  of  the  bftse-lino  as  P,  th« 
effect  of  the  waves  in  the  wire  was  opposed  to  that  of  the 
exciter,  and  when  the  wire  was  traaeferred  to  the  opposite  side 
the  effects  oonspired.  The  pusition  of  the  spark-g-sp  did  not 
affect  the  nature  of  these  results,  which  showed  timt  it  waa 
mainly  inductive  action  in  both  casea  which  produced  sparks. 

Dsing  tbe  first  mode  of  observing  interference  Hertz  included 
differerit  lengths  of  wire  as  the  arc  between  the  points  niir,  and 
found  that  aa  the  length  was  increased  the  origin  changed  troni 
a  node  to  a  loop,  tuen  back  again  to  a  node  and  so  on.  It 
was  found  however  that  if  at  one  node  the  effects  were  opposed 
wlien  the  normal  to  the  receiver  pointed  to  P,  at  the  next  Dode 
they  were  opposed  ivith  the  normal  turned  away  from  P  and  ao 
on  alternately. 

The  same  alternation  of  the  direction  of  the  normal  wasfound 
lit  the  different  nodes  niong  tlie  wire  fur  a  given  length  of  wire 
iietween  mn. 

Tbe  followiug  are  fioiiie  of  the  obaervntioiiH  made.  A  distance 
of  8  metres  from  the  ■mru  poiul  was  laid  off  nlon^  tlie  wire,  and 
the  receiver  set  up  at  every  ^  metro  of  this  distance  and  its 
iiormnl  placed  succoBsively  in  the  two  positionB  specified  and 
the  difference  if  any  in  the  apark-Ienglh  noted.  If  no  difference 
was  ubRervcd  the  result  was  indicated  by  the  sign  0,  or  nccord- 
iiig  OS  tiic  sparks  were  Hinaller  ur  greater  with  t£e  noniial  turned 
towards  P  tiiau  in  the  other  case  the  result  was  marked  by  + 
or  — .  Eleven  series  of  such  observations  were  made  along  the 
8metresof  wire  with  an  additional  SOcnis  of  wire  between  nn  for 
each  scries,  so  that  the  length  of  wire  increased  from  lOO  to  600 
cms.  TheresultsBhowed  thill  the  sign  of  tiie  interference  changed 
for  successive  displacements  of  between  .t  and  4  metres  along 
the  wire,  and  ako  for  about  the  same  length  of  wire  introduced 
lictween  *i  ond  «.  This  showed  that  the  wave-length  of  the 
direct  effect  was  not  the  saiiie  as  that  in  the  wire,  and  that  the 

ulocity  of  propagation  in  air  though  fioitc  was  greater  than 


thai 


a  the  w 


A  second  set  of  ubservationK  was  made  along  a  length  of  1*2 
metres  of  the  wire  with,  aa  before,  different  lengths  of  wire  in- 
cluded between  a  and  ii.  These  results  being  comjilicated  with 
electrostatic  action  near  the  exciter,  a  series  of  ol>H<;rvations 
were  made  up  to  4  metres  with  the  receiver  in  the  third  position 
and  the  wire  on  one  side  as  already  explained.  The  results  uf 
the  latter  expcrimentB  taken  along  with  those  for  the  remaining  R 
metres  given  by  the  other  method  gave  the  following  table  of 
results. 
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This  cOTToboratea  the  conclusion  from  the  former  seriw  of 

retnlto. 

Telocity        It  appears  tlierefore  that  the  wave  in  air  while  traversing  7*5 

of         metres  guned  half  the  length  of  the  wave  in  the  wire  on  the 

Fropaga-    latter :  that  is  while  the  wave  in  air  traveraed  7'6  metrea  the 

tion  in      wa\-B  in  the  wire  traverssd  TS  -  2-8  ( =  4'7)  metres.     Bot  the 

Ai'-        half-fierioil  of  the  wave  in  the  wire  being  I  x  I0-*  second  the 

velocity  of  propagation  of  the  wave  in  air  given  by  tlie  ezperi- 

usnts  was  4-5  X  lO**  ems.  per  second.     ThiH  exceeds  the  velocity 

of  lif;ht  by  50  per  cenL  of  the  latter  and  gives  a  wave-length  in 

air  of  about  9  metres. 

This  result,  it  may  be  stated  here,  does  not  agree  with  the 

observations  of  later  experimenters  who  have  found  for  waves 

in  air  as  well  as  for  waves  in  wires  the  velocity  of  light.    The 

discrepancy  wiil  be  discussed  later. 

Rsflsotion        Hertz  aUo  made  experiments  on  the  reflection  of  waves  in  air 

of  Waveg,  from  conducting  surfaces.*    The  experinients  were  carried  out 

in  biK  phyt^ical  lecture  theatre,  a  room  about  15  metres  long,   14 

metres  widi:,  and  6  metres  high.     Parallel  to  tlie  side  walls  were 

Pwduc-     two  rows  of  iron  columns  so  tiiat  the  clear  brcndth  of  the  room 

tion  of     was   ubout   85   metres.      Alt   giis^iliers   and    other   removable 

obstacles  were  cleared  away,  and  one  end  wall  frocu  which  the 

reflection  wuH  to  take  pl'icc  was  covered  with   a  plate   of  zinc 

*  4  metres  high  and  2  metres  broad  connected  by  wires  to  the 

gas  and  water  pipes.    The  exciter  was  set  up  two  metres  from 

the  opposite  end  of  the  ruoi:i  with  its  axis  vertical.     The  waves 

were  incident  nearly  norinstly  on  the  plate  of  zinc,  and  the 

electrical  vibration  wan  therefore  in  the  vertical  plune  through 

the  vibrator. 

f      The  receiver,  the  circle  of  35  cms.  radius  already  described, 

was  curried  along  the  normal  through  the  centre  of  the  vibrator, 

and  the  poijitions  of  maximum  and  minimum  spiirking  in   the 

neighbourhood  of  the  wall  observed.    The  positional,  II,  III, 

IV,  in  the  diagram  were  those  of  strongest  sparking.     In  these, 

it  will  be  seen,  the  spurk-gap  was  turned  alternately  in  opposite 

directions.     The  arrows  sliuw  by  their  directions  and  lengths 

the  clectriij  forces  on  the  two  sides  of  the  circle,  and  explain 

the  result. 

The    |iusitions    V,  V(,  VII  give  equal  lengths  of  spark  for 
holh  the  left  auil  right  pi-sitions  of  the  spaik-gap. 

When   the  spark-gap  was  placed  at  the   highest   or   lowest 
pciint  of  the  circle  at  V,  VI,  VII,  so  that  the  electric  force 
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coold  not  linve  any  effect  it  wsh  found  that  compBrntively  littlo 
sparking  was  produced  at  V,  a  maximum  at  VI,  and  a 
minimum  AKoin  at  VII.  Tliis  indicated  that  the  magnetic  in- 
duction WAB  &  miDiroam  at  V  and  VII  and  a  maximum  at  VI. 

All   tlie   Tesulte  are    explained   if  vro  suppose  that  staniling    Eiplina- 
wavoH  of  electrEc  and  magnetic  force  are  produced,  as  repre-      tionof 
aented   by   the    full   nnd   dotted   rimeK    in    Fig.  195.      It   is     Bemilts. 
shown  by  the  theory  given  above  (see  equations  (18)  p.  786), 
thnt  at  a  distance  from  the  vibralnr  the  electric  and  Ihe  mag- 
netic forces  are  propagated  together  in  the  name  phase.     The 
diagram  therefore  uliowa  that  in  the  act  of  reflection  the  electric 
force  has  its  phase  changed  hy  half  a  period  relatively  to  the 
magnetic  force,  so  that  in  ihe  standing  vibrations  the  nodes  of 
one  correspond  to  the  loops  in  the  other,  and  dee  lema. 


Tiie  observations  seemed  to  indicate  thnt  the  node  for  the 
electric  force  was  behind  the  wall  siirfiice  about  '68  metre,  and 
Ihe  nest  loop  but  one,  about  6-52  metres  in  front  of  it,  so  that 
the  wave-length  was  about  9'6  metres.  With  the  period 
2  X  10"*  second  for  the  vihrntor  this  would  give  4-8  X  10'* 
cms.  per  second  as  the  velocity  of  propagation  of  the  waves 

Here  again  the  velocity  is  much  gre:iter  than  that  of  light. 
The  cause  of  the  discrepance  between  these  (and  the  former 
observations)  ond  those  of  other  experimenters  can  liardly  be 
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uid  jet  to  have  been  fully  mode  out.  MM.  SarnsiD  and  Da  la 
Rive  for  ex&nipic,  experimenting  at  Geneva  in  1890,  found  with 
an  exciter  and  resonator  of  very  nearly  the  aamc  dimenBions  u 
those  of  Hertx,  a  wave-length  of  only  6  inetrea,  instead  of  9*6 
metres.  This  gave  of  course  almost  exactly  the  velocity  of 
light. 
Poedble  It  has  been  auggeHted  that  the  wave-length  observed  may 
^V^ana-  depend  to  a  great  extent  on  the  dimensions  of  the  resonator, 
"^  °^  and  may  be  connected  with  what  has  been  called  muttipU 
retonance  by  Messrs.  Sarssin  and  De  la  Kive.  It  has  been 
jiy  .  '  noticed  by  these  experimenterd,  S!  well  ae  by  Fitzgerald  and 
ileMn  ^*"'^''!  ^'"'-  ^^°  exciter  apparently  gives  ri^e  neither  to  a 
m,^~  single  vibration  of  distinct  period  nor  to  a  limited  number  of 
distinct  vibrations,  but  rather  to  such  a  complex  of  vibntions 
as  would  give  a  wide  band  of  continuous  spectrum.  Thus  all 
vibrations,  agreeing  with  possible  modes  of  vibration  of  the 
resonator,  would  be  reinforced.  That  this  is  not  contained  in 
theory  is  true,  but  the  theory  is  very  incomplete.  It  is  hard  to 
believe  that  the  vibrations  can  be  perfectly  simple. 
Poincare's  The  following  explanation  of  miiltijile  resonance  has  been 
Bxplana-  proposed  by  Puincarj  0teclr>eiti  ct  Oplique,  2de  Partie).  The 
tion.  logarithmic  decrement  of  the  vibrations  of  the  exciter  is  probably 
niLich  greater  than  that  of  the  resonator,  and  ao  the  vihratiouB 
of  the  exciter  diminish  in  amplitude  more  quickly  than  those 
Bi-t  up  in  the  resonator.  This  is  confirmed  by  experiments  on 
the  damping  of  the  vibrations  \a  tlic  exciter  and  receiver,  made 
by  V.  Bjerkne8[H'ierf.  Ann.,  AX  (1891),  p.  74].  Thus  the  reaon- 
ator,  being  started  by  the  exciter,  continues  its  vibrations  after 
those  of  the  exciter  have  become  insensible,  but  then  vibrates  in 
its  own  proper  period,  giving  vihratious  of  longer  period  and 
of  greater  wave-length  tlian  tlioce  which  excited  it.  The  wave- 
length being  determined  by  interference,  and  used  with  the  too 
short  period  of  the  exciter,  gives  too  great  a  vulccitv  of  pro- 
pagation. With  this  expl.tnation  Hertz  has  expressed  himself 
as  practically  in  accord.  As  he  remarks,  the  oscillations  of  the 
exciter,  represented  graphically,  do  not  give  a  curve  of  ainea 
pure  and  simple,  hut  a  curve  of  sineB  the  amplitude  of  which 
griidually  diminishes.  Such  an  oacillution  causes  all  the  reson- 
ators receiving  it  to  vibrate,  but  thoi^  in  tune  with  the  exciter 
more  violently  than  the  others.  This  agrees  witli  the  theory 
given  at  p.  798  ;  and  the  fact  that  the  apparent  Bpectrum  soems 
more  extended  when  wires  are  connected  to  the  vibrator  than 
when  the  propagation  takes  place  freely  in  air,  may  be  due  to  a 
greater  damping  effect  in  the  former  case. 
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It  may  be  noted  Lero  that  it  has  boon  found  by  Mr,  Trouton  *   ''^°™*°U'" 
that  the  size  of  the  reflectiog  sheet  has  a  great  deal  to  do  with     ^^^n- 
tlie  diHtance  of  the  nodes  from  the    nurface.      Uaing    long   V^^    '"' 
nnrrowBtripH  held  (1)  bo  tbnt  the  length  was  in  the  direction  of     fo^"!? 
the  inBgnetiu  eoroponBnt ;  (2)  in  tlie  direction  at  right  angles  to   g^fl^tor 
that  component,  he  found  that  the  node  was  in  the  former  case 
nhifCed   outwards  from   the   reflecting   surface  very  markedly. 
For  eiample,  with  waves  68  cms.  long  the  distance  of  thp 
magnetic   node    varied   from    24'2   cmn.  for    a    strip   16  cms. 
wide  to   IT   cms.  (|  wave-length)  for   a   large  sheet.     This 
effect  was  due  no  doubt,  as  stated  hy  Mr.  Trouton,  to  the 
nction  of  the  charge  periodically  accumulated  at  the  edges  of 
the  sheet. 

Smallness  of  size  in  the  magnetic  direction  carried  the  nodf 
in  towards  the  surface  ;  and  this  moy  very  possibly  have  been 
the  case  in  the  experiments  <i£  Hertz  described  above.  The 
breadth  of  the  sheet  (in  tiie  direction  of  the  ma^etic  force)  was 
2  metres,  or  about  the  same  in  effect  as  a  strip  14  cms.  brood 


.  the  production  of  Reflsction 
vibrator  consisting 


used  with  Mr,  Trouton's  68  cms.  waves.    This  would  give  a 
nensiblr  inward  displacement  of  the  node. 
Experiments  were  also  niiide  by  Hertz  oi 

plane  polarized  waves,  by  means  of  a  linesL     

of  two  cylinders  placed  in  line  with  a  spark-gap  between  their  Klcotrical 
opposed  ends.  The  cylinders  were  about  12  cms.  long  and  Waraby 
3  etne.  in  diameter  each,  and  the  ends  at  the  spark-gap  were  "JJ?"* 
well  rounded.  Tiie  vibrator  was  placed  vertically  in  the  focal  n,Tj^» 
line  of  a  parabolic  cylindrical  reflector  made  of  ordinary  sheet 
xinc  nailed  on  a  wooden  framework  out  into  proper  parabolic 


'  Pliil.  Mny.  July,  1801. 
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Hhapc.  The  oylmders  were  connected  with  4n  induction  coil 
hy  inaukted  wires  poHBing  tlirongli  liolea  in  the  zini<  behind 
tnem.  Tlie  mirror  was  about  two  metrex  in  length  and  aboat 
70  cnia.  in  depth  along  the  axis  of  the  pnrabolic  fignre,  u 
ghown  in  Fig.  197.  The  exciter  thus  placed  prodnccd  waves 
of  electric  force,  the  direction  uf  wliich  near  the  source  wu 
parallel  to  its  axis.  These  were  received  by  tlie  mirror,  and 
reflecti-d  into  a  parnllet  lisain  which  would  be  observed  by 
meuis  of  a  HnilaMe  receiver.  In  moat  of  the  experiments 
however  the  beam  wns  received  by  a  similar  reflector  facing  the 
former  so  as  to  eoncentratc  the  radUtion  on  its  foenl  line, 
which  wns  piirallel  to,  in  aoine  eiperiments,  in  otliers  at  right 
angles  to  the  former. 


In  the  focal  lino  ff  tlie  otiiL-i 

■   made  of  two  piei-ps  of  thick  wi: 

line  M  shown  in  Fig.  107,  with 

their  ends,  and  completed  I'y  tw 

led  out  at  right  angles  to  tli 


rror  waa  pliiced  ji  receiver 
ich  50  cms.  long  jilaced  in 
ip  of  about  5  cms.  between 
ill  wircH  about  12  cms.  long 
•11  the  hack  of  the  mirror. 


These  were  tipped  with  a  knob  and  point  t  .        __  „ 

form  an  adjuatable  spark-gap  whirh  could  be  conveniently 
observed  from  behind. 

It  wosfound  by  this  arrangement  thnt  electric  radiation  conld 
lio  dctcctol  at  a  much  greater  diHian'^o  from  thu  source  than 
with  the  orilinary  vibrator  and  receiver  used  as  described  above 
without  reflec-lorK.  In  these  as  in  all  olhor  experiments  the 
knobs  of  the  vibrator  have  to  be  repcatidly  cleaned  and  its 
Mpark-t-ap  must  be  screened  from  the  direct  light  of  the  epark 
in  the  induction  coil. 

Cleiirly  i>   parallel  beam  of  jilniie  polarived   light  was  thus 
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obtained,  and  conBiBted,  as  the  experinnentB  allowed,  of  electrical  PUub 

vibrations  parallel  to  the  vibrator  accompanied  by   maKnetio  I'olamoil 

vibrations  at  rigbt  angles  to  the  former  and  to  the  direction  of  Electric 

propagation.      Placing  the    axial  planes  of  the    mirrors    in  Baam. 
coincidence  gave  augmentation  of  tlie  electric  effect,  crossing 
the  mirrors  extinguished  the  eSect  at  the  n 


Again,  a  grating  of  parallel  copper  wires  placed  between  the  Effect  of 
mirrors  entirety  stopped  the  radiation  when  the  wires  were  at  Orating 
right  angles  to  the  vibrator,  allowed  it  to  pass  freely  when  of  Wires, 
turned  through  90°  from  the  former  position. 

Also  it  was  found,  in  a  repetition  of  these  experiments  by    Reflector 
Prof.  Fitzgerald  and  Mr.  Trouton,*  that  the  eleclromagnelic        at 
beam  was  reflected  from  a  wall  about  three  feet  thick  wlieti  the  Potariziiig 
vibrations  were  at  right  angles  to  the  plane  of  reflection,  and      Angle, 
not  at  all  at  the  polarizing  angle  when  the  vibrator  was  in  the 
plane  of  reflection.     This  reuult  however  only  showed  that  the 
eleetric  vibration  is  at  right  angles  to  the  plane  of  polarization  ; 
it  does  not  settle  the  question  as  to  the  direction  of  vibration  of 
the  ether  in  a  beam  of  plane  polarized  light. 

Hertz  found  that  such  an  electromagnetic  wave  was  not  only  Refraction 
reflected  like  a  light  wave, hut  is  also  refracted  according  to  the         of 
same  law  of  refraction.     An  immense  prism  of  pitch  having  an   Electrical 
isoBceleB  triangular  section  of  120  cms.  side,  and  a  refracting     Waves. 
angle    of  30°,   was    made   by  melting  pitch  into  a  wooden 
eujiporting  cose.     The  prisui  was  placed,   with   its  refr,icting 
edge  vertical,  at   a  distance  from  the  vibrator  of  2'6  metres, 
and  the   beam  was  made  incident  on  the  face  at  an   angle   of 
65°.     The  receiving  mirror  was  estimated  25  metres  from  the 
prism  on  the  other  side,  and   showed    a   radiation   beginning, 
reaching  a   maximum,   and   falling   oS   to   zero,  at   deviation 
11°  22°,  34°. 

The  experiments  were  repeated  with  the  focal  lines  of  the 
mirror  parallel,  and  practically  no  difference  in  the  result  was 
observed. 

The  index  of  refraction  (or  pitch  given  by  the  experiments 
was  r69,  which  nearly  agrees  with  the  index  1'5  to  1*6  found 
for  pitchy  substances  by  optical  experiments, 

Prof.  Oliver  Lodge  and  Dr.  Howard  have  made  observations  Lodge  and 
on  the  concentration  of  such  vibrations  by  means  of  lenses.t  Howard's 
Two  enormous  lenses  of  hyperbolic  cylindrical  figure  were  con-     Eiperi- 
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structed  of  mmeral  piti^li,  and  were  placed  with  their  axial  plane* 
uoincideDt,  end  their  plane  faces,  or  basen,  turned  towardB  one 
anotlier.  These  lenses  were  so  proporlioned  that  the  beam  pro- 
duced by  a  linear  exciter  in  the  external  focal  line  of  one  might 
emerge  parallel  from  the  place  face  of  that  lena,  and  then  be 
concentrated  by  tlie  second  lens  on  the  corresponding  focal  line. 

An  interesting  point  noticed  in  many  of  these  experiments  is 
the  porfect  transparenry  totlieae  vibrations  of  optically  opaque 
substances.  A  atone  wall  three  feet  thick  has  been  found  to 
offer  no  obatacle  to  the  passage  of  such  waves.  In  fact  in  some 
experiments  made  by  Prof.  FitzRerald  at  Dublin  the  receiver 
was  placed  on  a  pillar  in  the  garden  outside,  while  the  exciter 
was  m  action  in  the  laboratory.  This  is  no  doubt  a  pbenaiuenoD 
of  the  same  character  practically  as  that  of  the  transparency  of 
a  thin  film  of  metal  to  light,  and  is  conditioned  by  the  relation 
of  the  wave-length  to  the  thickness  of  the  obstacle.  [See  p,  SOO 
above.  It  has  been  found  by  Maxwell,  El.  and  ifag.  Vol.  II. 
Chnp.  XIX.,  that  the  transparency  of  thin  metallic  Sims  is 
greater  than  that  given  by  the  electromagnetic  theory.  See  also 
Wien,  Ifierf.^nn.,  36(1888),] 

Much  interesting  information  regarding  electrical  radiation 
has  been  obtained  by  Trouton,  Boys,  Drugoumis,  and  others,  of 
which  it  is  impossible  here  to  give  any  account.  The  great 
desideratum  however  now  is  some  method  of  maintaining 
electrical  vibrations,  so  as  to  enable  their  phenomena  to  be 
fully  studied. 

In  concluding  this  chapter  and  the  present  work  reference 
must  be  made  to  the  grcut  moss  of  extremely  interesting  and 
important  renults  connected  with  electrical  discharge  and  radia- 
tion which  have  been  obtained  during  the  last  four  or  five  years 
by  Dr.  Lodge  of  Liverpool.*  He  has  shown  that  in  mnny  cases 
a  thunder  cloud  disHiarging  to  tlie  earth  is  really  a  great 
Hertzian  vibrator,  and  that  the  discharge,  being  tlierefore 
oscillatory  in  character,  produces  most  violent  electrical  eurg- 
ings  in  metallic  conductors,  whether  insulated  or  otherwise, 
which  happen  to  be  within  a  moderate  distance  of  the 
discharge. 

These  results  of  theory  and  experiment  have  led  to 
important  conclusions  as  to  the  proper  construction  of  lightning 
conductors  for  such  cases.     Thus  Dr.  Lodge  has  pointed  out  the 


•  See  a  aeries  of  pnpers  in  the  EUdrician,  vols.  22,  2S  (1888—9, 
1S89).  nnd  a  li'cturs  on  "  Electrical  Osc illations,"  Boyal  Institution, 
April,  1889,  EUclrwian,  vo!.  22. 
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importance  of  surface  in  a  lightning  conductor  eince,  in  n 
rapidly  varying  diecliaree  the  current  is  practically  confined  In 
the  surface  stratuiD,  and  the  superiority  from  this  point  of  view 
of  iron  over  cotton. 

In  connequence  of  the  "circular"  magnetization  of  an  iron 
wire  produced  by  a  current  along  it,  the  current  ia  more  strictly 
confined  to  the  surface  than  in  a  copper  conductor,  so  that  the 
increase  of  reaistance  thus  produced  is  suEScient  to  insure  a 
more  rapid  dissipation  in  nn  iron  wire  of  comparatively  small 
cross -section.  Whether  it  would  be  safe  to  make  all  lightning 
conductors  according  to  this  principle  is  a  question  about  which 
(here  ia  considerable  difference  of  opinion  ;  but  there  can  be  no 
doubt  that  it  will  not  do  any  longer  to  coniilder  a  lightning  dis- 
charge as  a  mere  case  of  ordinary  conduction  to  be  provided  for 
simply  hy  a  large  thickness  of  good  conducting  material. 

It  has  been  found,  also,  by  V.  Bierltnes  (EUctrieian,  Nov.  18, 
1892)  that  the  damping  out  of  oscillations,  excited  in  a  Hertzian 
resonator,  takes  place  more  quickly  when  the  resonator  is  made 
of  iron,  than  when  it  is  made  of  non-mnguetic  material.  This 
agrees  with  the  result  just  stated. 
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I.— ZONAL  SPHERICAL  HARMONICS. 

A  spherical  harmonic  may  be  defined  u  a  homogeneoua   Spherical 
function  of  *,  j-,  t  which  satisfies  Laplace's  equation.  ^TVfi"!S"' 

oj*         ay*         az^ 
Since  it  is  homogeneous  it  Batiefies  also  the  relntion 

'ir+^r+'iT-- « 


if  n  be  the  degree  of  the  function. 

The  fundamental  equation  may  be  transformed  by  the  sub- 
stitution of  the  variables  r,  6,  <p,  connected  with  x,f,  t  by  the 


Of  these  6  may  be  regarded  as  the  co-latitude  and  ^  the 
longitude,  or  6  and  ^  may  be  taken  as  respectively  the  polar 
distance  and  right  ascension  of  the  point  r,ji,  t,  of  which  r 
is  in  both  cases  the  radius  vector  from  the  origin. 

When  these  substitations  are  made  Laplace's  equation  be-    Laplace's 
CQtnes  Bqnation 


-,-af  ^ 


,(■- 
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Equation  (2)  becomes  plainly 


The  last  reault  gives 


Hence  (4)  takes  the  form 

1     a*F  , 


SDherical 
Siirfica 

Harmonic 
Defipod. 


If  f  denote  a  spherical  harmonic  of  degrae  n,  we  may  write 
it  in  (he  form  r"5,.  5„  is  a  function  of  fl,  ^,  but  not  of  r,  an> 
is  called  a  Hpherical  surface  harmonic  of  degree  n.  It  satisfies 
by  (6)  the  equation 


If  r'Sn  denote  r  spherical  harmonic  of  degree  n,  r-{"+l)5>. 
denotes  a  sphericnl  harmonic  of  degree  -  (n  +  1).  Ti>  prove 
this  we  have  only  to  notice  tliat  it  cteivrly  satistiea  (6),  since 
Sk  BiitiahcB  (7),    Again  if  we  denote  it  by  f',  we  have 


DiSeren- 

tial  Eqna- 

tion  Sitia- 

fled  by 

Sarhce 
Harmonic, 


wiiich  is  wljnt  (5)  bee 


n  H  is  changed  lo  -  («  +  1). 


If  Sn  is  symmetrical  about  an  axis  it  is  called  a  zonal 
surface  harmonic  (or  simply  a  zonal  harmonic)  of  order  k.  We 
may  take  the  axis  of  symmetry  as  axis  of  r,  so  that  the 
symmetry  is  expressed  by  malting  Sn  independent  of  t^.  We 
shall  denote  a  zonal  harmonic  of  order  »  by  Zh. 

The  differential  equation  satisfied  bj  Hn  is  by  (7) 


The  discovery  of  zonal  harmonics  resolvf 
finding  particular  solutions  of  this  equation. 


itself  then  into 
["he  most  import- 
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ant  case,  and  the  only  ona  vhich  we  here  consider,  is  that  in 
which  n  is  a  positive  integer. 

We  asBume  first  that  u  may  be  expanded  in  a  seriesof  powers 
of  It.    ThuB  writing 

u  =  Jjt*i  +  J,^*t  + (9) 

substituting  in  the  differential  equation  (R),  and  equating  co- 
efficients of  like  powers  of  ft  we  get  first  from  those  of  ^"i 


fm, 


n)(m, 


n  +  1)^1  . 


Since  J,  is  not  zero  this  gives  In^  =  n,  or  m,  =  -  (n  +  1). 
Thus  there  are  two  solutions  according  as  m,  is  taken  =  «,  or 
=  _  (n  +  I),  TOj  is  then  found  to  be  m,  -  2,  m,  =  nii  -  4,  4e. 
Again  Ihe  succeaoive  coefBcients  in  (9)  are  ^und  to  be  con- 
nected by  the  relation 


J   =-  ("■!  -  8*-  +  4)  (m,  -  2r  +  3) 
2{r  -  1)  (2m,  -  2r  + 

whichever  value  is  giten  to  m,. 


"-^A-i 


Hence  if  we  take 


1,  (9)  becomes 


n(n  -  1)  (n  -  2)  (»  -  3) 
'"  2.  4.  (2n-  1)  {2n  -  3)*^ 


The  series  within  brackets  in  (10)  is  finite  and  has  for  last 
term  (-  1)1"  n  1  n  1  n  [/(in  !  in  I  2n  1)  if  n  be  even,  and 
(-  l)i(»-l)pil  n  !  (n  -  I)  l/{i(r.- 1}  !  K"  -  1)  1  (2n  -  1) !  |  if  n  be 

Another  series  is  obtainable  by  putting  n,  >e  -  («  -f  l).  This 
and  tlie  former  multiplied  each  by  an  arbitrary  coDstant  and 
added  together  give  the  complete  solution  of  (8).* 

The  series  in  (10)  with  2n  !/2>>(n  ))■  substituted  for  A^  is  what 
is  called  Ihe  zonal  surface  harmonic  of  order  n.     Thus 


Zonal 
Surface 
Ustmonic. 


«(n  -  1)  {;.  ^  8)  (1  -  3) 
2.4.(2n-  1)  {8»-3)  '^ 


It  msf  be  verified  by  differentiation  that 


nl  dn' 


-i  KV  -  1)"}  . 


and  by  expstiaioii  of  (1  -  SfU  +  J')-l  in  powers  of  k  that  Z»  it 
the  coefGcient  of  A"  in  tUe  reeultiug  series.  It  is  this  Ifttter  fact 
that  renders  the  choice  of  the  value  above  BBHigned  to  ^|  con- 
By  means  of  (11)  we  can  at  Once  write  down  tlie  zonal  surface 
hannonic  for  any  nssigned  value  of  n.  Thus  for  values  of  n 
from  0  to  7 — 


^0  =  1- 


Z,  -  ^f'  -  i, 


-'^^,    ^.  =  ^r 


6.3   , 


13.11.9   , 

11.9. 7   5      9.7.5    , 
2.4.2  **  ■'"2.4.2'' 

7.5.3 

2.4.6'' 

2.4.6' 

;«1  table  of  tlie  first  seven  zonal  surface  harmonics 

calculated  by  Prof.  Perry  for  values  of  n  for  every  degree  from 

0  to  90^  is  given  at  the  close  of  tliis  nolt. 

Uazwell's       The  following  method  of  defining  a  solid  spherical  harmonic 

Uethod  of  iedue  to  Clerk  Maxwell  (£;.<»iiJj/a^.  Vol.  I.,  Cliap.ix.).  Let  an 

Axes,      electric  doublet  of  moment  4,  he  placed  at  the  origin  with  its 

axis  in  any  direction  the  cotines  of  which  are  I,  w,  a,  theu  by 
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(8)  p.  14  above  its  potential  at  the  point  (t,  j,  i)  at  distance  r 
froHi  tlie  origin  is 

If  tLen  the  operation  IZjdx  +  mbjSy  +  nd/d*  be  denoted  by  Doublats 

djdhy,  where  J,  is  a  diataiice  along  the  axiH,  we  may  call  tbo  of  Diffe- 

operatiun  differentiation  with  respect  to  the  axia  h^  and  we  f""' 


>.^e)= 


....     (13) 

where  fi,  is  the  angle  between  the  direction  of  jt,  and  of  the 
line  dinwn  from  the  origin  to  {x,  y,  s). 

With  reepect  to  this  kind  of  differentiation  we  may  notice 
that  if  tlie  suftix  J  indicate  any  axia  whatever  with  direction 
coainee  /j,  mj,  nj,  and  nj  denote  the  cosine  of  the  angle  between 
the  aiis  referred  to  and  the  line  from  the  origin  to  (*,  y,  i],  and 
\      the  cosine  of  the  angle  between  ihe  axes,  we  have 

W (^■*)     Uifferen. 


Again  if  the  suflix  k  indicate  anotber  axis 

=  l{Xjt-WF*) (15) 

Now  let  two  doublets  of  moments  -♦„  +*,,  with  axes 
parallel  to  i,,  be  placed  with  their  centres  on  another  axis  A,at 
distances  ~  \9i^  +  }9it,  from  the  origin,  the  potential  at  (r, j',  i) 
due  to  the  pair  of  doubleta  is 


\ 
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If  we  diminish  ^i{,  indefinitely  nnd  increase  t,  to  that  ^^Sij 

remaina  a  ficite  quantity  4^/2,  we  have  I 

Hence  perforroing  the  differentiation  we  get  I 

■      *■'  Vr>  dt,     ^  dtj  ' 

-l*'(3).tf^-».i) (1')    I 

This  is  the  potential  due  to  what  msy  be  called  a  doublet  of    | 
the  second  order  placed  at  the  origin.     It  may  be  written 

''■-(-')'*-».4;4e) <'»'  j 

Let  now  the  doublet  of  the  second  order  we  have  juat  . 
supposed  built  up,  be  imagined  placed  with  change  of  direction  I 
with  its  centre  on  a  third  axis  k^  at  a  distance  }dji,  from  the  I 
origin,  and  an  equal  doublet  of  the  aecond  order  but  of  opposite  | 
sign  placed  with  ita  centre  on  the  aaine  aiia  at  the  name 
distance  from  tlie  origin  on  the  opposite  aide.  Then  the 
potential  of  this  arrangement  at  (7,y,  z)  ia 

If  we  diminiah  dk,  and  increase  »,  ao  that  4,94,  remains 
finite  and  equal  to  *J^,  we  get  a  doublet  of  the  third  order  at 
the  origin  with  axes  hi,  h^.  ij,  which  produces  a  potential  at 
(■r,  y,  ')  of  uuiount 

Aninl  Proceeding  in  this  way  we  can   build  np  n  doublet   of  any 

DeRnition  order  n  with  axes  A,,  A^,...iK.     The  potential  produced  at  [x,  y,  i) 
of  Solid    by  thia  doublet  is 
Harmonic. 

-  =  <-"■•■  ^,.!;A-i.(->  ■  •  « 
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..^(1). 


and  is  a  Bolid  harmonic  of  degree  -  (n  +  1).    For,  perfot 
tLe  differeatiations  traDsfomiH  the  equation  into 


r,-r-(-+i)5,. 


(21) 

where  &  ia  a  function  of  the  n  cosineH  of  the  angles  between 
the  axes,  and  the  line  from  the  origin  to  (x,  y,  2)  and  of  the 

«(ii  — 1)/2  cosinoB  between  the  different  paira  of  the  axea.     Also 
Til  obvioualy  satinSes  the  definition  of  a  aphericel  harn 
given  above. 

The  value  of  S^  can  be  found  by  aucceesive  applicatio 
(14).     Thug 

5fl=l.        S,  =  p„        5,  =  3,.^j-lX„ 
-274^ 


2.4'^ 


e  expreHBion  [Mm 


The  geoeral  surface  har 
El.  and  Mag.  Vol.  I.  p.  188,  2nd  Ed.] 


=  2[(- 


(g»- 


2fr- 


Surface 
(23)  IJarmoDtc. 


in  which  2^"-^X')  denotes  the  sum  of  all  products  of  terms 
of  which  I  of  the  factors  are  different  cosines  X  with  double 
suffixes  and  n  — 2<  faclora  are  different  cosines  u  with  single 
suffixes,  and  the  external  £  denotes  summation  f^r  all  valuea 
off  from  0  to  Jn.  It  is  clear,  since  the  suffix  of  each  axis  appears 
once  and  once  only  in  each  term,  being  brought  in  by  the 
differentiation  with  respect  to  that  axis,  that  if  there  be  1 
factors  with  doable  suffixes  in  any  term  there  mustbe>i-S« 
factors  in  the  same  term  with  single  suffixes. 
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Derivation      If  all  the  axes  coincide,  say  with  the  axis  of  z  the  harmonic 
of  Zonal    becomes  a  zonal  solid    harmonic  and  8%  degenerates  into  a 

Sorface     surface  harmonic  of  order  n.    Thus  the  solid  harmonic  is 

Har- 
monic?. 1    d*  /1\ 

r-(.-H)^,  =  (-l)-lJ,(l).    ...     (24) 

and 


It  may  be  verified  by  expansion  that  this  agrees  with  (11) 
and  (12]. 
Proof  The  fundamental  relations  used  at  pp.  47,273  oan  be  deduced 

Funda-     from  equations  (8)  and  (12).     We  shall  take  the  first  of  (80)  p. 
mentol     47,  and  (50)  p.  273,  as  examples.  By  (12) 
Relations. 

2"«  !  Z'n  =  J^j  {0*>  -  1)-} 

=  2n^-^{|i(/i2_i)n-i}.     .     .     .     (26) 

But  if  u  denote   any  function  of  /x  we  have  by  successive 
differentiation 

>^)  =  ^;7;:irri+'*^    ....  (2?) 


dii 


dfi^ 


dfi* 


Putting  u  =  (^*  -  !)*•"  ^  and  using  this  result  in  (26)  multiplied 
by  /i^  -  1,  we  get 


2n  - 1  (u  -  1)  f  (^2  _  1)  Z'^  =  „^2  »«j:i  {(^2  -  1)11-1} 


+  /x(M'^-l)^J(/i^-l)«-n-te!^"-"-\{0^^  .     (28) 


But  by  (8) 


rf/i» 


dfi* 


^(^2-l)^{(^2-l)«    i}  =  -Mn(n-l)J-^^{(/i«-l)«-lKAi 


dfi 


=  fin{n-  1) 


dfi^~* 


{(^«-i)-i> 
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since  t)ie  integral  TaniBliea  «t  the  enperior  limit.    Hei 
the  two  first  tenns  on  the  right  of  (26),  we  get 


Subatitnting  in  (26)  and  dividing  by  2"-i(n-I)  t  we  find 

(jj}--i)Z'n  =  >lii&,-f,Zn-l      ....      (29) 

which  is  the  first  of  (RO),  and  the  first  of  the  two  relatione  ueed 
at  p.  273  to  obtain  (60)  and  (SC).  We  can  atiU  more  easily 
prove  (50),  p.  273,  directly ;  we  have 

"S^MkT)l["|Sv-»-l+'^.lV-')-'l] 


-  llZ%.l  +  l^'n- 


Which  is  (60). 
The  other  relatione  may  be  eetablished  by  nimilar  proceesee. 
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Theorem        The  following  theorem  is  of  great  importance : — If  Zm^  Zpf  be 
of  Product  two  zonal  surface  harraonios  of  orders  wi,  n, 
of  Two 


Zonal 
Surface 

Har- 
monies 


J  ^  (n  -  m)  (m  +  «  +  1) 


(31) 


To  prove  it  we  have  by  (8) 


^  {(1  -  y^)Z'M]  +  m{m  +  1)Z«  =  0 
dp. 

^{(l-M*)^4+n(«+l)Zn-0. 

Multiplying  the  first  of  these  by  Zn  the  second  by  Zm  and  sab> 
tracting,  observing  that  n(n  +  \)-m{m  +  1) =(«  —  »)  («  +  ji+l), 
we  find 

(;*-m)(/«+«+l)^m^n  =  ^»/{(l-/i*)^m}  -  ^m  /  {(I   -  fi')^;! 

=  ^{{\-li^){ZnZ'r^-Z^Z\)) 

which  gives  (31)  at  once  by  integration. 

If  the  integral  in  (31)  be  taken  from  -  1  to  +1,  then 
1  -  /i^  =  0,  at  both  limits,  and  the  expression  on  the  right 
vanishes  unless  either  n  =  tw,  or  n  =  -  (m  +  1).  Hence  if 
neither  of  these  conditions  is  fulfilled 


j       Z„,Zndfi=^0 


(32) 


Spherical       We  shall  now  give  some  examples  of  the  use  of  spherical 

Harmonic   harmonics  in  expansions.      First  we  shall  take  the  expansion  of 

Expan-     l/PP'  where  Pp'  is  the  distance  of  a  point  P  from   another 

sions.      point  P'.      Let  r,   r',  be  the  distances  of  the  points  from  the 

origin,  /x  the  cosine  of  the  angle  FOP',  then  we  have 


If  we  write  h  for  r'/r^  and  if  A<  1  we  can  expand  this  in  a 
convergent  series  of  ascending  powers  of  h.      But  we  have 
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If  r'jr  >  1  we  have  only  to  put  k  =  rjr'  and  we  get 

J^.i,^Z,  +  Z,^  +  ZJL' +  ....).    .     .     i83) 

By  me&nB  of  this  result  llie  potential  of  any  diattibution 
whetiier  of  attracting  matter,  or  of  electricity  or  magnetism, 
can  be  expressed  in  a  series  of  zonal  harmonics. 

For  let  J  be  the  distribution,  F  tiie  position  of  an  element, 
F  tbe  point  at  which  the  potential  is  to  he  found.    Then  taking 


_,_-^P 


coordinates  from  a        „        ,       , 

and  n  the  cosine  of  the  nngle  POP'.   Hence  if  dts  is  a 

of  the  dtetribntiou  its  potential  ie 


element  1 

Series  for 
Potential 

■    (34)  given  Dis- 

tiibatiou 


'    "{Za  +  Zyh  +  Z^lfl  +  . 


The  totAl  potantial  is  thus 

r.j^^i,z,  +  z,h  +  z,v +  ....}) 

the  integra}  being  taken  throughout  the  distribution. 

If  for  ona  pirt  of  the  dhtrlbution  r>r',  and  for  knother  p»rt 
r<r',  ths  integration  must  be  divided  into  two  corresponaing 
parts,  one   for  which  h  =  rl<',  nnd  the  otlier  for  which  h^r'/r. 

If  ZOP'  be  denoted  by  ff,  ZOP  by  6,  and  the  angle  which 
the  plane  of  J"  and  Die  axii  OZ  makes  with  a  filed  plane 
through  the  aiis  br  <t>',  then  if  p  be  the  density  of  the  distribu- 
tion  at  f 

and  tiie  integral  mu^t  be  taken  between  Umita  0  and  ir  fi>r  6'  0 
and  2w  for  </)',  and  0  and  /,  for  r',  where  f',  ia  the  superior  limit 
of  r  for  given  values  of  $  and  ^'. 
Legendre's  A"  important  theorem  due  to  Legendre  greatly  facilitates 
Theorem  calculations  of  potentials,  forces,  &p.,  for  tlie  case  of  symmetry 
for  Dis-  round  nn  ails.  Let  it  be  possible  to  express  the  quantity, 
tributioQs  (supposed  to  satisfy  Laplace's  equation)  which  it  is  desired  to 
Symnietri-  calculate,  for  points  along  the  aiis  in  a  series  of  ascending 
jr  descending  powers  of  r,  according  as  may  be  necessary  for 
convergence.  Thus  for  points  on  the  axis  let  the  quantity 
(ought  be  t'n,  then  by  hypoUiesis 

•■-"+7  +  Ti  +  3+----  ) 


cbI  about    < 


1  from  these  espressioiis  find  the  value  of  t'  for  any 
on  ibe  axis,  aay  at  a  distance  (  from  it.    If  r'  "  ■/ii+fi 

V  ~  "  +  u,^"  +  a,^  +-...         1 

>■     ■    .     (37) 
V  =  fl'^o  +  a;Z,r  +  <,\Zj--^  +  ....) 
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SSS 


that  is  we  have  only  to  substitute  r  for  i,  and  multiply  the 
tenns  of  coefficients  a^.  a„  &c.  by  the  zonal  surface  harnionicB 
of  orders  indicated  hy  the  suffiiea.  It  is  to  he  ohBerred  that 
the  zonal  surface  harmonit-s  are  chosen  for  tlie  terms  in  the  two 
series,  so  Ihst  in  Mich  case  the  terins  are  the  succrssive  zonal 
solid  harmonics,  in  the  first  feries  uf  dpgrpes  -1,  -2,  -3, 
4c.,  in  ihe  second  of  degrees  0,  1,  2,  3  &c.  Those  involve  in 
hoth  cases  the  same  successive  Hurface  linmionics  of  orders 
0,  1,  2,  3,  &i:.,  according  to  the  theorrm  proved  above  that  to 
every  solid  harmonic  r*>Sii,  of  degree  n,  there  corresponds 
another  r-("+i).v,  of  degree  -(n  +  l). 

As  an  ejaniple  take  the  case  of  a  mire  bent  irto  a  circle  of  Potential 
radius  a,  and  carrying  a  curtent  y.      The  magnetic  potential  a 


Wemay  write! -!/•/?+ o' in  the  form  l-{l  +  oV^-l,  i 
if  O  <  z  expand  in  descending  powers  of  i.     Thus  we  find 

„       .,      /I  fl'     3  fl<   ,     5  flO       35  a»  \      , 


In  Ilka 


,rif«; 


ra~i^y[\ 


a        8  o=    '    16  «'         ■     7      ' 
Thus  for  points  Uken  anywhere  we  get  from  (38)  and  (39) 
„     „      /I    .Z,      3.Z,    ,     5    ,2j  \\ 


=  2^1-:^^-^.- 


s-*. 


■)1 


ftCcordiDg  as  D  <  or  >  r. 

This  IB  really  the  nroblem  treated  at  p.  46  above.  Another 
examp'e  i#  given  by  tne  problem  of  two  shells  discussed  at  pp. 
48,  49,  above. 
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APPENDIX 


Proof  of  The  theorem  used  in  equations  (37)  and  (40)  may  be  regardi 
IiegenJra's  om  a  limiting  case  of  Oreen'a  theorem,  that  if  a  functicm 
Theorem,  f ,  y^  ^  i^  found  to  aatisfy  Laplace's  equation  throughout  spa> 
external  to  a  closed  surface,  and  to  give  specified  valuea  f 
points  on  the  surface,  that  function  is  the  only  one  fulfillii 
these  candttions.  In  the  present  case  the  closed  surface 
shrunk  into  a  line,  and  in  strictness  the  theorem  requires  sped 
demonstration.  Legend  re's  own  proof  will  be  found 
Minchin'B  Statics  Vol.  II.,  p.  341  (Sec.  Ed.).  The  followii 
proof  given  by  Minchin  p.  3S4,  loc,  cit,  is  simpler. 

For  the  case  of  symmetry  round  an  axis  if  t  be  the  distaai 
of  the  point  considered  from  the  axis  Laplace's  eqoation  lak' 
the  fonn 

as  p-        ai  17 1         a  p- 


'U."  ^  ac'!  ^  ac 


a[F  ^ 
al' 


{' 


at  all  points  on  the  axis  in  Ihe  space  throughout  which  it 
supposed  that  the  equation  holds. 

If  then  we  know  a  function  U  which  satisfies  (41),  sod  aiv 
tlie  apedfied  values  at  poiots  or  the  axis,  let  if  possible  F  i 
another  function  which  does  the  sams  thing.  Then  f— U{ca 
say)  must  fulfil  (41),  and  be  zero  at  points  on  the  axis.  Hen< 
at  all  such  points 


a>* 


■=0, . 


v  show  tliat  for  any  point  o 

a-*2i_„ 

3i"rff" 


For  at  any  point  on  the  axis  ivi 
as*,afs  =  0,  and  by  (27)  above 


nf(42)]tlint9*/af= 


^^dz'Si"^  "*"  3f"+ 


ZONAL  SPHERICAL  HARMONICS 


If  tlierefore  a«-i*/af"-'  =  0  for  points  od  the  axis,  a"+i4/ 
flft+i  =  0.  But  »/af  =  0,  and  a»*/af»  =  O,  and  tlierefore 
S^jdC^  =  0,  and  bo  oq.  Hence  it  follows,  since  the  differentin- 
tionB  are  commutative,  tliat  Bn+<it/Bi''B(^  =  0. 

EzpresBing  then  *  an  f{t,  f )  mA  eapunding  by  Maclaurio's 
theorem,  denoting  values  of  ^,  a4/d«,  &c.,  for  points  at  the  origin 
by  the  suffix  0,  we  get 


=  *„  +  .- 


a« 


,a* 


J  3'* 


,  as* 


.i9**\ 


since  all  the  dtfierenlial  coefEciente  vanish. 

Hence  •  =  0,  everywhere,  which  proves  that  TJ  cannot  differ 
fromF. 

It  is  shown  above,  p.  274,  that 


-"i-ZiS^."' 


where    Zi    is    a    zonal    ha 

rmonic    of   order    >, 

j;  =  fiT,  and    Calcula- 

^  =  Vai  +  »a  -  I.     The  e 

ivaluation  of  these 

integrals  is  of     tion  of 

great  importance  for  the  calculation  of  the  inductances  of  coils,  f  ^*  ^ 
and  by  this  theorem  they  can  bo  obtained  at  once  by  simply  /  r^'^^ 
finding  the  successive  differentiBl  coefiicientsof  ^.  As  promised 
we  give  here  the  first  eleven  diSerential  coefficients.  It  may  be 
noted  that  they  can  be  written  down  witli  great  facility  from  tlie 
known  eipressiont  for  the  successive  zonal  harmonics  by  the 
equation 


(-l)*+M'-l)l«' 


Z'* 


a*+i^ 
a.H+1 


^  =  _£^',      ^  =  3«M5^-'^-,- 
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^  =  ;(^  5fl»(21*»  -  Ux'r'  +  r»)   1^. 

^  =  -  3* . 5fl*j<-231  J-'  -  210*V  +  35r*)  i. 

?^  =  3' .  5ff'{3003^  -  3466^.^  +  945r>/*  -  35^*)^^;,. 

^  =  -  3» .  5 .  7«V(6435i»  -  9009r*r»  +  3165^r»  -  315r'')  i 

g~  -  3'.5=.7«i(72n3r''  -  120I2«V  +  6006r*r*  -  924j-V 

^!i|l  -  -  3^  5* .  7  .  9«2j-(46189j:t  -  87516iV  +  54054j^r« 
-  120I2j^/*  +  693,-')  i" 


TABLE  OF  ZONAL  SPHERICAL  HARMONICS 

(Prof,  Perry,  Phil.  Mag.  Dec.  1891      See  also  p.  824  above). 
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METHOD  OP  LEAST  SQUARES 


II. 

ERROHS  OP  OBSERVATION  AND  THE  COMBINATION 
OP  EXPERIMENTAL  RESULTa 

All  obserrntiona  of  physical  quantities  are  subject  to  two 
kiDda  of  errors,  (1)  conslant  and  ^erefore  aToidable  errors,  (8) 
errors  which  are  due  to  the  inlierent  inaccuracy  of  observation, 
and  which  may  he  said  to  be  accidental. 

Among  the  former  are  errors  die  to  some  cause  which  affects 
all  the  operations  of  a  certain  class  to  the  same  extent,  for 
example,  a  constant  wind  blowings  across  a  rifle-range,  the 
peraonal  equation  of  an  observer,  or  the  zero-error  of  the  scale 
of  an  inHtniinent.  The  latter  comprise  errors  such  as  those 
produced  in  striking  a  target  by  inevitable  inaccuracies  of  aim, 
errora  in  reading  the  scale  of  an  instninient  through  inaccuracy 
of  setting  or  of  estimation  of  Tractions  of  a  division,  &c. 

The  former  claaa  of  errors  can  in  general  be  very  exactly 
eliminated  from  all  observations,  and  we  shall  Dot  discnas  them. 
The  latter  class  being  regulated  by  no  one  definite  physical 
cauae  are  as  liable  to  be  errors  of  defect  as  of  excess,  that  is, 
positive  errors  are  as  probable  in  the  matlieinatical  sense  as  are 
negative  errors.  By  thia  we  mran  that  in  a  large  number  of 
observations  of  a  quantity,  the  true  value  of  which  is  accurately 
known,  the  differences  between  the  true  value  and  the  observed 
valuea  would  be  fairly  equally  disttibuted  on  the  two  Fides  of 
the  former.  Further  in  all  buch  cases  it  is  matter  bf  common 
observation  tliat  errors  occur  with  leas  frequency  the  greater 
their  magnitude,  and  that  very  large  errors  hardly  occur  at  all. 

Experience  shows  in  fact  that  acriden(a)  errors  of  observation 
are  distributed  .according  to  a  certun  law,  which  may  be 
deduced  by  an  npplicalion  of  the  theory  of  probabilities,  in 
the  followiog  mnnner.*  We  aiisume  that  the  probability  of  a 
negative  error  ia  equal  to  that  of  a  positive  error  of  the  same 
magnitude.  Hence  the  probability  of  an  error  of  magnitude 
7  must  be  an  even  function  of  i.  Thus  the  probability  of  an 
error  between  x  and  x  +  dx  (or,  briefly,  of  an  errorx)  is  ^(**)ifa. 
But  tbe  error  lies  between  ~  so  and  -|-  oe  ,  and  hence 


Natua  of 
Emia  of 


Distri- 
bution of 

Accidsntal 


j<f>(x')dx  =  1 . 


SW  ERRORS  OF  OBSERVATION 

Form  The  fonn  of  the  fuDctioo  ^  may  be  found  in  tlie  following 

of  Error  mnnner.  Let  two  axed,  one  vertical,  the  other  horizontal  be 
Fonotion.  ruled  through  the  mid^lle  of  the  bull's  eye  of  a  tarf^t.  The 
chuDce  that  a  Bhot  will  strike  at  a  distance  between  x  aod 
X  ■{■  dx  from  tlie  vertical  wis  is  ^{x')di,  and  that  if  will  strike 
at  n  diHtance  between  y  and  y  ■\-  dy  from  the  horizontal  asia  it 
<ti{y')dy.  Hence  the  probub  lity  lliat  the  shot  will  strike  at  a 
point  fulfillioK  hoih  conditions  is  <t'{x*}ii)(j^dxdy.  This  ia  the 
probrtbility  that  the  aiiot  will  strike  the  smell  area  dxdy.  But 
this  must  be  the  samp  for  an  equal  small  area  at  the  same  place 
whatever  pair  of  rectangular  axes  tlirough  the  centre  of  the 
target  are  chosen.  If  therefore  x',  y'  be  coordinates  of  the 
point  {x,  y)  when  referred  to   another   pair  of  axes  we  must 

♦M  «,■>)- ♦(«•)♦(,-). 

This  is  a  functional  cijuation  of  which  the  Golution  is 


where  jt  aud*»t  are  conalants.  The  vnluf 
as  the  probability  of  a  large  error  is 
therefore  m,=  —  A'  we  find  by  (1) 


j<)>{x^)d^  =  .i|t-''''V.r  =  1 


Uencu  by  the  well-known  theurem  thai 


!■- 


=  il  -Jn.     ThuH 


Ueaaore  '^'"^  quantity  h  ia  called  the  measure  of  precision  of  the  ob- 

of  Pre-  servations.     For  tike  two  errors  of  equal   probability  in  two 

cition.  different  sets  of  ohservatione  for  which  this  constant  lias  the 

'  values  4,  *',  we  have 


METHOD  OF  LEAST  SQUAEES 

Thus  the  two  probabilities  are  equal  if  iLc  =  AV,  tiiat  ie 
errora  aro  inversely  proportional  to  jf,  k'. 

TIjo  probsbilitr  P  that  an  error  lies  between  x  and  i 
therefor©  given  by 


The  probability  that  an  error  lien  hetn'oen  0  and  7,  or  ^^b- 

ia  called  the  probability  integral,  nnd  tables  of  its  values  are 
given  in  treatiseB  on  Errors  of  Observation, 

Wo  shall  now  apply  this  theory  to  the  reduction  of  the  re-   Conibina- 
BultB  of  observation.      Generally  speaking  the  quantities,  the      tion  of 
vabies  of  which  are  sought,  i,.  i^  . . . ,  »«   !m  in   numberj  say,  ^^^^  °' 
are  not  those  directly   observed,   but  are  connected   with   the     Oteetva- 
letter   by   known   relations  or   obtfrralianat  tquations,   just  as 
many  in  nmnber  as  there  arc  observations.     If  the  observationa 
were  perfectly  accurate  and  were  n(  >  w)  in  number,  the  values 

of  Zi,  f], .i;ri,,could  be   found  from  any   m  of  them  ;  but  as 

inaccuracy  cannot  be  avoided,  a  much  larger  number  n  of 
observations  is  generally  made  than  there  are  of  quantities  to  be 
determined,  and  the  n  obiervaltonal  eqautions  which  these  give  are 
reduced  to  n  by  some  proeess  of  combination.  That  usually 
adopted   s  derived  as  follows  : — 

Let  the  observed  quantities  be  ifi,  3f^...,  Ifn  and 

/,(x„  r^ . . .  .r.),/,{^,,  .r,,  ...,*»),,.. .  /,{*„  ^„ . .  .  ^™) 

be  the  brut  values  of  the  quantities  observed  in  temis  of  those 
(>j,  r,,.  . . ,  Jb)  sought.    The  errors  are 


AC*. 


r»)  -  Af,  =  *J 


Now  we  can  never  know  in  any  case  what  the  errors  actually  Metboil  of 
are.      We   may   however  inquire  whnt  is   the  most  probable       Least 

system  of  errors,  and  find  accordingly  x,,  j'j, i^  from  the    Sqiwrei. 

obaerved  values  of  i^,  *,, , , . ,  Af^.     If  the  observations  are  all 
of  the  same  degree  of  precision,  that  is,  are  made  with  equally 


M!  ERRUKS  OF  OBSERVATION 

precise  ins t rumen ta  and  with  ttic  aatne  degree  of  care  and  pre- 
caution in  every  case,  the  probabilitie><  of  the  several  errors  e,, 
«g  . . . ,  0a  are  proportional  to 

A/  ja .  f-*='i=,  i/  ^ .  »-»'^. ...  ilsf^ .  .-*•'■', 
and  the  probability  of  this  ayatein  of  errors  to  the  product  of 
these  several  probabilitioa  or  to  ri'jr-"'**-*^^^. 

Thifl  has  its  inaximum  value  when  2e"  or  «,'  -f-  «,'  +  , .  +  «*,', 
regarded  aa  variable,  is  a  minimum.  The  most  probable  STstcoi) 
of  values  of  Xi,  Jj,  ■  ■  ■  •  '■■  'a  therefore  that  deduced  from  thOM 
of /., /s, . .  -  ,  A  which  fulfil  this  condition.  We  shall  now 
allow  how  thia  condition  ennblea  the  n  observations!  equations 
to  be  combined  in  m  equations  in  r„  x^  ... ,  sm-  These  are 
generally  called  the  normal  equations. 

Since  the  ayalem  of  errors  of  greatest  probability  is  adopted 
instead  of  the  actunl  system,  we  shall  now  denote  the  errors  by 
Wi,  i-j. . . . ,  ub,  and  call  them  re»idual>. 
FoniLition       Squaring  both  sides  of  equations  (4)  and  adding  we  obtain 
»r  Normnl  „,  .  ,        „,,         j  i      ■•  _i_  i        i 

Equation..  ^ '.A-r,,  -r, ,r„)   -  3I\-  =  f.>  +  r,-  +  . . .  +  r,» 

tlic  quantity  on  the  left  is  to  be  made  a  minimum.  Denoting  it 
by  S  we  find  as  the  necessary  condition 


BS 


.   *■? 


3.S 


9..  -  "•  ar. 

-" 'a.r.-"- 

hichare  the 
When  tlie  i 
.tained.     Fc 

1,1  equatiniiH  n 
■el ations /,.,»:,  . 

!.|iiirctt  lo  find  r,,  r^,  .. 
..,<•..  .ir,  ,1111,' miiii 
1,  i.i...-.,l  „t  (4) 

«,., 

r,  +  S.x,  +  .  . 

...,  +  ,.,r.  -  J/,  - 

«. 

f,  +  (Vs  4-  ■  ■ 

. . ,  ,  +  ,J.   -  .If,  - 

(5) 


(«) 

n.r,  +  H^^,  + +  ^„,r,.    -    Mu  =  r, 

ami  eqiiatiuns  (6)  lierome 

",("«  +  3,',  +  ...  +  (iiJ-.l  +  .,!v,  +  «„.■.  +  . . .  +  |l,r.) 

+ +  "■(..-■,  +  S..r,  +  . . . .  +  f..r.) 

-a,  J/, +  „,.lf, +  ..,+..*. 
S,(«,J,+«,J-,  +  ...+„.:„l  +  »,r.,,-,  +  S,r,+  .    .+^x.)'    (7) 

+ +  3.!"..',  +  »-■,  4  .    • .  +/»'.) 
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Thus  we  liBve  the  rule  to  fnrm  tlie  normal  equationg  for 
3-,,  Xf, . . . ,  )rm :  multiply  the  hft-hand  menihcr  of  tach  equation  of 
(6)  ^  the  coefficient  nfx,  in  that  equalimi,  add  the  retulti  togttker, 
and  equatt  to  sero  for  the  Jirat  equation ;  then  multiply  the  left- 
hand  menther  of  each  equation  of  (6)  by  the  co-efficient  of  x^  in  the 
tamt,  add  the  results  together,  and  equate  to  zero  for  the  second 
equation  ;  and  so  on.  1 

As  an  example  we  take  the  case  of  two  naknonn  quanlitie?,   ^ 
^11 '»  connected  with  the  obBervatJons  by  the  equations  ^ 

"1*:  +  ': 


Then  forming  the 
we  get 


+  zj  -  J/,  =  r.  } 
mal  equations  and 

'  (2o)'  -  »2(<.»)  ( 

^2a.S(a.y)-_S(a').2,Hf 


(9) 


irmal  equations  and  solving  for  ^ 


If,  as  in  many  physical  eiperimenlB,  a,  =  0,  and  □,,  a^, . .  .  hr, 
be  in  nrithmetic  progreSBion,  the  equation  forz,  leads  at  once  to 
the  rules  of  tombiiiation  given  at  pp.  64, 85  nbove  in  connection 
with  obeeTvations  of  the  period  of  vibration  of  a  magnet. 

It  is  easy  to  show  that  this  process  gives  as  the  most  prob- 
able value  of  a  single  quantity  n  times  directly  observed,  the 
arithmetic  mean  of  the  a  observed  values.  For  we  have  only 
to  put /for  the  quantity  to  be  found,  and  J/,,^^, . . .,  My,  for  the 
observed  values.     We  get  then 

W-  itf>)'  +  C/-  Wi)=  + . . .  +  (/-  -JW*  - 

that  is, 

f-Mt+f-M,  +  ...+f-M„^0 


f- 


.1/,  +  .Vi  +  . . .  +  3f, 


<10) 


Thus  the  most  probable  value  of  /  is  the  arithmetic  mean  of 
if  I,  M^ ,  .  .  Jf,.  The  ordinary  simple  rule  used  in  this  case 
therefore  coincides  with  that  given  by  the  present  tlieorj-. 

When  resulta  of  observation  are  of  different  degrees  of  pre- 
cision they  are  "weighted"  by  being  each  multiplied  by  a 
factor  which  depends  upon  the  degree  of  precision  which  the 


Direct 
Observa- 
tion* of  a 
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Quantity. 
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Most 
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EBBOBS  OF  OBSEKVATION 

ubservationa  are  nuppoaed  to  have.  For  example,  if  M,,  M,, 
. .  .  jT/k,  in  the  last  example  were  of  different  dsKreee  of  pre- 
cision, they  would  linve  to  be  weiRhted  by  being  multiplied  re- 
Rpectivety  by  weiglita  tc,,  id,,  . . .  toa,  and  we  afaould  iiave  instead 
of  (10) 


/  = 


'i  +  »»  +  . . 


(11) 


Thin  is  called  the  general  mean. 
!  The  methoii  generally  resorted  to  in  assigning  weights  to 
obaervaiiona  depends  on  the  determination  of  what  is  called  the 
probable  error  of  each  result.  This  in  the  error  of  probftbility  1, 
that  is  to  say,  it  ia  just  as  probabla  that  the  error  of  the  result 
is  less  than  this  as  that  it  is  greater.  Thus  the  probable  error  ie 
the  value  of  r  in  the  equation 


2i 


-v^du. 


Tbis  equntion  can  be  solved  by  interpolatio 
values  of  tho  probability  integral  and  gives 


from  a  table  of 


The  probable  error  is  thus  inversely  proportional  to  li. 

When  a  series  of  observations  n  in  number  is  made,  the  prob- 
able error  P  of  the  result  is  found  in  the  following  manner. 
The  probability  of  the  syatem  of  errors  g^,  e, ?■  is 


^{rfr)",- 


(11') 


ProbabU 
Error  of    , 
Single 


Now  if  ilie  observutions  liavo  been  made  with  all  possible 
'  care  so  as  to  have  aa  great  a  degree  of  precision  as  wna  possible, 
th»t  is,  to  have  as  smiill  a  prohal)le  error  as  possible  consistent 
with  the  given  aystem  of  errors,  we  must  assign  to  h  audi  a 
value  as  to  make  P  in  (8)  a  maximum.  Differentiating  P 
with  reaped  to  k  and  equating  to  zero,  we  find 

"^  =  2i5(e=).P=0 


=   S'^l^,^ 


METHOD  OF  LEAST  SQUABES 


But  A  =  ■4769/r,  and  therefore 

r.-m^^m  .   .   . 

.    .    .    (12) 

2(«>},  the  81 
S(t^,  the  eur 
fcrence  \e\em 
approzimatic 

urn  of  the  equaree  of  the  true  errors,! 
II  of  the  squares  of  the  residual  error 
B  the  greater  the  number  of  obaerva 
in  it  is  usual  to  put 

2(b«)  =  2(*')(i-1). 

8  greater  than 
B,  and  the  dif- 
tions.^  As  an 

Thui 

r.-6745yg    ■    .     . 

.     .    .     (13) 

This  ia  called  the  probaUt  erroT  of  a  single  obseiTatJnn  of  a 
single  quantity  directly  observed.  The  quunlily  v2([*)/(n-l) 
IB  called  tlie  mtan  error. 

If  if,,  M„..  .,  Mn  be  n  obtained  values  of  the  same  quantity,    : 
the  proliable  error  of  the  arilhinflic  mean  cun  he  found.     For    - 
if  we  take  z,,  ?,. .  .  .,  ti>  as  the  diSerencoa  between  the  uhaerved 
quantities  and  the  arilhuietic  mean,  the  probability  of  the  arith- 
metic mean  is  the  product,  /",  of  the  proDiibilities  of  this  system 
of  residual  errors.    Thus  we  have 

P  =  A«(di)»ir-'>/2.-*'(l=  +  Jr  +  .  ■  ■  +  V. 

Now  let  some  other  quantity  differing  from  the  aiithnietic 
mean  by  an  amount  d  be  taken  as  the  quantity  sought.  Then 
instead  of  i],  t^,  .  .  .,  tn  we  shall  have  for  reeidual  errors 
't  4"  ^1  '■  +  i,  .  .  .,  zn  -f  S-  Thus  for  the  probabihty  of  this 
•ystem  of  residuals  we  get 

P  -  A"{rft)'',r"5«-  H'l^  +  *r  +  .  ■  ■  +  V  +  -J^, 
Bince2(«, +  1, +  ...  +  i-)a  =  0.    Thus 


This  states  that  the  probability  of  the  arithmetic  mean  is  to 
that  of  the  other  system  of  errors,  or  the  probabilities  of  errors 
Bero  and  A  in  the  arithmetic  mean  are,  as  1 :  *-"*•*'.  The  prob- 
ability of  an  error  zero  in  a  single  obaeivation  is  to  that  of  an 


846 


ERRORS  OF  OBSERVATION 


error  d  as  1  :  c-**^,  and  hence  the  measure  of  precimon  in  the 

case  of  the  arithmetic  mean  is  Vn  times  that  of  a  single  obser- 
vation.   Hence 


Probable  error  of  arith.  mean  =  —7=  =  '6746  . 


/  n{n  -  1)  * 


(U) 


Assign-         We  have  no  space  to  deal  with  the  question  of  the  weights  to 
ment       be  assigned  when  results  of  observations  or  of  different  sets  of 
of         observations,  of  different  degrees  of  precision,  are  to  be  corn- 
weights,    bined.     The  general  rule  is  to  assign  to  the  results  weights 
inversely  proportional  to  the  squares  of  the  probable  errors  of 
the  quantities.    These  weights  are  obtained  by  the  following 
rule  for  the  quantities  ajj,  0*2, ..  .  Tm  of  equations  (7).     Denote 
the  quantities  on  the  right  of  the  successive  normal  equations 
by  J'l,  -^2»  •  •  •  -'"»  respectively,  and  let  these  equations  solved 
for  .rj,  .r2,  .  .  .  .rm  give 

.rj  =  OiAi  -f  ^2^2  +  •  •  •  +  ^n^» 
^2  =  ^1-^1  +  O2A2  -|-  .  .  .  +  bnAn 


Then 


weight  of  ,i'i  =  — ,  weight  of  .r.>  =—,... 


.     .     (15) 


Mean  and       The  mean  errors  of  ;rj,  .rg,  .  .  .,  .rm  are  equal  each  to  the  mean 
Probable    error  of  a  single  observation  divided  by  the  square  root  of  the 
Errors  of    weight  of  the  quantity  in  question.     But  the  mean  error  of  a 
Quantities  single  observation  in  this  case  may  be  shown  to  be 
Indirectly 
Obtained.  /Y(^) 


V 


11  —  ;// 


Hence  we  obtain 


Mean  error  of  .Vi 


ot.,  =  J'''.m] 


9) 


^    n  —  m 

^    n  —  m  ) 


(16) 


From  these  the  probable  errors  of  .rj,  .Tg, .  .  .  are  obtained  by 
multiplying  by  the  factor  •6746. 


METHOD  OF  LEAST  SQUARES  817 

As  an  example  the  following  case  (due  to  Gauss)  of  four  ob-.  Eiample. 
Berrational   equations  for  three  quantitiea  may  be  taken.     [Of 
course  the  theory  gives  good  results  only  when  there  is  a  large 
number  of  observation^  equatiooa,  but  the  present  example 
shows  very  well  the  mode  of  proceeding.] 


■■C 

-y    +2. 

-  3 

=  0 

32 

+  2y-   6.- 

-6 

-0 

4x 

+  y   +4^ 

-  21 

=  0 

—  3 

+  3?  +3* 

-  14 

=  0. 

Th 

normal 

equations 

are 

27i  + 

6y 

88 

=  0, 

6r  -J.  15?  +  J       - 

70 

=  0, 

y  +  54i  - 

10.7 

=  0, 

from 

ivhich  the  most  probable  values 

of  I 

y,'- 

are  obtained, 

X 

_  49164 

=  2.470..  =  ?«l-'  =  3 

351, 

.- 

2707  _ 

=  1916 

19699 

737 

6633 

The  weights 

of  «.  J. 

*,  determined  na 

deac 

ribed  above 

respectively 

19899 

=  24'697 

™.,3  64e,«l!i. 

63-927 

The  residnal  errors  given  by  these  values  of  t,  y,  z,  a 
ID  the  following  table  : — 


Ko. 

■ 

.= 

1 

-  0-249 

00620 

2 

-0068 

0-0046 

3 

+  0-096 

o-ooso 

4 

-0OG9 

0-0048 

t{j^  =  -0804 

EBBOBS  OF  OBSERVATION 
Here  n  =  4,  h  =  3,  sniJ 


=  -057. 


Tli«  method  of  least  equnrea  can  be  appHed  to  determioe  the 
coefficients  A„,  A^,  A^,  .  .  .  S^,  S^  .  .  .ia  the  equation 


+  J,coBni  +  JjC0s2ni+.  .  .  / 


(16-) 


when  n  number  ot  values  of  y  for  different  known  values  of  i 
have  been  detennineii.  In  generul  n  is  hnown  and  therefore  the 
observation  111  equations  are  at  once  obtained  by  subatituting  in 
this  equation  the  ralue  of  y  and  the  corresponding  value  of  x. 
Then  J„,  J„  J^,  .  .  .  B^,  Bj,  .  .  .  nre  the  unknown  quantilieB  to 
be  found,  and  ua  many  normal  equations  bh  there  are  of  these 
are  to  be  formed  from  tlie  observational  equntions  in  the  ordinHrj 
manner.  This  is  of  importance  in  the  determination  of  the  ex- 
pressions for  tides,  electromotive  forces  of  alternators,  4c  (see 
p.  659  ahove). 

Fnr  further  inforiimtion  on  this  subject  the  reader  may  refer 
to  Mcrriman's  treatise  on  The  Method  <if  Leatt  Squaret,  Chauve- 
net's  Attronomy,  Vul.  II.,  or  Airy's  Ei-rora  of  Ohaercation. 


APPENDIX  ^^^ 


III.  NOTE  ON  EQUATIONS  (80),  (81),  PAGE  242. 

It   follows  by  the  equations  of  electromotive  force    (33), 
jp.  159,  that  there  must  exist  in  the  function  from  which  the 
^ectromotive  forces  are  found  by  Lagrange's  equations  a  term 
of  the  form 

-  h'f^K^y  -  V?)  +  ^i^f^  -  yy)  +  «^(v^  -  ra)} 

where  v,  p,  tp  are  the  time  integrals,  from  some  zero  of 
reckoning  of  the  components  ii,  f ,  lo,  of  the  total  current 
^displacement  current  -\-  conduction  current). 

—     If  the  medium  is  an  insulator  u^v^w  =^  /,  ^,  A,  and  the  term  is 

-  ¥i^{fi3y  -  W)  +^(A«  -/y)  +  Kf»  -ga)). 

Denoting  the  term  by  L  we  find  for  the  fl:-component  of 
electromotive  force  depending  upon  it  in  the  first  cate 

at 0u        OH 
and  in  the  second 

d  dL    ,   BL 

and  similarly  for  the  other  components.^ 

The  first  term  in  each  case  refers  to  the  Hall  effect,  the 
second  to  an  electromotive  force  which  has  not  been  observed. 
An  estimate  of  the  amount  of  this  force  is  given  by 
jr.  J.  Thomson  (Applications  of  Dynamics^  &c.)  which  shows 
that  it  is  probably  much  too  small  to  be  ever  observed. 

In  the  case  of  an  insulator  the  resultant  electric  force  due  to 
the  second  term  in  (b)  is  at  right  angles  to  the  plane  through 
the  direction  of  the  electric  force  and  that  in  which  the 
magnetic  force  varies  most  rapidly  with  the  time.  The  magni- 
tude of  the  force  is  ^c'/ifiD  sin  d,  where  ft  is  the  greatest  time- 
Irate  of  change  of  the  magnetic  force,  D  the  electric  displace- 
ment, and  B  the  angle  between  £[  and  D. 

I 

*  The  existence  of  this  tt  rm  was  first  pointed  out  by  Prof.  Fitzgerald, 
J>hil.  Trans.  1880,  Part  II. 

VOL.  ir.  3  I 


The  electromotive  forces  in  (a)  ftnii  {*)  fall  to  lie  addrfto 
Ihe  coiuponeiUs  given  at  p.  J9i,  ImenJej  tiiesB  mure  eoiupJele.   ' 

It  is  not  inipoasible  that  there  may  be  other  tenna  in  the  | 
Ligranginn  function  as  yet  unrevealcd.  ' 


IV.    KOTE  ON  ^,  PAGE  192.  j 

The  statement  in  lines  4, 5,  6,  that  "  ^  may  b«  taken  as  the  | 
potential  of  any  electioatatio  distribution  which  may  exist  in  : 
the  field,''  requires  correction  when  the  equations  refer  to  I 
moving  conductors.  In  this  latter  case,  as  has  been  pointed  ■ 
out  by  J,  J.  Thomson  (Maxwell's  Eleetricily  and  MagneHtm,  i 
Vol.  II.  p.  260),  ^f^  ought  to  be  taken  as  including  both  tbe 
electrostatic  potential  and  the  term  Fi  +  Of  +  Hi  which  it  i 
left  out  of  account  in  Ihe  mode  of  proving  the  equations  of  1 
eleutroTootiTe  force  adopted  at  p.  191.  Tliis  term  disappean  i 
when  integrated  round  a  closed  circuit.  ' 


V.  BOTE  ON  PAGE  329. 
Proof  of  the  fqua'.ion  i 

icliich  liohli  when  x  is  very  great.  I 

It  ia  eaay  to  sec  from  p.  330  that  ] 

if  i  =  V-  I.    Also  by  the  differential  equation  satisfied  by  J,  | 

if,.  „«.-), 

l  +  lt+'-o- 


Tliie  last  equation  can  be  written 


I 


«"S. /■+,>. 


APPENDIX 
which  when  i  is  very  great  becomeB 

A  solution  (if  tliis  is  of  course 

Olid  (Todhunler,  The  Funcliotw  of  Laplaee,  &c.,  p.  311)  it  con  be 
shown  that  J  =  £  ~  Vjr. 

If  now  we  put  Zi\'x  for  st  in  the  last  result,  we  finiJ  eince 

^'ff(l  +  i)-rf*{*)  =  foa  2i Vi  +  sin  2*  ^2. 

When  exponential   velueH  are  substituted  for    cos  Si'vx  and 
sin  Sivj-,  this  gives 


Calculated  fur  intervals  of  B'  in  the  yilae 
COR  -      \\a  ^')'  +  t'l  •J[aTt-i-  +  ii 


from  60"  to  BO". 


-.Tfe 

-i^. 

■"-.-;fe 

60*    0 

■4994783 

84°    0'    -BlOHTa 

88°    V    -7203003 

6 

■ 6022851 

8'    -6128898 

6'    ■7230840 

IS 

■B050B06 

12'    -8166522 

IB'    -7268286    1 

18 

■5078345 

18'     ■6184042 

IS'     7286942 

U 

■610S173 

24'     ■62)1680 

24'    •7813609 

SO 

•5133989 

30'    -62311076 

SO'    -7341287 

S6 

'G1S1791 

36' 1 '8266669 

S«'    -7368976 

43 

■6189S82 

42'     6204101 

42'     7396675 

48 

■62I73B1 

48'    ■6321812 

48'    -7424387 

fi4 

-5245128 

64'     ■8348121 

54'    -7452111 

ar  0 

■5272883 

86"    0'    ■8378629 

69"    0'     -7479848 

6 

'6300628 

8'    ■6404137 

6'    -7507597 

IS 

■5329361 

12'    -6481846 

Iff    '7536861 

J8 

■636B084 

18'     -6459153 

18'    -7663138 

24 

■6383786 

24'     ■6486660 

24'     -7590929 

30 

■5411198 

30'     ■651416B 

30'    -7618735 

sa 

■6439190 

30'      8541678 

36'    -7648558    I 

42 

'5466872 

ii-     6S69I89 

42'    -7674392 

48 

■6404545 

48'     -6596701 

43'    -7702245 

64 

■6522209 

54'     -6634216 

64'    -7730114    1 

82"    0 

■5549S64 

66'    0'      6661733 

70°    0'    .7758000    \ 

'5577510 

6'     ■6679250 

6'    -7785903 

IS 

-6605147 

12'    ■670.1772 

12' 1-7813833    1 

18 

■5632776 

18'    -fl-aisyB 

18'    '7841763 

24 

24'     ■h:6I824 

24'    -7869720 

30 

■6688011 

30'      67S9356 

30'    -78B7696 

36 

■6716618 

36'      6816891 

36'     -7926692 

4S 

■5713217 

42'     ■6844431 

42'    -7963709 

-577080B 

48'    -6871976 

48'    -7981745 

64 

i-671»8.liU 

64'     ■fi8i'9526 

64'    -8008803 

63"    ( 

I-5S25B73 

67°    0'    -6H27081 

71"    0'    -8037882 

1"'6853548 

6'      8954642 

6'    -8065983 

12 

1-6881113 

12'      6982  09 

12'    -8094107 

1  '5908675 

IS'     ■7009782 

18'     8122253 

1 '593623! 

24'     ■7037382 

24'     ■8160423 

30 

■5B63782 

3(1'     70^4949 

30'    -8178617 

31) 

■6991322 

36'     ■7092544 

36'     -82C6836 

42 

■6018871 

42'     ^7120146 

42'     -8236080 

43 

■604R408 

48'     ■7H7766 

48'     -8263349 

S4 

■6073942 

64'     ■7176376 

54'    -8291646 

[.■  FOR  THE  Calculation 

r  THE  Mdt 

AL   IKUDCTAHOB  M  0 

Two  Coaxial  Cibclbb 

OF  Radii  a 

a'— eonffnued. 

-•=fe. 

InSi 

M 

iWbI' 

-.-;fe 

■2°    0'    ■8318987 

78'    0 

■9482196 

80*    0 

-0741816 

6'     ■8348318 

8 

■9512206 

6 

■0775316 

12'    ■8376BB3 

12 

-9512272 

12 

■D808914 

18'    -8105099 

IS 

■9672400 

18 

■0842702 

21'    -8433531 

21 

'9602690 

24 

'0876692 

30'    -8161998 

30 

9632841 

30 

0910819 

3fl'    -8*90193 

86 

-9668157 

36 

■0B44784 

42'    -8519018 

42 

■9693537 

42 

■0978091 

48'    ■8547576 

48 

■9723988 

48 

1013642 

64'    -8676164 

61 

-9764497 

54 

■10481*2 

r3°    0'    -8601785 

77°   0 

0786079 

81°    0 

■1082893 

6'    -8633140 

6 

■9815731 

S 

■1117799 

12'    -86621  !9 

12 

■9846454 

12 

■1162883 

18'    -8690352 

18 

■9877249 

18 

'1188089 

24'    -8719611 

21 

'9908118 

21 

■1223181 

30'    -8748406 

SO 

■9939082 

SO 

■1259043 

86'    -8777287 

36 

-9970082 

36 

'1294778 

42'    -8806106 

12 

■0001181 

12 

■1330691 

48'  1-8836013 

48 

■0032369 

48 

■1386788 

61'  1-8863958 

64 

■0068818 

51 

■1403087 

ri"    O'i-8892913 

78°    0 

■0094959 

82"    0 

■1439539 

8'  1-8921969 

■0126385 

S 

■1178207 

12'  1-8951036 

12 

■0167806 

12 

■1513076 

18'  I  ■8980144 

18 

-0189494 

IS 

■1550119 

24'  1-9009296 

24 

■0221181 

21 

-1587134 

30'    -9038489 

30 

■0252969 

80 

-1624936 

36'    -9087728 

36 

■0284830 

38 

■1662858 

42'    -9097012 

42 

■0316794 

42 

■1700809 

tS'    -9126341 

48 

■0348855 

48 

■1788794 

64'    -9166717 

61 

-0381014 

64 

■1777219 

rS'    0'    ■9186141 

76''    0 

■0413273 

83°   0 

■1816890 

8'    ■9214613 

6 

-0145633 

a 

-]  864816 

12'    ■92)4185 

12 

■0478098 

12 

-1894001 

18'    ■9278707 

18 

■0510888 

18 

■1933455 

24'    ■B803330 

21 

■0613347 

2* 

-1978184 

80*    '9333005 

30 

■0676138 

30 

■2013197 

86'     9382783 

36 

-0609037 

38 

■2063602 

42'     -9392615 

42 

■0642064 

*2 

■2094108 

48'     fll223!2 

18 

'0876187 

*8 

-2136028 

64'  I'B152218 

54 

-0708*41 

64 

■2176269 

l<Vl* 

M 

I«Ci* 

_»_ 

lOCM 

K 

84*    V    -2217828 

^*tW=i' 

w>-3 

86*    0' 

-3189097 

88*   0' 

■4S8H20 

8' 

-2SG9;28 

6' 

■9191DS2 

6' 

■4466841 

12* 

-2301983 

12' 

•3248848 

12' 

-4548084 

18' 

-2344800 

18' 

■8297387 

18' 

-4833SS0 

24' 

■2387691 

24' 

-8361762 

24' 

-4738127 

80' 

■2480970 

30- 

-8407012 

SC 

•4816208    : 

88' 

-2474748 

88' 

8463184 

88' 

■4913595 

*S^ 

■2618940 

42- 

-3620827 

42" 

•6016870 

*8' 

■268SW1 

48' 

-3578496 

48' 

■6128738 

64' 

-2608628 

H' 

■3837749 

64' 

-5SS8079 

85*   C 

-2854162 

87'    0' 

■3698158 

89'   0' 

-5360007 

6' 

■2700168 

8' 

■8759777 

-6490969 

12' 

-2748865 

12' 

■3822700 

12' 

•6632886 

18' 

-2798670 

18' 

■3887006 

18' 

•6788406 

24' 

■2841221 

24' 

■8952792 

24' 

■6981320 

SO- 

-288S329 

80' 

■4020162 

30' 

•8157370 

38' 

-2938018 

3d' 

■4089234 

36' 

-6385907 

42' 

■2987812 

42- 

■4160138 

42' 

•6863883 

48' 

-3037238 

48' 

-4238022 

48' 

■7027765 

G4' 

•3087823 

54' 

■4308053 

64' 

-7586941 

Tor  axplaotiliou  of  aoCatinn  refer  to  Section  III.,  Cliapter  VI. 
>ve).  It  caa  be  ahowD  that  if  Cn  be  the  current  at  the  axis 
a  wire  and  C'n  the  current  at  distance  r  from  the  azia,  for  y 
■iods  par  second,  and  9  — 2iriV( 

C-s=  Cw(bcrjco8fl-bei'j'sin^. 
For  copper  carrying  an  alternating  current  of  80  periods  per 
:ond,  tlis  column  below  headed  q  may  be  taSen  as  containing 
I  diameters  of  Ihe  wires ;  and  in  respect  to  the  distribution  of 
I  current  thruugh  the  wire  eipresaed  by  the  formuU  above, 
lay  be  tulcen  an  the  diameter  of  the  cylindric  shell  in  wliicii 
I  current  density  is  to  be  calculated. 
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Froiu  tlie  date  bere  giv^n  and  some  fuitlier  data  anpplied  bj  I 
Lord  Kelvin,  Mr,  W.  M.  iSardey  hag  psJculnled  llie  fiAiowing  ' 
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(From  s  Report  to  tbe  President  of  tlie  Board  of  Trade, 
dated  November  29,  1892.  These  reaolutioas  the  committee 
desire  to  subHtitute  for  tliose  contaiaed  in  a  previous  report 
of  date  July,  1891,  with  the  view  of  obtnining  international 
agreement  as  to  Electrical  Standards) : — 


Rbsoldtiohs. 

(1)  *'  Thet  it  IB  desirable  that  new  denominations  of  stnn- 
dards  for  the  meaBuremeiit  of  electricity  should  be 
made  and  approved  by  Her  Majesty  in  Council  as 
Board  of  Trade  standards. 

(S)  "That  the  megnitudea  of  these  standards  should  be 
determined  on  the  electromagnetic  system  of 
measurement  with  reference  to  the  centimetre  as 
unit  of  length,  the  gramme  as  unit  of  mass,  and 
the  second  as  unit  of  time,  and  that  by  the  terms 
centimetre  and  gramme  are  meant  the  standarils  of 
those  denominations  deposited  with  the  Board  of 
Trade. 

(3)  "  That  the  standard  of  electrical  resistance  should  be 

denominated  the  ohm,  and  should  have  the  value 
1,000,000,000  in    terms    of  the    centimetre  and 

(4)  "  That  the  reuatance  offered  to  an  unvarying  electric 

current  by  a  column  of  mercury  at  the  temperature 
of  melting  ice,  11'4521  grammes  in  mass,  of  a  con- 
stant cross  sectional  area,  and  of  a  length  of  1063 
ceptimetres,  rony  be  ndopted  as  one  ohm. 


(5)  "  Tliat  a  snalerial  staDdard,  constTucl«d  in  solid  metal, 
shonld  be  adopted  as  the  atandurd  oliin,  and  should 
from  time  to  time  be  verified  by  compariaon  with 
a  column  of  mercury  of  known  dimenaiona. 

(f>)  "That  for  the  purpose  of  replacing  the  itandard,  if 
loat,  destroyed,  or  damagM,  or  for  oidinary  use,  a 
limited  number  of  copies  should  be  constructed 
wliicb  should  be  peiiodically  compared  with  tbe 
■tandurd  ohm. 

(7}  "That  reaiHlanceaconHtructed  in  solid  metal  sLould  be 
adopted  aa  Board  of  Trade  atandsrdi  for  multiples 
and  Bubmultiples  of  the  ohm. 

(B)  "That  the  value  of  the  standard  of  resistance  con- 
etructed  by  a  Committee  of  the  British  Association 
for  llie  Advaacement  of  Science  in  the  years  1863 
and  1864,  and  known  as  tbe  British  Association 
unit,  ui&y  be  taken  w  '9866  of  tbe  ohm. 

(9)  "That  the  standard  of  electrical  current  should  be 
deoominatcd  the  ampere,  and  should  have  Ibe  tbIud 
one-ten  tb  (U'l)  in  terms  of  tbe  centimetre,  gramme, 

(10)  "Tbat.an   unvarying  current  which,  when    passed 

through  a  solution  of  nitrate  of  silver  in  water,  in 
accordance  with  the  specification  altached  to  this 
report,  deposits  silver  at  the  rate  of  0-001116  of  a 
grunmie  per  second,  may  be  taketi  as  a  current  of 
one  ampere.* 

(11)  "That  on  alternating  current  of  one  ampere  eh  all  mean 

a  current  such  that  the  square  root  of  the  time- 
average  of  tbe  sq^uare  of  ita  atrength  at  each  iiiaiant 
in  Rioperes  is  unity. 

(12)  "That  instruments  constructed  on  the  principle  of  Ihe 

balance,  in  which,  by  the  proper  disposition  of  tbe 
conductors,  forces  of  attrBCtidn  and  repulsion  are 
produced,  which  depend  upon  the  amount  of  cur- 


rpnt  passing,  and  are  balanced  by  known  weights, 
should  be  adopted  as  the  Board  of  Trade  standards 
for  the  raeasuremeiit  of  current  wiietlier  unvarj'ing 
or  alterHBting, 

"  That  tbe  standard  of  electrical  pressure  sbnuld  be 
denotninated  the  voll,  being  the  pressure  which,  if 
steadilj'  applied  to  a  conductor  whose  resistance 
is  one  ohm,  will  produce  a  current  of  one  ampere. 

"  That  the  electrical  pressure  at  a  temperature  of  15° 
centigrade  betveeu  the  poles  or  electrodes  of  tlie 
voltaic  cell  known  as  Clark's  cell,  prepared  in 
accordance  with  the  speciGcation  attached  to  this 
report,  may  be  taken  as  not  differing  from  a  pres- 
sure of  1-434  volts,  by  more  than  one  part  in  1000  * 

"  That  an  alternating  pressure  of  one  volt  shall  mean 
a  pressure  such  that  the  square  root  of  the  time- 
average  of  the  square  of  its  value  at  each  instant 
in  volts  is  unity, 

"That  instruments  constructed  on  tbe  principle  of 
Lord  Kelvin's  quadrant  electrometer  used  idio- 
statically,  and,  for  high-pressures,  instruments  on 
the  principle  of  the  balance,  electrostatic  forces 
being  balanced  against  a  known  weight,  should  be 
adopted  as  Board  of  Trode  standards  for  the  mea- 
surement of  pressure,  whether  unvarying  or 
alternating." 


■  See  note  on  previous  page. 
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